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The book is a monograph in which the proper- 
ties of optimum (matched) signal detection filters 
on a background of gaussian noise, methods of build- 
ing them, the operating mechanism and efficiency of 
these filters, their practical approximations and 
specifically of analog and digital storage devices 
5 of repeated pulsed signals are outlined. The prob- 
sf lems of practical realization of the devices indi- 
- cated above are also discussed in detail. 





j The methods considered in the book are reduced 
mi to engineering formulas. The results of calcula- 
tions made by these formulas are presented in the 
form of a large number of graphs and tables which 
permit rather simple comparison of different systems 
and selection of their individual parameters. There- 
fore, the book may be used as a reference manual when 
i designing noiseproof radio apparatus. 
' The book is intended for a wide range of radio 
3 engineers involved in development, design, production 
and operation of radar and other pulsed systems and 
for teachers, graduate students and students of radio 
engineering specialties of higher educational 
institutions. 


167 figures, 18 tables and 219 references. 
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PREFACE 


The given book is the second, revised and supplemented edition of 
a book of the same name published in 1963. Approximately 60 percent of 
the text was rewritten during preparation of the second edition. It is 
devoted to problems of increasing the noise stability of radar systems 
by means of optimum (matched) filters and pulsed signal storage devices. 
Main attention is devoted to applied problems of efficient construction 
and calculation of the indicated devices. 


The results of the author's investigations, conducted during the 
period 1957-1966 are systematically outlined in the book. Moreover, 
the papers of other authors published in the Soviet and foreign press 
were also used. The latter is related mainly to Chapters 1, 3, 4, 6, 
11 and 12. 


The author is deeply grateful to Corresponding Member of the USSR 
Academy of Sciences Yu. B. Kobzarev, who turned the author's attention 
during many conversations to a number of unresolved problems in the in- 
dicated field of electronics and made valuable comments on the results 
of solving them. 


The materials outlined in the book have been repeatedly reported 
at scientific conferences, seminars and meetings. 


The author is truly grateful to all those who sent their comments 
on the first edition of the book and who participated in discussion of 
it and especially to Yu. B. Kobzarev, A. Ye. Basharinov, B. R. Levin, 
N. I. Chistyakov, A. P. Manovtsev, N. T. Petrovich, A. G. Saybel', 
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M. Stanecu and K. P. Polov. Moreover, gratitude is expressed to Yu. I. 
Pakhomev, who together with the author wrote section 3.5 and item 2 of 


section 6.5 of the book and made a number of interesting comments on 
the first edition of the book, and to M. M. Leshchinskiy, who partici- 
pated in writing Chapter 12 and who kindly offered to the author the 


materials outlined in section 10.6. 


The author is deeply grateful to B. N. Mutyashev and V. I. Tikhon- 
ov for very careful review of the manuscript of the second edition of 
the book and for useful advice directed toward improving it. 


All remarks on the book's contents will be greatfully accepted by 
the author. 








INTRODUCTION 











Increasing the noise stability of radio reception has always been 
one of the most important problems of electronics [1]. The noise which | 
inevitably enters a receiver together with signals or that occurs in it 
distorts the transmitted messages and thus limits its sensitivity. By 
attenuating the harmful effect of noise, one can increase the reliabil- 

ity of message transmission and the effective range of radio engineer- 
ing systems. 











The problem of a significant increase of the effective range of 
radar systems, which can be solved only by significantly increasing the 
average power of transmitting devices, increasing the overall dimen- 
sions of antennas and increasing the sensitivity of receivers of these 
systems, is specifically very timely. However, a further increase of 
transmitter power and the overall dimensions of antennas is fraught 

’ with such extensive engineering difficulties [2, 3] that signifcant 

results should not be expected in this direction. Moreover, increasing 

transmitter power inevitably leads to the following undesirable 












consequences: 


--complication of the design of the SHF generator, pulsed modula- 
tor, power supply device,and antenna-feeder waveguide devices; 







--an increase of operating expenses due to an increase of energy 
consumption and complication of maintenance; 
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“~an ingrease of the noise level created by the given RLS [radar 
station] to other detection, control, communications and television 
systems and so on; 


-~an increase of the electromagnetic field intensity and conse- 
quently of the degree of the harmful effect on maintenance personnel 
and other people located nearby. 


Therefore, increasing the noise stability (sensitivity) of radio 6 
receivers is one of the promising, economically feasible and practical~ 
ly possible methods of significantly increasing the effective range of 
radar systems. 


One can achieve an increase of receiver sensitivity by different 
methods: by cooling their input circuits to temperatures close to 
absolute zero, by using quantum-mechanics and parametric amplifiers and 
by using devices that carry out optimum separation (filtration) of 
pulsed signals from noise. 


Among these methods, the use of optimum filters that accomplish 
optimum separation of pulsed signals from noise [4-6] and devices that 
are practical approximations of these filters [7] occupies an important 
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position. 


The abundance of articles in Soviet and foreign periodical liter- | 
ature on these problems specifically indicates the timeliness of opti- 
mum filtration problems. ! 


The first edition of the book [7] was written in 1961~1962 when 
the properties of optimum filters, like the capabilities provided by ; 
using them, were known to a comparatively small range of radio engin- 
eers. The situation has now changed fundamentally. The main concepts 
of optimum filtration theory and pulsed signal storage have become 
generally known and have become part of many textbooks of vuzes (high- 
er educational institutions] [8-10], while optimum filters and storage 
devices have achieved wide application. 








A large number of monographs on statistical methods of. signal sep- 
aration from noise has been published during the past few years. The 
most significant of them are the book of L. A. Vaynshteyn and V. D. 
Zubakov [11], S. Ye. Fal’kovich [12], L. S. Gutkin [13], Ya. D. Shirman 
and V. N. Golikov [10], a collective of authors with editing by G. P. 
Tartakovskiy [14] and Vv. I. Tikhonov [15]. The very interesting books 
of Woodward [16], Middleton [17], Davenport and Ruth [18] and Helstrom 
{19] have been translated into Russian and published. However, the 
"engineering direction of theoretical investigations is still inade- 
quately expressed" (10] in most of the published papers. 


The first edition of the book was written with regard to the fact 7 
that we did not know of a single book in which the statistical methods 
of signal separation from noise could be considered in detail with an 
engineering, applied slant. The following hypothesis of the authors of 
[11] is very typical in this regard: "To avoid confusion, let us note 
that optimum filters and optimum detectors have been investigated in 
the book only from the viewpoint of their mathematical operations 
which filters and detectors should perform on the received mixture of 
signals and noise; problems related to practical realization of the 
corresponding circuits remain beyond the scope of the given book." 


The first edition of the book was sold out rapidly and the need for 
a book in which problems of optimum filtration of signals from their 
mixture with random noise, storage of repeated pulsed signals and build- 
ing of corresponding devices would be considered from the engineering 
viewpoint, increased even more. The second edition was prepared in 
this respect. 


It has as its purpose a systematic outline of the properties of 
optimum filters and building of these filters for single pulsed signals 
and sequences of them, to determine the operating mechanism of these 
filters and to discuss possibilities of practical realization of them, 
to consider the properties of storage systems with delayed feedback, 
which are a practical approximation of optimum filters for sequences 
of pulsed signals, and to outline threshold signal theory during stor- 
age of sequences of pulsed signals by means of these systems and also 
to discuss problems of practical realization of pulsed signal storage 
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devices. 
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The book was fundamentally revised during preparation of the 
second edition, which mainly had two purposes. 


The first purpose was to increase the theoretical level and to 
utilize more complex mathematical apparatus of the probability ratio, 
bell functions and the theory of recurrent events. This made it possi- 
ble to outline more strictly the problem of optimum detection of various 
signals: precisely known, with random initial phase and with random 
initial phase and amplitude, to find and outline new interesting and € 
important results on the efficiency of analog and digital pulsed signal 
storage devices. In increasing the theoretical level of the book, we 
attempted to preserve the accessibility of the outline in brevity and 
compressiveness determined by the limited volume of the book. 


The second purpose of revising the book was to amplify its applied 
direction. The structure of the book was changed, several new chapters, 
paragraphs and sections of an applied nature were written, the number 
of examples and figures was increased and so on for this purpose. 


Chapters 7, 8, 9, 11 and 12 were rewritten during the revision and 
Chapters 1, 2, 3 and 5 were completely revised. The remaining chapters 
were supplemented with new materials. 


Main attention is turned toward the physical aspect of the out- 
lined processes with regard to the fact that the book is intended for 
a wide range of readers. The mathematical apparatus used was therefore 
selected as simply as possible. This made it possible to avoid to a 
significant degree duplication of the material contained in other books 


mentioned above. 


Despite the considerable simplification of the mathematical appar- 
atus employed in the book, familiarity with the main concepts of proba- 
bility theory and the theory of random processes is required of the 
reader (for example, Chapters 2, 3, 4 and 8 of B. R. Levin's book [20] 
of Chapters 1, 2, 3, 6 and 7 of V. I. Tikhonov's book [15]). The book 
has been illustrated with a large number of figures, on which are shown 
the block-diagrams of the considered devices and the time diagrams of 
voltages at their different points to facilitate understanding. 
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PART ONE 


OPTIMUM FILTERS 





CHAPTER 1 11 


PROPERTIES OF OPTIMUM FILTERS 


1.1. Characteristic Features and Problems of Radar Reception. Nature 
of Considered Noise 


The shape of the received signal reflected from a point object 
coincides with the shape of the transmitted signal and is therefore 
previously known in active radar. Information about the object that 
caused reflection of the transmitted signal is primarily included in 
the delay time of the received signal with respect to the transmitted 
signal and also in the frequency bias of the received signal with re- 
spect to the transmitted frequency. 





However, the fact itself of a reflected signal in the received 
oscillation is previously unknown. The latter can be represented as ° 
both random noise and a mixture of this noise with the reflected signal. = 
The first problem of radar reception also includes determination of 
the presence of a reflected signal in the received oscillation. This 
problem is called the detection problem. 


The other problem of radar reception is measurement of the param- 
eters of a reflected signal distorted by random noise. These param- 
eters are most frequently the delay time and Doppler frequency shift. 
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The problem of signal resolution, i.e., the problem of separate 
detection of several simultaneous reflected signals with parameters 
that hardly differ and analysis of the parameters of these signals, is 
also very important to radar. 


Main attention is subsequently devoted to consideration of devices 
to solve the first problem, i.e., signal detection devices on a random 12 
noise background. However, the results obtained in this case are ap- 
plicable both in measurement of parameters and in signal resolution. 


In this case only noise of the normal fluctuating type is studied. 
This is explained by at least two factors. 


First, fluctuating noise is the main type of noise in the range 
of ultrashort waves used for radar. Actually, as is known, the level 
of atmospheric pulsed noise in the indicated band is insignificant and 
one can essentially avoid the pulsed noise of industrial origin by in- 
stalling a radar system at a sufficient distance from the source of 
this noise, which is always possible in the case of detection (especial- 
ly of long-range) systems. Mutual interference (i.e., noise from other 
radio engineering systems) can be reduced considerably by separating 
the systems in frequency and space. 


Second, and this is very important, the fluctuating noise that is 
interference of a purely random nature is a very harmful type of inter- 
ference [21]. Because of its random nature, it is essentially impossi- 
ble to completely eliminate it since there always exists the finite 
probability that noise causes such a distortion of the received signal 
that the oscillation formed as a result of this will coincide with a 
completely different signal. In this case the detection error will be 
inevitable. 


Thus, the probability of error (distortion) only to some specific 
level, which cannot be overcome by any means whatever, can be reduced 


by improving the receivers. The latter was also strictly proved by 
V. A. Kotel'nikov, who developed the theory of potential noise stabil- 
ity [22]. 


To Cat de antag 








When considering the effect of normally fluctuating noise, there 
is the possibility of applying the comparatively well-developed appar- 
atus of probability theory and the theory of random processes, which 
permits one to simplify this consideration and to obtain a number of 
quantitative results. 


1.2. The Cross-Correlation Device--the Most Important Part of Optimum 1. 
Signal Detectors, Signal Identification and Measurement of ' 
Parameters 


1. Detection of Precisely Known Signal 


The received oscillation u;(t)* is either noise n,(t) or the sum 
of the signal v1(t) and noise n,(t). In the general case one can write 


uy (t) =xu,(t) +2, (t), 


where the parameter x = 1 in the presence of a signal and x = 0 in its 
absence. 


The signal vj (t), probability distribution of parameter P(x) and 
probability distribution of noise P(n,) are assumed to be known. Un- 
known is only the fact of whether there is a signal in the received 
oscillation, i.e., the value of parameter x. The receiver should pro- 
vide an answer on the value of this parameter on the basis of analysis 
of the received oscillation during the observation interval t = 0-T. 


No receiver can determine the value of x with absolute accuracy 
and with total confidence due to the distorting effect of noise and the 
finite nature of analysis time--there will always be the finite proba- 
bility of an erroneous decision. 





Therefore, the most important thing that can be required of a re- 
ceiver is to determine the probability of one or another value of x i 
with given realization of the received oscillation uj(t). In other 


ee eee 

The subscript 1 denotes that the voltages at the receiver input are 
considered (the receiver is denoted by point 1 and the output of its 
linear part is denoted by point 2). 
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words, an optimum receiver based on analysis of the received oscillation 

should calculate the a posteriori (post experimental) probability dis- 
tribution P(x) for all possible values (two in the considered case) 

of parameter x with given received oscillation u,(t) [13, 16, 22]. 


prey 


A posteriori distribution of Py (x) is the distribution of x pro- 
vided that realization u, is received. Since the unconditional proba- 
bility of the appearances of events x and u;)(t) is 


P'(Xq, ty) = P (x) Px (u,) = P (u,) P, (x), 


2 eee nn. 


where P(u,) is the probability that realization u,(t) will appear and 1 
| Py, (uj) is the conditional probability that this realization will appear i 
7 at given value of x, then the a posteriori probability is i 
- 
P= pegy P (+) IPs (a). (1.2.1) 
The conditional probability Py(u 1) is the probability that the model of 
noise nj(t) = uy,(t) - xv, (t) will appear, i.e., 
I 
t Pa(u,) = P (0, (= 4 — 2 O))- 


Pe According to (1.2.1), the probability that the received oscilla- 
tion contains a signal (x = 1) comprises 


| 
' 
F PL()= pay POP in O=a4 0, (#)), 
| and the probability that there is no signal (x = 0) in the received 
oscillation, 
1 
PL.O= pay POP in =a, 4). 
. The ratio of these probabilities 
Pall) P(t) Pim =a Q—a 
Faw =p pa OL inG=e (1.2.2) 
is the product of the ratio of a priori probabilities of signal and 
I 
noise reception and the ratio of probabilties that the received oscil- 
lation contains a signal and that this oscillation is only noise. 


i Unfortunately, a priori probabilities of radar signal reception 
and its absence in the received oscillation are usually unknown. 
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Therefore, the value of (1.2.2) is judged only by the value of the 
so-called probability ratio 


_ Pia, (t) = a, (t) — 2 (f)] 
A(u)= COE) (1.2.3) 
that shows the extent to which the statement of signal reception is 
more probable than the alternative statement of its absence. 


If the received noise is white normal noise and has spectral in- 
tensity (energy spectrum) 


F\(@) =2a*, (1.2.4) 


then the probability of noise model n,(t) having length t and band 4F 
comprises [8, 10] 


Tr 
a 1 2afT a 
Pim) = (pee) em? [ar fn oat]. 
9 
In this case, according to (1.2.3), 


A(u)=exp {—35 f (4 —o (rrth /exp [-s feo x 


(1.2.5) 
r 


X de] =exp [-st++ Ju (do, (t) dt]. 


r 
where £,= J v (jdt, is the signal energy. 


It is interesting to note that the probability ratio (1.2.5) is 
independent of the width of the noise bandpass. Therefore, it is also 
valid for the case of white normal noise which is formed as a result of 
passage to the limit AF, 


Since the signal is fully known in the considered case, the 
probability ratio (1.2.5) is dependent only on the value of the 


ee ee 

The value of a is the spectral intensity (i.e., the power for the 
spectral interval of 1 Hz) of noise if one takes into account both pos- 
itive and negative frequencies. Since only positive frequencies are 
subsequently considered according to physical concepts, the spectral 
noise intensity is assumed equal to 2a [1l, 20). 
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integral ( u(do(tjd ., The latter is a partial value (at t = 0) of 


4 


the cross-correlation function of the received oscillation u,(t) and of i 
; the anticipated signal vj(t) [6, 20]: 
T 
Role) = {ithe tt —) dt, pees) 





and is calculated by a cross-correlation device (VKU; Vzaimno korrelya- 
‘ tsionnove ustroystvo). 
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Thus, an optimum detector should calculate the a posteriori proba- 
bility distribution of parameter x with given model of the received 
oscillation or the ratio of these a posteriori probabilities (1.2.3). 
Calculation of the latter reduces to calculation of the probability 
ratio (1.2.5), which is carried out with the cross-correlation device. 
Consequently, the cross-correlation device is the main component of an 
. optimum detector. 





b (1) (4 ene 0 
‘omar 2), GC) wget 
é Cuenana 
, 
Fig. 1. Block diagram of optimum receiver to 
; detect precisely known signal. 
Key: (1) received oscillation; (2) cross-corre- 
lation device; (3) resolving circuit; (4) deci- 
sion on presence or absence of signal. 
Its output voltage may coincide with accuracy to the constant 
: multiplier and constant term both with probability ratio A(u,) and with 
: any monotonic (for example, logarithmic) function of this ratio. In 
this case 
ug = Min A(u,) +5), 
where k and b are arbitrary constants. 
Selecting k = a and b = Ej/2a, we find according to (1.2.5) | 


f = j ts (f)0, (f)dt = Ry (0). 
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As already indicated, a detector is designed to analyze the re- 
ceived oscillation to determine whether this oscillation consists only 
of noise (and there is no signal in this case) or whether it is a mix- 
ture of signal and noise. Consequently, this detector is a resolving 
device. 


Besides a purely resolving (logic) circuit, which is essentially 
a nonlinear device, an optimum detector should contain, as indicated 
above, a cross-correlation device (Figure 1.2.1). The resolving cir- 
cuit is most simply made in the form of a threshold device (minimum 
limiter) which generates a voltage at the output that indicates whether 
a decision is made on signal reception only if the voltage at its input 
exceeds some level Ug, called threshold voltage (Figure 1.2.2). The 
presence of voltage at the output of the threshold device indicates 
signal reception and its absence indicates reception of noise alone. 
Thus, if the voltage of the input of the threshold device u2* exceeds 
the threshold Up: 

u2>Ua 


then a decision is made on the presence of a signal and in the opposite 
case 


ue<Uo 


a decision is made on its absence. 





Fig. 1.2.2. Characteristics of thres- 
hold device. 


Ro ee 

Here and further the subscripts coincide on the corresponding figure 
to the number of the point to which the considered physical value is 
related (in the given case uz is voltage at point 2 of the block dia- 
gram shown in Figure 1.2.1). 
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as 


Voltage is fed from the output of the threshold device to the 
information receiver, which may be a digital computer or computing 
system. If the information receiver is an operator observing reflected 
signals on a radar screen, the cathode-ray tube of this screen, which 
reproduces only those voltages on the screen which exceed the cut-off 
voltage according to its value, due to the nonlinearity of its charac- 
teristic, is used as the threshold device. 


Two types of errors may be observed in operation of the detector. 


An error of first kind includes the fact that the voltage at the 
input of the threshold device (i.e., at the output of the linear fil- 
ter) exceeds the threshold voltage when noise alone is received, due 
to which an insorrect decision is made about signal reception. This 
error is called a false alarm or false detection. 


An err’ 3f£ second kind consists in loss of a signal due to the 
fact thet a voltage whose value is less than threshold voltage is 
formed at the output of the linear filter due to interaction of signal 
and no:.se, which is the basis for an erroneous conclusion about recep- 
tion of noise alone (i.e., about the absence of a signal). It is 
called signal loss. 


The foregoing is illustrated by Figure 1.2.3,* in which the time 
diagrams of the signal, noise and signal-noise mixture are shown at 
the input of the threshold device. The response voltage of the thresh- 
old device i8 also shown in Figure 1.2.3, c. It is obvious from con- 
sideration of these time diagrams that correct detection of a signal is 
observed at moment t, (i.e., the receiver generates a correct decision 
on signal reception), the false alarm phenomenon occurs at moment t2 
and signal loss occurs at moment t3. 


Since both errors are caused by the effect of fluctuating noise, 
which is a random process subject only to statistical (probability) 


eeu 

Figure 1.2.3 is drawn for the case when an optimum filter is used as 
the cross-correlation device in an optimum detector (Figure 1.2.1) 
(see section 1.3). 
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laws, the problem of radar signal detection is statistical and can be 
solved only by using methods of probability theory or the theory of 
random processes. 


Fig. 1.2.3. Time diagrams of signal (a), 
noise (b) and signal-noise mixture (c). 


Let us determine the error probability of radar reception. 


The probability of a false alarm F is equal to the probability 
that the noise oscillation at the output of the VKU exceeds the thresh- 
old voltage: 

x 
F =Bep(ny> U,) = (W(s.)drs, 
Ue 


where W(nj) is the probability distribution density of output noise. 


Since 


a { na () 04 (6) dt =2)) ms (Sr) & (5) 


and each term of this sum is distributed by normal law (input noise 
nz(t) is a normal random process), then output noise n2 also has normal 








distribution. Its mean value is 


r 
m, (n,) = 5 m,[n, ()] % (f) dt =0, 


since mj(n,(t)] = 0. The variation of this noise is 


f= ms (nf) — fr (na)? me (03) =m lJ m(OX 
8 


T 
Xa, (Hat ( n, (x) 0, (x) dx ee (t) dt 
6 (1.2.7) 


r T T 
x j Mm, (rr (t) 2,(x)] 0,(x) dz 5 0, (t) dt 5 Ry (t — x) 4 (x) dx, 
where R(t) is the autocorrelation function of input noise. 


Since input noise is considered white noise having spectral in- 
tensity (1.2.4), then its autocorrelation function is 


Ra(x) =28(2), 


where 6(t) is a delta-function or single pulse. 


Substituting this function into (1.2.7) and using the filter de~- 
vice of the delta-function [23], we find 


2 Tr 


=e [oj (dt = ab. (1.2.8) 


Consequently, the probability density of the output noise is 





QE, 


V(n)= EGE on(—) 


and the probability of a false alarm is 





ral 1 ep ny \ dies 1 (1—@) 
Vine, P| tae, j= — OU, (1.2.9) 


f 
where Or re di is the integral, error function and Kramp's func- 


tion [20]; 21 





is the relative response threshold. 


Considering the dependence of the probability of a false alarm on 
the relative threshold (Figure 1.2.4), we arrive at the obvious conclu- 
sion that the threshold voltage must be increased compared to the effec- 
tive (mean square) value of noise at the VKU output to reduce the prob- 
ability of a false alarm. 


Fig. 1.2.4. Probability of false alarm 
as function of relative threshold. 


Since the voltage of the signal-noise mixture at the VKU output has 
the mean value 


r 
IM, (Use) = m, (n, +0,) = 5 m, [n, (t) +9, (t)} 0, ()dt = 


Tr 


=I o'(t)dt = E, 
and variation a= m, ((ns -+ 04)*] — rn. (n. +0," = @£,, then the probability 
density of the output voltage of the signal-noise mixture is 


V (in) = atop em [ — age") 


and the probability of signal loss is 
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H = Bep (ye <U,) = i} W (tt4c) dey, = 


= 11-0 —i)], (2510) 


where 


gen Ted E, (1.2.11) 


3 . &@ 
is the output signal/noise ratio for power. 


The dependence of signal loss probability on the difference of the 
signal/noise ratio and the relative threshold completely coincides with 
the dependence of the probability of a false alarm on the relative 
threshold (Figure 1.2.4). 


We are usually concerned in practice with the probability of cor- 
rect detection D rather than with the signal loss probability. 


D 
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Fig. 1.2.5. Characteristics of detecting a pre-~ 
cisely known signal. 


Obviously, 


D=l—H=y[1+0(Fe—1)|. (1.2.12) 


It follows from consideration of the dependence of the probability 
of correct signal detection on the signal/noise ratio at different 
values of relative threshold (Figure 1.2.5), which is called the de- 
tection characteristic, that the signal/noise ratio must be increased 23 i 
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universally compared to relative threshold to increase the probability 


of correct detection. 


It is easy to see from (1.2.9) and (1.2.10) that the relative 
threshold affects both the probability of a false alarm and the proba- 
bility of signal loss. However, if the relative threshold must be in- 
creased to reduce the probability of an error of first kind, its value 
must on the contrary be decreased to reduce the probability of signal 
loss. Therefore, it would seem that the value of this threshold should 
be selected from compromise concepts to achieve minimum total probabil- 
ity of error. However, this approach, called the ideal observer cri- 
terion [1l, 17], is most typical for communications systems [24] in 
which both false detection and signal loss are undesirable to the same 


degree. 


A different approach, called the Neiman-Pearson criterion [10, 11, 
17], is more correct in the case of radar detection systems. The fact 
is that false detection of a radar signal is an exceptionally dangerous 
phenomenon since it can cause very undesirable consequences and there- 
fore the probability of this event should be very low (on the order of 
1076 to 10719). an increase of this value cannot be permitted even by 
reducing the probability of signal loss. 


If the Neiman~Pearson criterion is used, the probability of a 
false alarm F is previously fixed. Since it is functionally related to 
the relative threshold [see (1.2.9) and Fig. 1.2.5], then the latter is 
also previously given. The problem of a designer of the receiver of a 
radar detection system reduces to development of devices that permit 
one to reduce the signal loss probability and consequently to increase 
the probability of correct detection of the signal. ; 


It follows from (1.2.12) that since the relative threshold is 
given by the level of the probability of the false alarm, then the only 
possibility to increase the probability of correct detection is a uni- 
versal increase of the signal/noise ratio at the input of the threshold 24 
device. If it is preceded by the VKU (Fig. 1.2.1), then this ratio, 
according to (1.2.11), is equal to the ratio of signal energy to half 
the spectral intensity of noise. If the probability of a false alarm 
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and the spectral intensity of noise are given, then the probability of 
a false alarm can be increased only by increasing the signal energy. 


With given signal energy, its shape does not affect the probabil- 
ty of correct detection and therefore is insignificant from the view- 
point of solving the detection problem and should be selected from en- 
gineering concepts or of achieving high quality characteristics when 
measuring the signal parameters. 


2. Detection of a Signal with Random Parameters 


The signal received by the receiver is usually not known precisely. 
Its amplitude, initial phase, delay time and other parameters are usu- 
ally previously unknown. Two methods of receiving signals with unknown 
parameters are possible. The first method includes preliminary conver- 
sion of this signal to a totally known signal by measuring (analyzing) 
all its unknown parameters and subsequent reception of it as a com- 
pletely known signal. This method requires special time to make the 
measurements indicated above, complication of the receiver and in- 
creased signal/noise ratio. Therefore, it is usually not employed but 
is replaced with another method in which the unknown parameters of the 
signal are assumed random and it is received while disregarding their 
specific values by statistical averaging of the received oscillation 
for all possible values of these random parameters. In this case the 
received oscillation is 


4; (t) =n, (t) +x0;(t, a1, as, ..), 


where aj, %2, ... are random unmeasured signal parameters. Let us fix 
their values. The considered signal then becomes precisely known. Ac- 25 
cording to (1.2.3), the probability ratio for this case 


__ PIA, (tam 4, (f) — 0, (t, ©, Sa...) 
A (4, Gy, Bg...) = is (t) == a, (9) ; 


is a function of these fixed parameters. Carrying out statistical 
averaging of this conditional probability ratio for all possible values 
of random parameters with regard to the distribution of these values 
W(a1, 42, »..), we find the unconditional probability ratio 
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P [my (f) — 4, (f)] (1.2.13) 


XX da,da,... 


Let us consider as a first example detection of the signal 
v(t, @)=Vilt) cos(wt+@) with random uniformly distributed phase W(9) = 3: < 
Having substituted the expression for the signal into (1.2.5), we find 
after elementary transformations 


In A (uy, = —FL-+— Z cos (P+4), 


where 
(1.2.14) 
ta tz: 2, =f Vi) lene 
and 
p~sarctg =. 
Then according to (1.2.13) we will have 
“_¢ exp{ —£ = : 
Au) = 5 fe tet Zos(e+y) |de= 
(1.2.15) 
“+ 1(2) 
since ; 26 


2s 
J exp [(—a cos (p+ 4)} dp = 2x/, (a), 


where Ig(a) is a zero-order modified Bessel function. Since this func- 
tion is monotonic [25], the optimum detector of the considered signal 

should calculate the value 22 = 2? + 22 and according to (1.2.14), 2, 
and z2 are the voltages at the output of 2 VKU controlled by two fre- 


quency wg and amplitude V,;(t) oscillations shifted by 1/2. 


Consequently, an optimum receiver for a signal with random initial 
phase consists of two VKU controlled by quadrature oscillations, two 
square-law function generators (squaring devices), an adder and thresh- 
old device (Fig. 1.2.6). i 
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Fig. 1.2.6. Block diagram of optimum 
ees receiver for signal with random phase. 


Let us then determine the structure of an optimum receiver for a 
Ps signal with random unmeasurable amplitude and initial phase. Let us 
find for this purpose the probability ratio for the signal, assuming 
that its relative amplitude A is distributed by Raleigh law 


W(A) =24 exp(—A?)1(A), 
I(z4)=1 at x>0 ; 
I(xy=0 at x¥<—Q 
to uniform law. Then 


2 


where and the initial phase is distributed according 27 
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(A, 9) =A exp(—AY) | (A). 


Moreover, 


4; (t) =n, (t) +xAVi(t) cos (wot +@). 


Substituting this expression into (1.2.5) and repeating the calcula~ 
tions made during consideration of the previous example, we find 


In A(t, A, 9) = — GE AZ cos (+4), 


where Z and y are the same as previously. Having carried out statis- 
tical averaging of the conditional probability ratio A(u,, A, ¢), first 
with respect to 9 and then with respect to A, we will have 


ite zy (1.2.16) 
A(t) = paz OP sera |: 
| Thus, the optimum receiver for a signal with random amplitude and 
| initial phase should calculate, as in the case of a signal with random 
initial phase, the value of Zz, Therefore, the block diagram of the 








receiver shown in Fig. 1.2.6 is also optimum for a signal with random 
amplitude and initial phase. 


3. Detection of Some Other Signals. Signal Identification and Measure- 
ment of Their Parameters 


Since the purpose of the given book is not to outline the theory 
of optimum radio receiving methods, which has been quite fully and suc- 's 
cessfully outlined in other monographs [10-19), let us limit ourselves 
to enumeration (see, for example, [13] for proof) of some signals whose 
optimum detectors contain VKU as one of the basic components. 


Thus, a VKU is used as the main part of optimum detectors for the 
following signals (to supplement the foregoing): 


1) coherent pulsed sequences: a) precisely known, b) with ran- 
dom initial phase and c) with random amplitude and initial phase; 


2) mnoncoherent pulse sequences: a) with random initial phases, 28 
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b) with random initial phases and amplitudes fluctuating in unison and 
c) with random initial phases and independently fluctuating amplitudes; 


3) with random amplitude; 


4) of a weak precisely known signal with phase detection; 





5) with many possible values of parameters and so on. 


VKU are widely used not only in optimum detectors, as noted above, 
but also in optimum signal identific tion detectors and receivers for ie 
measuring their parameters. | 


As examples let us point out that VKU are the most important com- 
ponents of optimum receivers designed to perform the following tasks 
(13]: 


1) identification of two signals; 


| 2) identification of m orthogonal signals; 
24 = 








3) identification of signals with many possible values of 


parameters; 


ee ee 


4) measurement of signal amplitude; 


‘“ i 
i 


ty 5) measurement of signal delay time, i.e., range to the target; 


6) measurement of signal frequency and consequently of the radial 
velocity of the target and so on. 


Thus, a VKU is the main part of optimum receivers designed to 
solve the most diverse problems. 


Therefore, the problem of realizing a VKU is very important, 
especially in practice, which is also considered below. 
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1.3. Realization of Cross-Correlation Device in the Form of an Optimum 
Filter. Pulse Characteristics of Optimum Filter 


By definition, a VKU is a device for calculation of the function 


R= [hahe—sde, 
—— 


that establishes the degree of cross-correlation (relationship) of the 29 
functions £1(x) and f2(x - 1). 


With optimum reception of a precisely known signal, the received 
oscillation u,(t) performs the role of the first function and the 
emitted signal v,(t) and consequently the signal anticipated upon re- 
ception, performs the second function. In this case 


@ . e 
Rs(s) = Jus (xo (e—2)dx, (1.3.1) 
— 
which differs from (1.2.6) only by integration limits. 


A computing system (Fig. 1.3.1), consisting of a delay device for 
time +t, multiplier device and integrating device, can calculate this 
function. This device calculates only one value of the 


25 


eng (NR meee eee : 8 en «soe Bil 
. . i 
ie g ce } — 





a(t) 2,(t) vy (€-) Ae) 


€ 
a(t)? a(t-*) 


Fig. 1.3.1. Block diagram of cross- 
correlation device. 


cross-correlation function each time, corresponding to the specific de- 
lay time t. To investigate the entire course of the cross-correlation 
function of the signal and input oscillation, one must calculate many ' 
values of this function corresponding to different delays 1. And this : 
first of all recuires multiple repetition of the input voltage and sec- i 
ond considerably longer analysis time. 


Another solution of this problem is to use a multichannel system 
in the form of parallel connection of a large number of computing sys- 
tems with different delay times t. The structure of the entire device 
thus naturally becomes very cumbersome and complicated for analyzing 
the cross-correlation function. 


If the signal arrival time is previously known, then it is no 
longer necessary to calculate the entire cross-correlation function but 
it is sufficient to determine its value at +1 = 0. However, this case 30 
is usually not observed in practice. Thus, for example, the signal 
arrival time in any rangefinders carries information about the range 
to the target and is therefore not previously known. 


Being a linear system with variable parameters [26], the comput~ 
ing cross-correlation device has no invariance with respect to arrival 
time (see section 1.6) and therefore should be multichannel with un- 
known signal arrival time. 


In this regard let us consider a capability, very important to 
practice, of realizing a cross-correlation device in the form of a 
simpler single-channel linear device with constant parameters that 
generates the function R,(1t) continuously at its own output during the 
time that the input signal time delay only introduces the corresponding 
delay to the signal at the output of this device. 
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_Formula (1.3.1) for the cross-correlation function has the nature 
of a convolution which establishes contact between the voltages at the 
input and output of the linear system (a linear filter). Actually, the 
voltage at the output of the linear filter is described by the convolu- 


convolution 


i 
a,(\= [a (x)h(¢—x)dz, (1.3.2) 
2 : 
where h(t) is the pulse characteristic of the filter, i.e., its re- 


sponse to a single pulse é(t). 


Since h(t) = 0 at t < 0 in physically realized filters, then 
h(t ~ x) = 0 at x > t, due to which (1.3.2) can be represented in the 


form: 


Us (t)= (uy (x)h(t— x) dx. (1.3.3) 


—. 
Let us select a linear system such that the voltage at its output 


produces the following cross-correlation function with accuracy to ar- 
bitrary multiplier C and with some time delay to: 


g(t} = CR, (t—to). (1.3.4) 


It follows from (1.3.3) and (1.3.1) that this equality is equivalent to 31 
the following: 


ts (x) A (t—x)dx=C fu (x) 0, (x —t +#,) dx, 


for fulfillment of which it is sufficient that 


h(t) =C 04 (to—t). (1.3.5) 


A linear system having such a pulse characteristic is called an 
optimum filter since it fulfills according to (1.3.3) the most impor- 
tant operation of optimum reception~-calculation of the cross-correla~ 
tion function. As will be shown below, an optimum filter (OF; Opti- 
mal'nyy fil'tr) is the best even in the sense of producing at its out- 
put the maximum possible signal/noise ratio with given signal shape and ‘ 
white noise intensity at its input. 
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Optimum detection filters should be distinguished from filters 
optimum in the sense of the mean square error criterion. These filters, 
unlike those considered, are used to reproduce a signal in the presence 
of random noise and are used extensively in automatic regulation and 
control systems [18, 29]. The latter are also contained in radar coun- 
ters of moving target parameters [14]. 


In the case of radio signals, expression (1.3.5) can be repre- 
sented in the following complex form: 


BQ =IC Rt, — eo ™, 


(1.3.6) 


where H(t) is the complex amplitude of the pulse characteristic; ¥, (t) 
is the complex signal amplitude; and WO is the signal carrier frequency, 
while the asterisk denotes a complex conjugate function, i.e., a func~ 
tion with opposite sign of the imaginary part. 


One can ascertain the equivalents of formulas (1.3.5) and (1.3.6) 
in the following manner. If both sides of equality (1.3.6) are multi- 
plied by eJ“0t and if one converts in them from complex to real values, 
then we find (1.3.5). 


It follows from (1.3.5) that the pulse characteristic of a filter 32 
optimum to signal v1(t) differs from the function that describes this 
signal only by constant multiplier C with a time shift to value to and 
with sign of the independent variable of time t. To emphasize the lat- 
ter it is said that the pulse characteristic of the OF is a mirror inm~ 
age of the function that describes the instantaneous values of the 
signal. 


One of the signals (a), its mirror image (b) and one of the pos- 
sible pulse characteristics of the realized optimum filter (c) are 
shown in Fig. 1.3.2. In this case C = 2 and tg = t, are selected, where 
tk is the moment of time that the signal ends at the input. 


The need for time delay tg, whose value should not be less than 
the moment of time of the end of the input signal 


é 
Bata (1.3.7) 
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Fig. 1.3.2. Time diagrams of signal (a), 
of its mirror image (b) and of pulse char- 
acteristic of OF (c). 


can be easily seen from this figure. If the latter condition were not 
observed, then the OF would generate voltage h(t) at its output even 
before the single pulse é(t) was fed to its input at moment t = 0. It 
is clear that this filter cannot be realized. 


It is feasible to select tg = tp to avoid excess signal delay at 
the output and to simplify the structure of the OF. 
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Fig. 1.3.3. Symmetrical signal. 
For signals whose shape is symmetrical with respect to the mean 3 
position (Fig. 1.3.3), the following relation is valid 
01 (t2) =o (th), (1.3.8) 
where moments of time t; and t2 are related by the function 
ta—ty =ha—te, 


and t, is the moment of time of the beginning of the signal. 
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It follows from the latter equality that: 
to=ftarle— th. 
due to which expression (1.3.8) assumes the form 
0, (t)) = C1 (tat te—ts). 


Since it is valid for .iny moment of time t1, subscript 1 can be omitted: 


01 (t) =a (tattx—t). 


As a result of the latter relation and (1.3.5), a filter optimum 
to a symmetrical signal has the pulse characteristic 


h(t) =Co, (t+tatti—to). 


Hence we conclude that the pulse characteristic of a filter optimum to 
a symmetrical signal differs from the function that describes the sig- 
nal only by the constant coefficient C and the time shift by value te = 
= ty + ty - tg- 


If the signal delay of the output of this filter is selected as 
the minimum possible to = t,, then the value of the indicated shift 
will be equal to the moment of the beginning of the signal t, and the 
pulse characteristic will assume the form 


h(t) = Co, (t+¢tn). (1.3.9) 


Specifically, at t, = 0 


h(t) =Co,(t), (1.3.10) 


i.e., the pulse characteristic of a filter optimum to the signal, which 
is symmetrical with respect to the mean position and begins at moment 
of time t = 0, reproduces the shape of this signal on scale C. 


Let us note in conclusion that optimum filters are also usually 
employed as cross-correlation devices in radar systems. However, in 34 
those cases when the signals have very complex shape or extremely long 
duration (on the order of seconds), it practically becomes impossible 
to build optimum filters, whereas realization of a computing 





; 
| 


1o me wee + 





Ps ata ee te Sree 
7 
Tt seep EERE opens 


enon. 


cross-correlation device in the form of a digital correlator presents 


né6é special difficulties. 
La, Signal Storage in an Optimum Filter 


It follows from (1.3.5) and (1.3.1) that: 


w@ 
u,(t)==C f us (x) (« — #4). (1.4.1) 
— 
If the voltage of a signal optimum to the filter is fed to its in- 
put, i.e., if uy(t) = vi(t), then the following voltage will occur at 
its output 


v(t) =C “fala (e—tpe)de=CR, (t—t,). (1.4.2) 
where = 
Ra(2) = fo (t)o,(t—~+)dt= “Too (t--a)dt (1.4.3) 


is the autocorrelation function of the signal vj (t). 


Accordingly, this filter is an autocorrelation device with respect 
to a signal optimum to the given filter. 


Due to the evenness of the autocorrelation function, the output 
signal voltage (1.4.2) is an even time function with respect to moment 
tg. Therefore, if the beginning of counting time is converted to this 
moment, the output signal spectrum will consist of only cosine waves. 


It is well known that autocorrelation function Ra(t) is maximum at 
t= 0Q. Therefore, the voltage at the output of an optimum filter 
reaches a maximum value at moment t = to. This maximum (peak) in 
value of the output signal has the value 


0s (t,) =CR, @=C fol at=ce,. (1.4.4) 
—_ 


Thus, the peak value of signal voltage at the output of an optimum fil- 
ter is proportional to the total signal energy at the input. 


31 





35 


—s 


Pee Qrmene pe nO 


a ae 


h 
f 
t 


The signal voltage is processed by an optimum filter by time tg, 
which cannot be earlier than the moment the signal ends at the input 
due to (1.3.7), so as to store all components of this signal and by 
adding them to form a peak signal pip at the output. 


Thus, the operating mechanism of an optimum filter includes signal 
storage (in the broad sense).* Therefore, an optimum filter can be 
called an ideal storage device. It must be constructed so that signal 
storage is best. 


For this purpose the pulse characteristic of the optimum filter 
should have the shape of a signal due to which this filter acquires the 
capability of analyzing the degree of proximity of the input oscilla- 
tion and of the anticipated signal. This is accomplished by multiply- 
ing the instantaneous value of the input oscillation by the shape of 
the signal and subsequent integration [see (1.4.1)]. In the case of 
reception of the anticipated signal, the result of this analysis will 
be very significant since the signal is stored in the best manner. 

This also ensures the maximum possible probability of its detection. 


Specifically, if the signal is a square-wave video pulse: 


w(t)=V at O0<ft<r, 
o()=0 at ¢t<0 and t>r, 


then it follows from (1.4.1) at tg = t that the output voltage 


u,(f)}=VC Fu, Qdt (1.4.5) 
t— 
is an integral, increased VC times, of the input voltage in the range 
of duration t preceding the given momen” of time t. Consequently, the 
optimum filter integrates the input voltage during the signal length 
and produces the result of this integration continuously at its own 
output. 


Fo ee 

Unlike adding the input voltage samples (for example, separated by a 
time interval multiple to the repetition rate), which is also called 
storage. 





If the signal has a more complex shape, then a filter optimum to 
it will produce the weight integration of the input oscillation during 
the duration of the signal and the weight function is the function that 
describes the signal, i.e., determined by its shape. 


Let, for example, a signal have triangular shape: 


aQ=Lt at 0<tce, 
0, (t) = 0 ee, 


Then, having assumed that tg = t, we find according to (1.4.1) 


t 
u, (t) = | (e—(t—+)} uy (x) dx. 


tans 


The weight function of integration 


f(x, )=x—(t—2) at ta1cect, 
fir. *ty=0 at *<t—+ and z>t 


also has the form of a triangle (Fig. 1.4.1). Consequently, the values 
of the received oscillation uj (x) with this input signal should be 
multiplied by the corresponding values of the weight function whose 
value is greater at x < t, the closer moment of time x is to moment t 
and the product of these functions should be integrated in the range of 
duration t ended at the considered moment of time t. 


Y(x,t} 


Fig. 1.4.1. Weight function of 
input voltage integration with 
triangular signal. 


Let us note that there is no better procedure for processing a 
signal-noise mixture than signal storage when receiving a signal of 
known shape on a background of random fluctuating noise. 
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Actually, it is impossible to use the second method of separating 37 
signal from noise-~interference compensation--in the given case since 
the interference is a random oscillation with previously unknown shape. 
Therefore, it is essentially impossible to construct a device to com- 


pensate for interference. 
1.5. Spectral Characteristics of the Optimum Filter 


It is easy to determine the transfer function K(w), which is the 
ratio of complex amplitudes of harmonic frequency oscillations w at the 
output and input of this filter, from the known pulse characteristic of 
the optimum filter. As is known [9], 


R (w)'= i A(the™ de. 


—2 


Having substituted (1.3.5) into this expression, we find 


2 x 
R(a)=C (9, (t,—te dt Ce [ 2, (x) e!* dx. 
—» ~x 
Comparing the derived integral to the expression for spectral density 
of the signal 
= : 
S,(oi= (o,(the ‘dt, 


~—x 


we conclude that they are complex conjugate functions, due to which 


K (a) =CS5*, (we, (1.5.1) 


Thus, the transfer function of an optimum filter differs from 
function S*(w), complex conjugate to the signal spectrum §(w) only Ey 
a multiplier of form Ce~juto, where C and tg are constants as was es- 
tablished in section 1.4 and tg is the moment of time at which the 
maximum instantaneous value (i.e., the peak value) of the signal is 38 
observed [30,31]. 


The complex equality (1.5.1) is equivalent to the two real 
equalities: 
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K (a) =CS, (@) (1.5.2) 


and 
p(w) =—-{—(o) + ofo), (1.5.3) 


where K(w) is the amplitude-freauency characteristic of the filter; 
v(w) is its phase characteristic; S$1(w) is the modulus of the spectral 
density of the signal or its amplitude spectrum; and ¢(w) is the inde- 
pendent variable (phase) of the spectral density of the signal or its 
phase spectrum. 


It follows from consideration of the first of these equalities 
that the amplitude-freauency characteristic of an optimum filter is 
distinguished only by multiplier C from the amplitude spectrum of the 
signal to which this filter is optimum. Because of this, there is 
relative attenuation of the spectral components of the signal and noise 
corresponding to the less intensive sections of the signal spectrum. 
This attenuation is greater, the less the intensity of the signal com- : 
ponents on these frequencies. The latter play a lesser role in forma- 
tion of the peak value of the output signal than more intensive compon- 
ents. Attenuation of the noise spectrum, uniform at the input, is 
observed on all frequencies, with the exception only of those which 
correspond to the maximum signal spectrum. 


The foregoing concepts are illustrated by Fig. 1.5.1 for the case 
of a square-wave video pulse. It is easy to note from consideration of 
it that the amplitude spectrum of the output signal S2(w) coincides in 
shape with the energy spectrum of output noise F2(w). This is con- 
firmed by the following relations: 


S, (a) == S, (w) K (0) aw CSt («) 


F, («)'= F, (#) K* (0) == 2007S? (u)o_ 
hence, it follows: 


Fs(a) = 2aCS, (a), (1.5.4) 
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i.e., the amplitude spectrum of the signal at the output of an optimum 39 
filter differs from the energy spectrum of output ‘ioise only by the 


5 ‘ f > 
{ 


multiplier. 


e 


by 


Fig. 1.5.1. Conversion of signal (a) and 
white noise (b) spectrum in optimum filter. 


Let us return to interpretation of equality (1.5.3). It means 
that the phase characteristic of an optimum filter y(w) differs only 
by sign from the sum of the phase spectrum of the signal 4(w) and the 
linear frequency function wtg (Fig. 1.5.2). 


With regard to the fact that the phase characteristic of an opti- 
mum filter satisfies equality (1.5.3), all the spectral components of 
the signal at the output of this filter, being cosine curves, have the 
same zero phase at moment t = tg. Actually, the harmonic component of 
the frequency signal w at the output of an optimum filter at moment t 40 
has the complete phase 


6 (t) = of + 9 (u) +49 (@) = ot + 2 (o) — P(e) — 
— of, =u (t—t,), 





which approaches zero at t=tq regardless of the value of frequency. 
Being added in phase, the spectral components of the signal also form 
the highest peak horn of the signal at this moment. 


\, gy 
x 


wt, 
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Fig. 1.5.2. Plotting of phase char- 
acteristic of optimum filter 


a een 


i Reversal of the phase of the spectral components of noise with an 
optimum filter does not change their random nature, due to which the 
} result of adding these components will also be random at the output. 
: In this case the probability that the noise components will be added at 
some moment of time in phase and form a very large noise horn is very 
low as at the filter input. 


With regard to the fact thatthe characteristics of an optimum fil- 
ter are matched in the best manner to the signal characteristics (spe- 4 
cifically to its spectral characteristics), an optimum filter is freq- 
quently called a matched filter in the literature [5, 32]. 


Using the relations derived above, let us establish the relation- 
ship between signal voltage and the autocorrelation function of noise 
at the output of an optimum filter, It follows from (1.5.1) that the 
signal at the output of an optimum filter has the spectral density 


5, (a) =5, (w) K (w) = CS’ (eye! 


and the instantaneous value 
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Consequently, the output signal is dependent only on the amplitude 
spectrum of the input signal and is independent of its phase signal. 
This is explained by the fact that an optimum filter compensates for 
phase shifts between the spectral components of the input signal. 


Since output noise has energy spectrum (1.5.4), then its autocor- 
relation function is 


R,() = = ( Fete) cos etde = = ( s*e) cus wf dw, 
0 4 


Comparing this expression to (1.5.5), we find 


Rz(t—te) =aCv2(t), (1.5.6) 


i.e., the autocorrelation function of noise at the output of an opti-~ 
mum filter differs from the output signal only by constant multiplier 
aC and by the time shift by value t,. 


Specifically, assuming that t = tg, we will have 
a” = R, (0) =aCo, (t,). (1.5.7) 


Accordingly, the standard deviation of output noise is aC times greater 
than the peak value of the output signal reached at t = to. 


It follows from (1.5.7) and (1.4.4) that: 
o=aC'E,. (1.5.8) 
3 


1.6. Invariance of the Optimum Filter 42 


It follows from (1.5.1) that a filter optimum to the signal v(t) 
is optimum for all other signals of the same shape, i:e., those dif- 
fering from signal v(t) only by amplitude, time position and initial 
phase. Actually, if one signal differs from another only by the fact 
that its amplitude is utimes greater and it is arranged in time later i2 
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by t,, then as is known [44], the spectral density of this signal dif- 
fers from the spectral density of the second signal only by the multi- 
plier ue7J*tl, ‘therefore, complete identity of the transfer functions 
of filters optimum to these signals can be achieved in (1.5.1) by the 
appropriate selection of constants C and tg. This also proves the op- 
timum nature of the filter for all signals of given shape 
simultaneously. 


This result can easily be found by the time method. Actually, let 
the filter be optimum to some signal v,(t), due to which the pulse 
characteristic of the filter meets condition (1.3.5). This same filter 
is also optimum to signal uv1(t - t,) having the same shape and differ- 
ing only by the fact that its amplitude is uy times greater and it is 
delayed by time t 1 compared to the first signal. The optimum nature of 
this filter for this signal follows from the fact that its pulse char- 
acteristic satisfies condition (1.3.5) for the second signal as well, 
but only at values of constants C and tg other than for the first 
signal. 


Accordingly, an optimum filter has the property of invariance with 
respect to amplitude and time position. 


With regard to the problem of the invariance of an optimum filter 
with respect to the initial phase, then one should bear in mind the 
following. If there is a filter optimum to some signal with specific 
initial phase, the effect of a signal of the same shape but with dif- 
ferent initial phase on it leads to variation of the output signal 
phase by the value @, equal to the difference of the initial phases of 
the effective and optimum signal. This can easily be seen from the 
expression [10] 


U,(t)=4-Ce"™ fa. (x) Pe, (@—t-+ edz, 
—~ 


(1.6.1) 


that establishes the relationship between the complex amplitudes of 43 
output voltage Bo (t), input voltage By (t) and optimum signal voltage 
0, (t) and which is a complex analog of the real integral (1.4.1). If 
the input oscillation is varied in phase by angle ®, then its complex 
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amplitude will acquire an additional multiplier ej°®, which, being car- 
ried out beyond the sign of the integral, indicates variation of the 
phase of the output oscillation by the same angle. The value of the 
amplitude of the output oscillation also remains the same: 

@ 

UH =|, O|=+C Jie) Pett ade, (1.6.2) 

—2 
In this case the peak value of the output oscillation essentially does 
not vary, but the moment of time this value is reached is shifted by 
value 9/9. 


If the initial phase of the signal is varied by a random value, 
then the time shift of the maximum output signal will also be random. 
Therefore, the optimum receiver for a signal with random unmeasured 
initial phase, except an optimum filter for a signal with some initial 
phase, should contain a device that eliminates the dependence of the 
output voltage on the random initial phase. This device can be an amp- 
litude detector that retains information about the signal amplitude and 
that eliminates information about its phase. 


It is interesting to note that the modulus of voltage at the out- 
put of an optimum filter at moment t = to differs only by multiplier 
C from value Z, which should calculate the optimum detector for a sig- 
nal with random initial phase (see item 2, section 1.2). Actually, 
relations (1.2.14) can be represented in the following form: 


@ 
2,==Re je, (x) V*, (x) dx 
—~—o 
and 
o & 
z,= Im § U's (x) VU", (x) dx, : 
—o 
due to which 


zZ= V2+ “=| {Cy (x) V*, (x) ax, 


Comparing this expression to 1.26) . we find 
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U3(t,) =CZ =C Yeu 2", 
which also proves the previous statement. 


Accordingly, an optimum receiver for a signal with random initial 
phase can be constructed from a block-diagram differing from that pre- 
viously considered (Fig. 1.2.6) with two quadrature channels and con- 
sisting of a filter optimum to a signal with arbitrary initial phase, 
amplitude detector and threshold device (Fig.1.6.1). 


uy. 2 


Fig. 1.6.1. Second block-diagram 
of optimum receiver for signal with 
random phase. 

Key: (1) optimum filter; (2) amp18- 
tude detector; (3) threshold device 


Thus,.the combination of the filter optimum to a signal with ar- 
bitrary initial phase and an amplitude detector is optimum for signals 
of the same shape, but having any value of initial phase, i.e., invar- 
iant with respect to the initial phase. The property of invariance of 
an optimum filter is very important, especially for practice. Actual- 
ly, the amplitude, delay and initial phase of the received signal are 
not usually known. However, instead of building a large number of 
filters, each of which would be optimum for a signal with specific 
values of amplitude, delay and initial phase, it is sufficient to de- 
sign only one filter which will be optimum for all signals of given 45 
shape to accomplish optimum reception. 


Such signal parameters as amplitude and initial phase frequently 
assume random values in radar and carry no useful information, i.e., 
they are spurious. It follows from the foregoing that the presence of 
these random parameters does not change the structure of an optimum 
filter, but the presence of a random initial phase in the received sig- 
nals leads to the need to use an amplitude detector (or two quadrature 
channels) after the optimum filter. 


_ 





1.7. Signal/Noise Ratio at Output of Optimum Filter 


According to (1.4.4) and (1.5.8), the ratio of the square of the 
peak value of an output signal to the noise output comprises 


> 
2 Yx(te) ft E, 
mance” 2a 
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This result completely coincides with (1.2.11) and means that the 
ratio of the square of the peak value of the signal to the noise output 
at the output of an optimum filter is equal to the signal energy at its 
input, divided by half the spectral noise intensity at the input. 


Thus, the signal/noise ratio at the output of an optimum filter is 
dependent only on the signal energy at its input and is totally inde- 
_ pendent of its shape (see item, section 1.2). 


Let us ascertain that an optimum filter, which was selected in 
section 1.3 so that the voltage at its output reproduced the cross- 
correlation function, provides the maximum possible signal/noise ratio 
at its own output when a signal optimum to it and white noise are fed 
to its input. 


. When a signal v)(t) is fed to the input of a linear system with 
pulse characteristic h(t), the voltage at its output, according to 
(1.3.3), is 


9, (t) = fo (x) h(t — x) dx. 


—oO z 


The noise at the output of this system, caused by white noise with ae 
spectral intensity (1.2.4) being fed to the input, has the autocorrela- 
ba tion function [20] 
1M RN lm 1. 
gy eet pe ere 


R,(%) =a Jamactayat | 
~2 (1.7.1) 
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Therefore, the ratio of the square of the peak signal value (at 
moment t = tg) to noise output at the output of a linear system 
comprises 


co 


3 
fon (x) h(t, — x) dx 
2 —20 


Iq, = wo 
a [mat 
—2 


According to Bunyakovskiy's inequality [33] 


| Jataats—2)ds] fotar feq—adr= 


—o 


=E, ; h* (t) dt, 


due to which 


9 
- 


q<tt=g 


Bunyakovskiy's inequality and the latter equality following from it are 
transformed to equalities provided that the integral functions differ 
only by an arbitrary constant multiplier (for example, C): 


Co, (x) =A(4—x), 


which is completely equivalent to (1.3.5). This also proves the most 
important property of an optimum filter--an optimum filter permits one 

to achieve the maximum possible ratio of the square of the peak signal 
value to noise output at its own output with given signal shape and 

noise level at the input and thus to achieve the maximum probability 47 
of correct detection of this signal with given level of false alarm 
probability [34]. 


1.8. Characteristics of Optimum Filter When Input Noise is Correlated 
The characteristics of an optimum filter were considered above 


for the case of white gaussian noise at the input. Let us generalize 
the results for the case of correlated noise. 
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Thus, let the noise at the input have energy spectrum Fy (w), 


‘which is a function of frecuency, i.e., Fi(w) # const. To determine 


the characteristics of an optimum filter, let us use the method devel- 
oped by V. A. Kotel'nikov [22] and that includes division of the opti- 
mum filter ("ideal receiver" in V. A. Kotel'nikov's terminology) into 
two linear components with transfer functions Ky (w) and Kp (w) (Fig. 
1.8.1). 


ae 2 5 


Fig. 1.8.1. Representation of 
optimum filter in form of two 
linear filters 


Let us select the transfer function of the first component Ky (w) 
such that the noise at its output become white noise, i.e., its inten- 
sity be identical at all frequencies (both positive and negative): 


F,(@) =a=const. 
Since F2(w) = Fy (w) K2 (w), then to do this it is necessary that 
a a 
K (eo) = Fite 


If the signal at the input has spectral density S,(w), it will be 48 
as follows at the output of the first filter: 


52(@) =Si(o)R, (@). 
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The transfer function of the second linear component K2(w) must 
be selected according to (1.5.1) for optimum filtration of a mixture 
ef this signal and white noise, i.e., 


R, (we) =CS*, (we, 


where C and tg are some constants. 


The entire optimum filter, consisting of the two indicated linear 
components, obviously has the transfer function 


K («)= RF, (w) K, (e). 
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Having used the three previous relations, let us rewrite the latter 


equality in the following form: 


RB (w) = K,(®) CS*, (w) K*, (we = 
=CK? (w) 5%, (a) eI = aC SO) grins 


if finally 


—_— se rf ) ° e° 
K (e)= =O (1.8.1) 


where Cj = ac. 


Accordingly, the transfer function of a filter optimum to a signal 
which is mixed with noise whose intensity is dependent on frequency is 
directly proportional to a function complex conjugate to the spectral 
density of the signal and is inversely proportional to the energy spec- 
trum of the input noise [35]. 


Specifically, at F,(“) = a, formula (1.8.1) is degenerate at 
(1.5.1) if one assumes that C = Cj/a, 


Let us determine the signal/noise ratio at the output of an opti- 
mum filter in this case. 


It follows from (1.8.1) that a signal at the output of this 
filter has the spectrum 
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The noise at the filter output comprises 


Cy % Si (w) 
F, (a) K? (@) dw = 3 \ F, fe) dw. 
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Therefore, the ratio of the square of the peak signal to noise at the 


filter output is 





oe 
x] SiO a (1.8.2) 


ae eR eene ee wnat 
5 
il 
Sd 
(| 
ey 
a 


If one assumes that F,(w) = a in this formula, then we again find the 


Lape 
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result (1.2.11), valid for the case of white noise. 


Using (1.8.1), it is easy to show [7, 18] that the pulse charac- 
teristic of an optimum filter satisfies the following integral equation: 


wo 
J A(+) Ra (t — 2) de = Cio (t, — £), - (1.8.3) 
—3 
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where Raj(t) is the autocorrelation function of input noise and vj  (t) 
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is the input signal voltage. 


~~. 


i Specifically, if the noise is white noise, i.e., if Ra ,(t) = | 
I = aé(t), then, using the filtering property of the delta-function and 
assuming that Cj = aC, we again find (1.3.5) from (1.8.3). 
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CHAPTER 2 


OPTIMUM FILTERS FOR THE SIMPLEST PULSED SIGNALS 


2.1. Design of Filters Optimum to Single Video Pulse Signal 


1. Methods of Optimum Filter Design 


The properties of optimum filters were considered in the previous 


chapter. For practical purposes, it is very important not only to 
know these properties but also to know how to design optimum filters 
based on elementary radio engineering devices. 


Two methods of designing optimum filters are possible--time and 
spectral (frequency) [36]. The time method is based on the use of the 
relationship between the pulse characteristic of aa optimum filter and 
the function that describes this signal. This relationship is estab- 
lished in the general case by the relation (1.3.5) and in the special 
case of a signal symmetrical with respect to its own mean position by 
relation (1.3.10). In this case design of an optimum filter includes 
construction of a linear system whose pulse characteristic reproduces 
on some scale and with some delay the function which is a near image 
of the signal, which coincides with this signal in the case of a sym- 
metrical signal. 


The use of the relationship between the transfer function of an 
optimum filter and the signal spectrum is the basis of the second, 





oS 
me we 


ee 


aac - 


Spectral or frequency method of designing optimum filters. This rela- 
tionship is described by equality (1.5.1).° 


The spectral method of designing optimum filters consists in build- 5] 
ing a linear system whose transfer function differs from that complex 
conjugate to the signal spectrum only by a multiplier of type ce7J°to, 


The latter method requires a knowledge of the signal spectrum in 
the case when the signal is controlled by a time function rather than 
spectrum and is therefore somewhat more complicated. 


Optimum filters are designed below by both methods. 
2. Building a Filter Optimum to a Square-Wave Video Pulse 


A square-wave video pulse of amplitude V and length +t (Fig. 2.1.1) 
is described by the function 


o(=V at —P<t<5,| 
o(f)=0 atitt>z | 


Using the time method of design and taking into account that the 
signal is symmetrical with respect to its own mean position, let us 
select a linear system whose pulse characteristic would be a square- 
wave video pulse of length t. In uther words, a linear system must be 
constructed which would generate a video pulse of indicated shape and 
length at the output when a single pulse acts on its input. 


-¥ a 5 e 
Fig. 2.1.1. Square-wave video pulse. 
First, let us note that a single voltage jump 1(t) is formed at 


the output when a single pulse acts on the input of an integrating de- 
vice. A square-wave pulse of single amplitude and length + is the 52 
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difference of unit jumps l(t) and l(t - 1) shifted with respect to each 


other by time t, 


Fig. 2.1.2. Block diagram 
of optimum filter for square- 
wave video pulse. 


; Therefore, a linear system whose pulse characteristic is a square- 

a wave pulse of length t is a combination of the following three devices: 

an integrating device, delay device by time ™ and a subtraction device 
(Fig. 2.1.2). This system is also an optimum filter for the considered 
pulse. The time diagrams of the voltages at the output of its individ- 
ual components when a single pulse acts on the input are shown in Fig. 
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Fig. 2.1.3. Time diagrams of 
voltages in optimum filter. 


Let us construct an optimum filter by the spectral method. The 
considered signal has the spectrum 
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A function complex conjugate to this spectrum has the form 
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Due to (1.5.1), an optimum filter has the transfer function 
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Since the linear component with transfer function 1/jw is an inte- 
grating device and since e-j“" describes the transfer function of the 
delay device by time t, an optimum filter consists of an integrating 
device, delay device by time t and subtraction device [37]. 


Accordingly, the same result was achieved by the spectral method 
as by the time method. 


3. Building a Filter Optimum to a Trapezoidal Video Pulse 


A trapezoidal video pulse (Fig. 2.1.4, a) having amplitude V, 
length t and length of plane part 1) can be represented in the form of 
the algebraic sum of four voltages which, beginning at moments of time 
equal to -(¥2),7(t2/2), 11/2 and t/2, respectively, vary linearly with 
law 2V/(t - t1) and up to these moments of time are identically equal 
to zero (Fig. 2.1.4, b). Therefore, 


0(t) 0, (t) +00(t) +03(t) to()) = 


mefcfe HEE aaa 


“(-F) (EHS) | 


Since the signal is symmetrical with respect to its own mean position 

and t, = -(t/2), then according to (1.3.10), the pulse characteristic 

of a filter optimum to the signal should in the case of minimum delay 54 
(memory) have the form 


h()=Co(t—+). 


Having assumed for further simplification that C = (t - 13)/2V, we 
find 
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h(t)=t-1() —(t 75%) 1 ((-*)- 


2 
(2.1.3) 
SCS) (¢— FE) tal ¢—2). 


It is easy to note that the pulse characteristic consists of four 
terms of identical nature differing (except for sign) only by the time 
delay. Therefore, any other term can be formed from the first term of 
this function by the corresponding delay (and if necessary inversion 
as well). 


a) 
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Fig. 2.1.4. Trapezoidal video pulse 
(a) and its terms (b). 


The first term of this function t+-l(t) is formed as a result of 55 
the action of a single pulse on two series-connected integrating de- 
vices. Therefore, an optimum filter for a trapezoidal video pulse con- 
sists of two-series~-connected integrating devices, three time delay 
devices equal to (t - t1)/2, (t + t,)/2 and t, respectively, and an 
adding device (Fig. 2.1.5, a). 


Instead of the three indicated delay devices, it is feasible to 
have only one of them with maximum time delay and two leads or three 
delay devices with delay times equal to (t - t1)/2, ty and (t + 1))/2, 
respectively (Fig. 2.1.5, b). The block diagram of an optimum filter 
can be converted to an even simpler diagram (Fig. 2.1.5, ¢). Its 56 
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simplicity includes the presence of only two delay devices and the use 
of subtraction devices simpler in circuitry and design. 
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Fig. 2.1.5. Block diagram of optimum filter 
for trapezoidal video pulse. 
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wet us construct an optimum filter by the spectral method. Since 
a trapezoidal video pulse has the spectrum [27] 
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then, making use of (1.5.1) and assuming for simplification that C = 
(t - t))/2V and tg = ty = 1/2, we find that an optimum filter should 
have the transfer function 








7). (2.1.4) 


By consideration of this expression we again arrive at the con- 
clusion that an optimum filter consists of two integrating, two delay 
and two subtraction devices (Fig. 2.1.5, c). 


Since a triangular video pulse is a special case of a trapezoidal 
video pulse when the length of its plane part is selected equal to 
a zero (tj = 0), then a filter optimum to a triangular video pulse can 
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easily be produced from a filter optimum to a trapezoidal video pulse, 


having assumed in the latter case that 1] = 0. 
4. Building a Filter Optimum to a Video Pulse of More Complex Shape 


By using the foregoing method, one can build an optimum filter for 
any pulse whose envelope consists of some number of segments of 
straight lines, parabolas and algebraic lines of as high an order as e 
desired. This optimum filter will contain only integrating, delay, 
addition-subtraction and amplifying devices [7]. 5 


ove ee. 


The number of integrating devices in this filter is a unit greater 
than the highest order of the algebraic lines whose segments comprise 
the pulse envelope (in this case the horizontal straight line must be 
regarded as a zero-order line). The number of delay devices (without 
leads) is equal to the number of segments of which the pulse envelope 
is comprised (if one does not consider segments corresponding to a sig- 
nal identical to zero). The total delay time provided by these devices 
is equal to the length of the pulse signal. There can be several ad- 
dition-subtraction devices. The number of amplifiers is not greater 
than the number of segments. In principle all the amplifiers can be 
omitted. It is sufficient to provide voltage dividers in the corre- 


sponding circyits in this case. 


As indicated below (see section 2.4), the structure of an optimum 
filter is weakly dependent on slight changes of signal shape. Because 
of this, one cannot fail but take into account the small details of 
signal shape when designing optimum filters. Taking this circumstance 
into account permits one to considerably simplify the construction of 
filters sufficiently close to optimum. 


5. Building Optimum Filters for Correlated Noise 


Let us consider construction of an optimum filter for detecting a 
square-wave video pulse (Fig. 2.1.1) on a background of noise whose 
spectral intensity is a function of frequency Fj (w) (this noise is 
called "colored" or correlated). This construction can be accomplished 
most simply by the spectral method [38]. 
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Let the spectral intensity of input nceise be a decreasing fre- 


quency funetion (curve loin Fig. 2.1.€): 
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where 2a is the spectral noise ibler city on tie zero frequency and g is 
a constant that characterizes the width of the energy spectrum of input 
noise and is numerically ecuivalent to the frequency on which the spec- 


tral intensity is one-half that on the zero frequency. 


Fig. 2.1.6. Energy spectra of noise. 
The considered noise has the autocorrelation function 


R, (== Ee att 


and accordingly can be produced by passing white noise with intensity 
(1.2.4) through a low-frequency RC filter with time constant g7i = RC 


{17]. This normal noise is a Markov precess [39]. 


According to (1.8.1), an optimum filter should have the following 
transfer function in the given case 


h (@)- 


Assuming for simplification that Cj = 2ac*, we find 


hh (+) (i me), (2.1.6) 


Since ju is the transfer function of differentiating device D, an 
optimum filter in the considered case consists of a combination of an 
integrating device, device with transfer ccefficient g2 and 
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differentiating and subtraction devices and also a combination of a 
time delay device equal to pulse length 1 and subtraction device (Fig. 
2.1.7, a). 


With an unlimited increase of g, i.e., with expansion of the ener- 
gy spectrum of input noise, (2.1.5) changes to (2.1.1) and the derived 
block diagram of an optimum filter degenerates to the block diagram of 
an optimum filter for white input noise (Fig. 2.1.2). 





Fig. 2.1.7. Block diagrams of optimum filters 
for square-wave pulse with uncorrelated noise. 





Let us consider the second case when the spectral intensity of the 
input noise increases with an increase of frequency by the law 


2a? 
« + g* ® ) 


Fy (w) =— 


approaching the constant 2a (Fig. 2.1.6, curve 2). Here constant g has 
the meaning of the frequency on which the energy spectrum of noise is 
one-half its own maximum value at w = ©, The autocorrelation function 


of this noise is 


R, (t) =ab(t)—“Beme" 


It can be regarded as the result of passage of white noise with 
intensity (1.2.4) through a CR filter of upper frequencies with time 
constant g-l = RC. The transfer function of an optimum filter is then 


K (u) == (1 ae) o* — g* = 
\ gt — jer 
=)! ger} oe (2,157) 
Accordingly, in the given case an optimum filter consists of an 60 


integrating device, a combination of two integrating devices, a device 
with transfer coefficient g2 and a subtraction device and a combination 
of a delay device by time + and subtraction device (Fig. 2.1.7, b). 
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This optimum filter degenerates into an optimum filter (Fig. 2.1.2) 
constructed for the case of white noise with an unlimited decrease of g. 


It follows from comparison of the block diagrams of optimum filters 
(Figs. 2.1.2 and 2.1.7) that the nonuniformity of the energy spectrum of 
input noise may lead to appreciable variation of the structure of an 
optimum filter. The structure of an optimum filter is complicated even 
more if the length of its pulse characteristic is limited [40]. 


2.2. Design of Filters Optimum to a Single Radio Pulse Signal of 
Specific Shape 


1. Transfer Function of a Filter Optimum to Radio Pulse Signal 


Construction of filters optimum to video pulse signals received on 
a normal noise background was considered above. However, radio pulse 
signals are usually fed to a receiver. They can be optimally filtered 
in some cases in the radio channel of the receiver, i.e., at the high ; 
or intermediate frequency. A very important property of filters opti- 
mum to radio signals is their invariance with respect to the initial 
phase (see section 1.6). 


In this regard let us consider the construction of filters optimum 
to a radio pulse signal of specific shape. This construction can be 
simplified considerably by using the mutual conformity of optimum fil- 
ters for video and radio pulse signals. The latter follows from the 
relationship between the transfer functions of these filters. Let us 
establish this relationship. 


It is well known [44] that the spectral density of a radio pulse 61 
Sp (w) is about equal to half the product of the spectral intensity of 
its envelope §(w) in which the independent variable » is replaced by 
w - wo and the phase multiplier ej’: 


5,(e) » + S(o —e,)e”, 


where “, is the carrier frequency of the radio pulse and y is the in- 
itial phase of oscillations of this frequency. 
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Because of (1.5.1), a filter optimum to a radio pulse signal has 


the transfer function 
Ky (e) =C,5*, () e~ Ih a C,5* (@ —,)e~/ tetrad 
where Cj and t, are constants. 


Since the transfer function of a filter optimum to the envelope 
of this signal is: 


R (w) =CS* (a) e~Y™, 


then assuming that C=+Ce-" and tg = ty, we find the relation 


F, (e) = F (o — w,), (2.2.1) 


that establishes the relationship between the transfer functions of 
filters optimum to a radio pulse signal and its envelope, respectively. 


Thus, it is sufficient in the transfer function of a filter opti- 
mum to its envelope to replace independent variable w by » - wg to 
produce a transfer function of a filter optimum to a radio pulse of a 
given shape. 


2. Congruence of Filters Optimum to Radio Pulse Signal and Its 
Envelope, Respectively 


Because of (2.2.1), filters, one of which is optimum to a radio 
pulse signal and the other of which is optimum to its envelope, have 
the property of congruence. 


Congruence is also inherent to the components of these filters. 
One or several components of an optimum filter for a radio pulse cor- 
responds to each component of the filter optimum to the envelope of 62 
this pulse. 


It was shown in the previous section that the components of filters 
Optimum to video pulse signals can be integrating, delay by time t3, 
amplifying and addition-subtraction devices. The transfer functions of 
the latter two types of devices are indepenent of frequency in the 
working frequency band. Therefore, their notations coincide on the 
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working frequency band. Therefore, their notations coincide on the 


functional diagrams of optimum filters. 


The first two types of devices have frequency-dependent transfer 
functions: 
! fe 
K (o)= ow R(w) eM, 


The corresponding components in an optimum filter for a radio pulse 
have according to (2.2.1) the transfer functions 


R@=—m (2.2.2) 


and 
b K (w) =e 71-9 _ ate atone 


Since the phase angle wot3 is much greater than 2n and if the phase of 
harmonic oscillation is inverted to any number which is a multiple of 
2n, its value does not change and then 


eis el fe (2) + (ey [zee () + a fills 


and 


¢ 
KF (#) — en elt (ta) 


where 





Z(ts) = - woly — 22E see )= 2nR (f,ts); 


E(x) is the whole part of the number x and R(x) is the fractional part 


of this number; 


Therefore, the combination of the same series-connected delay de- 
vice and phase shifting device hy angle x(t,;) corresponds in an optimum 63 
filter for this radio pulse to the delay device by time t, used in an 
optimum filter for the video pulse envelope of the radio pulse. 


It is further shown (in item 5 of the given section) that transfer 
function (2.2.2) is approximately realized by a highly selective reson- 
ance amplifier. Therefore, a highly selective resonance 
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amplifier corresponds to the integrating device in a filter optimum to 
the video pulse envelope of a radio pulse. 


3. Building Optimum Filters for Radio Pulses 


Using the congruence of the components of optimum filters for a 
radio pulse and its envelope indicated above, it is easy to construct 
an optimum filter for a radio pulse by the known structure of an opti- 
mum filter for its envelope. 


To do this, every integrating device in the block diagram of a 
filter optimum to the envelope of the considered radio pulse should be 
replaced by a highly selective resonance amplifier, the time delay de- 
vice t, should be supplemented with a phase-shifting device by angle 
x(t3) and the amplifier and addition-subtraction devices should be left 
unchanged. 


Using these rules and the results of the previous section in which 
optimum filters were designed for video pulses of different shape, let 
us construct optimum filters for radio pulses of square-wave and rec- 
tangular shape. As a result we find the following results. 


An optimum filter for a square-wave radio pulse (Fig. 2.2.1, a) 
consists of a highly selective resonance amplifier, a delay device by 
time t equal to its length, a phase-shifting device by angle x(t) and 
a subtraction device. A somewhat different solution of this problem 
belongs to Rochefort [45] and to Ya. D. Shirman. 


In the case of a trapezoidal radio pulse, an optimum filter is a 
combination of two highly selective resonance amplifiers, two delay 
devices by time (t - 1 ,)/2 and (t + 11)/2, phase-shifting devices by 64 





angles “(*=") and “(*) and subtraction devices (Fig. 2.2.1, b). 


If the time parameters of the envelopes of radio pulses (length rt, 
length of plane part 1+, and so on) are selected as multiple to the 
period of their carrier oscillation To = 1/fo, then the product of 
this time parameter of envelope t; by the carrier frequency fo of the 
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radio pulse will be a whole number, as a result of which the corre- 
sponding phase inversion angle x(tj) = 2"R(fgti) approaches zero. In 
this case it is no longer necessary to use phase-shifting devices when 


constructing optimum filters and their block diagrams are simplified 
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somewhat. 


Fig. 2.2.1. Block diagrams of optimum filters 
for radio pulses. 
Key: (1) shighly selective resonance amplifier 


However, the phase shifters indicated above must still be used in 
practice to compensate for the inaccuracy of manufacturing the delay 
devices, which may provide a delay of oscillations by values somewhat 
different from the calculated values. 


4. Characteristics of Highly Selective Resonance Amplifier F 


Based on the equivalent circuit of a highly selective resonance 
amplifier (Fig. 2.2.2) and assuming that a generator (pentode or trans- 
istor) is used in it with high wave impedance Rj, it is easy to write 6 
the expression for the transfer function of this amplifier 


A {a) a rm = 7 oa 1 = SZ; a 
Rt Be 
: 4 1 
SRaflo oj oe ase = | 
(Rf fal) -;- isk? eo, 
Bae as : : 
Tate * hc nr OF 1 * 
Rei (wh - ac) ey Pr ae ». | 
wo, 


where Z, is the equivalent impedance of the circuit; R= 7m is the 


LE is the Q-factor of 


equivalent wave impedance of the circuit; Qa > a 


| : : 
the circuit and “,=y7e is the resonance frequency of the circuit. 
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On frequencies that satis): the condition 
te Bes | 
4 @ <le-e < wy, (2.2.3) | 
“4 * . . . . . . . ' 
(for which it is necessary that the amplifier circuit have high 0-fac- H 
| tor and that the resonance amplifier have high selectivity), the follow- 
i ing approximate expression is valid: 66 
{ : A twp Bg (2.2.4) 
1. “Fw wy 
Thus, in the frequency band considerakly wider than the amlifier 
’ bandpass 42 = wo/Q but narrow compared to the mean (resonance) frequency 


wO, the transfer function of a highlv selective resonance amplifier is 
approximately but sufficiently reliably described by function (2.2.4), 
which differs from function (2.2.2) only bv the constant coefficient. ; 


oe 


Based on this, one can state that a highlv selective resonance 
amplifier corresponds to an integrating device in an optimum filter for 
the envelope. Therefore, it is natural to call it a high-frequency in- 


tegration device. 


The radio signals in which the carrier freauency coincides with 
the resonance frequency of this amplifier and the width of the spectrum 
is much greater than its handpass are integrated in this amplifier. 

The need for the latter follows from the fact that the harmonic compon- 
ents of the signals within the bandpass are transmitted with slight 
frequency distortions and therefore they are not integrated, unlike 
those components which fall on the slopes of the resonance curve of 

the amplifier. In this regard it is necessary for integration of the 


radio signa] in a resonance amplifier that the relative fraction of its 
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harmonic components impinging in the bandpass be low. 
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As is known, a resonance amplifier has the pulse characteristic 


' 
SS -bg Sot ot ‘ 
uj ae CUS wp! Lr) —e cos@,f- rls, 


—_—__ 


where w= Yo —2 is the frequency of free oscillations of the circuit 


approximately equal to its resonance frequency wo and ¢ = R/2L is the 
attenuation factor of oscillations. 


For time intervals whose length satisfies the condition ¢t <<1l, 67 
attenuation can be disregarded. Therefore, the pulse characteristic of 
a highly selective resonance amplifier has the form 


* (2.2.5) 
bi Secs of LN, 


Making use of this expression, it is easy to show that the pulse 
characteristic of a filter, whose block diagram is shown in Fig. 2.2.1, 


a, is a square-wave radio pulse of length t and frequency wa at ¢1 <<1l, 
which also confirms the optimum nature of this filter. 


2.3. Operating Mechanism of Optimum Filter for Square-Wave Video Pulse 


1. Preliminary Remarks 


Construction of filters optimum to single pulse signals was con- 
sidered above. It is very important to understand why one or another 
optimum filter consists of these rather than different components, i.e., 
to determine its operating mechanism. 


To do this, one must analyze the passage of the pulse signal and 
noise through different components of the optimum filter and combina- 


tions of them. 


The passage of noise is analyzed by the time method (using corre- 
lation functions. The same results are found when this problem is con- 
sidered by the spectral method. 


The passage of signal and noise through an optimum filter for a 
square-wave video pulse is analyzed below. It is shown in item 2, 
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section 2.1 that this filter consists of an integrating device, time 


delay device equal to the pulse length and subtraction device (Fig. 
2.1.2). 


Both an integrating RC-circuit and an integrating amplifier [185] 68 
t whose time constants 8 = RC and 8 = (1+ K)RC are much greater than the 
yp i length of a square-wave video pulse, can be used as the integrating 
; | device. Here K is the amplification factor of the UPT contained in the 
integrating amplifier. Let us subsequently assume that an integrating 
device is a combination of an integrating amplifier, a special case of 
which is an integrating circuit at K = 0, and an auxiliary amplifier 
with amplification factor RC. The latter is not required and is in- 
troduced only to simplify the following expressions. 


i eo 
Fewer - 2 = 





The integrating device then has the transfer function 
i "t a | 
| A= (t-eF)-19=8 oo (Fy 10. (2.3.2) 
é=l . 
‘ where 
B=KRCYx. (2.3.2) 1 


2. Passage of Signal i 


If a pulse signal acts at the input of an optimum filter (Fig. 
2.1.2) only from t = 0 to t = +t and has amplitude V1. (Fig. 2.3.1, a), 
then the signal voltage at the output of the integrating device varies 
by the law (Fig. 2.3.1, b) 


0, (t) = VB ¢ ~«) ~vit( - +4) 
; o O<t<z, 

m=VR(I—e Fe Px | (2.3.3) 
aVae(1— 255 | 
| at ere 
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After passage through the delay line, this oscillation is delayed 
by time t (Fig. 2.3.1, c). We find at the output of the subtraction 


device a pulse of approximately triangular shape (Fig. 2.3.1, d): 


0, (0) = V3 ( e “FY mevit(1— 4) m Vi 
. at 0Q-< <=, 


t—s 


v,(Q=V.8 (2 * =e? = = 


oe 2 ‘ 2.3.4 
=V,(2e— fp Re V,(2e—t) } } ( 
at +<¢<%, 
at)=—Ve(i—e Pe Ps 
3 t—~—2< 
a—VrP (I SB) evs =0 } 
at 2:<1<8 
It has amplitude 
(2.3.5) 


Vv, Rs vas(1 —%) = Vie 


and a length approximately equal to 2t. 
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Fig. 2.3.1. Time diagrams of voltages in 
optimum filter for video pulse. 


The transfer coefficient of the peak signal with optimum filter 
comprises 
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=o ~e(I— yan (2.3.6) 
3. Passage of Noise 


Let us assume that the noise at the input is white noise and has 
spectral density (1.2.4). Let us use formula (1.7.1) to calculate the 
autocorrelation function and noise at the output of the integrating 
device. 


Since the pulse characteristic is a time derivative of the trans- 
fer function, in the considered case due to (2.3.1), 


t 
h(j= BO Le F 1, 


and therefore, according to (1.7.) 
+O —_* —#+ it = ‘ 
R,(j)=a feke 6 du= He eS (2.367) 
0 


Hence, it follows that the noise at the output of the integrating de- 
vice has output 


= R,(0)= 4 (2.3.8) 
and a normalized correlation function 


rom ae (2.3.9) 

Thus, the integrating device converts the uncorrelated noise to a 
noise oscillation with correlation time equal to the very large time 
constant of this device 8. In other words, the integrating device 
causes strong correlation of the noise passing through it. This is 
physically explained by the fact that the integrating device eliminates 
rapid variations of input noise oscillation, filtering its high-fre- 
quency components. As will be seen from the following, this is also 
used to attenuate noise with an optimum filter. 


The oscillation from the output of the integrating device (Fig. 
2.1.2) is fed directly to the subtraction device and with delay by t, 
i.e., 
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Uy (t) = U2(t) u(t) =u2(t) —uz(¢—1), (2.3.10) 


Therefore, the output noise is 


oy = my (uy) —[rm, (z,)]? = m, (ui == 
=m, (u(t) 45 (¢ — t) — Qu, (tu, (t— 9] = 
= my (u (OL +m, [uj (f — )] — 2m, [ug (t) un (ft — 2)}. 


Since steady noise is being considered, then 


me, (1) (f)] = my [up(t — +)] =) 5 my [us (t) us (¢ — 2)] = Ra (2) 
and 


of = 20, — Ry (+) = 205 [1 ~r4()] =ap(l—e *) war. (2.3.11) 


It follows from (2.3.5) and (2.3.11) that the signal/noise ratio 
at the output of an optimum filter comprises 


2 WK Vie 
i ae a? (2.3.12) 





which is found to be in complete agreement with formula (1.2.11). 
4. Operating Mechanism of Operating Filter for Single Pulse 


The pulse signal is stored by the integrating device to level 
(2.3.5). A delay of this signal by time t and subsequent subtraction 
of it from the oscillation fed directly from the integrating device 
does not alter the peak value (amplitude) of the signal. 72 


The white noise passing through the integrating device is strongly 
correlated. It is fed to the subtraction device directly and with de- 
lay by time +t much less than its correlation time. The level of output 
noise is reduced considerably as a result of subtraction of the two 
strongly correlated noise oscillations. Indeed, it follows from 
(2.3.11) that the noise output is transmitted by a combination of the 
delay and subtraction defices with coefficient -—+ 


2 3 
we tO ee: s 
= ant! e mls 
whose value, due to (2.3.2), is very low. 4 
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The noise suppression by combination of the delay and subtraction 
Gevices can also be explained by the spectral method [46]. 


If the integrating device is used for continuous integration of 
the input oscillation of both the signal and noise, then a combination 
of the delay and subtraction devices limits the time of this integra- 
tion to the length of the signal at the input. If these devices are 
absent, the signal would be stored (integrated) only during its length 
while the noise would be stored for a considerably longer time. The 
signal/noise ratio at the output would be very low. 
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Thus, the combination of delay and subtraction devices performs 
the functions of automatic integration time limiter of the input oscil- 
lation up to the length of the pulse signal. 


The concepts presented above are essentially the development and 
concrete definition of the remarks made in section 1.4. 


-—* re. ATER 


Let us note that the considered optimum filters consist of linear 
components, the order of arrangement of which can be varied. Thus, for 
example, an optimum filter (Fig. 2.1.2) in which the integrating device 

\ precedes the combination of delay and subtraction devices is fully 
equivalent to an optimum filter in which the integrating device is pre- 


ee. 


ceded by a combination of delay and subtraction devices. Moreover, / 
preference is frequently given to this circuitry of an optimum filter 73 
in practice since the level of processed signals and noise decreases : 
in it as a result of subtraction, due to which the integrating device 

operates in a lighter mode. 


2.4. Reduction of Signal/Noise Ratio Due to Deviation of Filter and 
Signal Characteristics From Optimum 


1. Preliminary Remarks 


It was shown above that a filter hardly differing from an optimum 
filter can be constructed for a signal with as complex a shape as 
desired. Very important for practice is the problem of how significant 
deviations of its characteristics from the optimum and also variation 
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of the shape of the signals received by this filter are for efficient 
Operation of the optimum filter. Slight deviations of the character- 
istics of an optimum filter, like slight variation of signal shape that 
lead in both cases to a mutual error of the filter and signal, are 
always observed in practice. 


This problem is also considered below for different special cases. 


2. Variation of Shape of Video Signal or Envelope of Radio Signal With 
Retention of Signal Length at 0.5 Level 


Let a symmetrical trapezoidal video pulse having the same length 
tT at 0.5 level act on the input of a filter (Fig. 2.1.2) optimum to a 
Square-wave video pulse of length «t (Fig. 2.1.1): 








v, (t) =0 atr<Q ute 2x—% | 
0, (t) = ee at 1<t<e—4 
2% (f)=V', att—4<t<n 
0% (= at (Qe —%,—f) ate<t<2e—,,1 | 
} 
where Vj is the amplitude of this pulse and 1, is the length of its 74 


Plane part (vertex). 


Since the peak value of the signal at the output of an optimum 
filter is dependent on the input signal energy [see (1.4.4)], then let 
us select the amplitude of the trapezoidal pulse such that its energy 


o 
B= {oi nda ets) 


~—2 . 
is equal to the energy of a square-wave pulse with amplitude V1, opti- 
mum to the filter. Then 


1/2 


; 3 
Vi=V (ae (2.4.1) 


The voltage at the output of the integrator (Fig. 2.1.2) is an integral 
of input voltage: 


t 
uy (t)= Ju (x)dx, 


due to which 
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0, (t) =0 at ¢<0Q, 


01 () = ot on at 0<t<+—1, 


0, (t) == V Ne =) at a—4,<t<z, 


0, (t) = + [ eae eae 24-4] 
at *<<t<2:—x, 


0, (t) = V',2 at te2—%. 
J 


The voltage is fed to the lower output of the subtraction device with 
delay by t, due to which 


y’ = 
0%, (t) = ie Ce at *<t<2s— x. 


o, (t) =0 at t<-, 
—% 2 | 
) 


The following voltage acts at the output of an optimum filter 


U% (t) =02(t) —03(f) = u(t) —U2(t—t) . 
which is described on interval 1 < t < 21t - t] by the expression 


0, (t)=V%, (== +=2 = == (2-4-4) ]. 


Investigating it for the extreme value, let us determine the moment 
that the output voltage reaches the maximum value 


3¢ — 
= 


At this moment the voltage at the input of the filter passes through 
level 0.5V, and reaches a maximum value at the output 


Vi=qt r+). 


In the case of a square-wave pulse optimum to it acting on the filter, 
the output voltage has a maximum value of (2.3.5). It follows from 
(2.3.5), (2.4.1) and the last expression that the loss in the signal/ 
noise ratio in output due to the mutual nonoptimum nature of the filter 
and signal comprises 


Vier 16 242 
on" Ste, (2.4.2) 


where x = t}/t is the relative length of the pulse peak. 





The loss in power decreases monotonically (approximately linearly) 
with an increase of the relative length of the peak (Fig. 2.4.1). When 
the pulse peak has the same length as the pulse at the 0.5 level, i.e., 
tT, = tTand x = 1, a trapezoidal pulse degenerates to a square-wave pulse 
and there is no loss (G = 1). At zero le -tch of the peak, the pulse 
acquires a triangular shape and the loss comprises only 1.185 in this 
case. 


Accordingly, if the pulse shape varies from square-wave to triangu- 
lar but its energy and length are retained at the 0.5 level, the signal/ 76 
noise ratio in power at the filter output, optimum to a square-wave 
pulse, deteriorates by only a total of 18.5 percent. 


This permits one to conclude that the structure of a nonoptimum 
filter is not critical to variation of signal shape. The reason for 
this is that the criterion of the maximum signal/noise ratio is inte- 
gral. Therefore, the signal at the optimum filter output is an inte- 
gral of the input signal taken on a segment of length t, which charac- 
terizes the length of the input signal at the 0.5 level. The value of 
this integral is hardly dependent on the signal shape if its energy is 
kept constant. 
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Fig. 2.4.1. Dependence of loss 
due to relative length of pulse 
peak 


The foregoing is illustrated by Fig. 2.4.2, in which square-wave 
and triangular video pulses of equal energy are shown and the part of 
the triangular pulse which participates in formation of the maximum 
signal at the matched filter output is cross-hatched. One can clearly 
see from the figure that the areas (integrals) of the square-wave and 
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Fig. 2.4.2. Time diagrams of 
square-wave and triangular pul- 
ses of equal energy. 


cross~hatched part of the triangular pulses differ comparatively 
little, 


Due to the noncritical nature of the structure of optimum filters 
to variations of signal shape, there is no need to take into account 
small details of the shape of the video signal or the envelope of the 
radio signal when designing them. 


3. Variation of Signal Length 


If a square-wave video pulse of different length 1 1 and amplitude 
Vj acts on the input of a filter (Fig. 2.1.2) optimum to a square-wave 
video pulse of length t, then the voltage at the output comprises 


ana Viiv, Lif u1<+, 


ViVi if 2 °2. 


If there is an optimum signal, V4 = Vit. If the energy of these 
f2nt 


two signals is equal, Veet.) . 
Vc 


Therefore, the power loss in signal/noise ratio due to variation 
of signal length is 


Vv, Sok 
G=(p) =F at +,<+ 


Ga at %27%. 


(2.4.3) 


Accordingly, if the signal length varies n times, there is a de- 
crease of signal/noise ratio by the same number of times. 
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Specifically, variation of signal length by + 10 percent leads to 10 
percent power losses in signal/noise ratio. 


Thus, an optimum filter is weakly critical to slight variations of 
signal length. 


4. Variation of Signal Amplitude Spectrum 


Let us assume that the signal was deformed due to some reason or 
other, which caused variation in the signal spectrum. In this case 
the spectrum of the received signal is 


§’:(o) =D(o)S;(0), 


where S,(w) is the spectrum of the undistorted signal, D(w) = A(w)eJB (4) 
is a function of distortions of the signal spectrum and A(w) and B(w) 
are a function of distortions of the amplitude and phase spectra, 
respectively, of the signal. 


The signal at the output of an optimum filter then has the 78 
spectrum 


5’, (@) = 5’, (o) K (w) = 5, (@) CS*, (w) eno 
=CD (a) Ss (w) elwte 


and an instantaneous value of 
Cc oa 
(=a [ Dio) S; (a) ede, (2.4.4) 
—e 
Specifically, in the absence of spectral distortions we find (1.5.5). 
Let us first consider the case when only the amplitude spectrum of 
the signal is distorted while the law of these distortions is harmonic 


(48]: 
D(w)=A(e)=4,+4, coswe =a,-+ Sr (e™ +7), (2.4.5) 


Then the output voltage, according to (2.4.4), is 


1, (0= 4 fs (a) eft Nes 4 


72 








LE SE YY 





*: es 
_ r ss 
ati Seem 7 ti . wa re 


x 2 
+a, | Si) elt Oda + St 5 {Si (0) MP de. 
—2 . 


—2 
Comparing the terms of this expression to (1.5.5), we find 


O's (t)= Sr yA (t-+c)-+a,0, (t) + 04 (tf —2). (2.4.6) 


Accordingly, the signal at the output of an optimum filter is in- 
creased ag times and two additional signals of the same shape appear 
with relative amplitude aji/2, shifted in time with respect to the main 
signal by + c, as a result of the cosine amplitude-frequency distortions. 


Since the signal length at the filter output is double the length 
tl Of a signal optimum to it, then signals (2.4.6) do not overlap pro- 
vided that 

e>2r. (2.4.7) 
These signals partially overlap atc >Tty- However, it does not affect 
the peak value of the output signal, which is ag times greater than an 
undistorted signal. In this case the signals at the filter input 
- a 
1, 0= 4 j A(u) 5, (uel =v, (tp 0) + 


2 79 
+a, (t)+ +, (t—c) 


do not overlap at all. Squaring this expression and integrating the 
result in infinite time limits, we find with regard to the absence of 
overlapping that the total energy of the input signal is e(d +t)e, 


where E, is the energy of an undistorted signal. 
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Fig. 2.4.3. Loss as function of 
relative amplitude of frequency 
distortions. 
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Accordingly, the square of the peak value of the output signal in- 
creases ab times due to amplitude-frequency distortions by law (2.4.5) 
ana should have been increased with optimum filtration in proportion to 
the signal energy, i.e., a? + a?/2 times. Therefore, the power loss in 
signal/noise ratio due to mutual nonoptimum nature of the signal and 


filter comprises 


Gai4 (2.4.8) 


a 
2a 
and increases with an increase of the relative amplitude of frequency 
distortions (Fig. 2.4.3). Specifically, a 10% power loss corresponds 
to a) = 0.472 ag. Accordingly, an optimum filter is weakly critical to 
slight harmonic variations of the signal amplitude spectrum. 


5. Variation of Signal Phase Spectrum 


Let us consider the case of sine-curve phase-frequency variations 
of the signal [48]: 


D(o) = e/ Be) __ ef? sinee 


Then according to (2.4.4), the output signal is 


ey 
(j= £. Ss (@) ellot—te) +6 sin och, 
—o 


Since [25, 48] 


elbsines _ yr Jy (6), 


k=—<20 
where jx(b) is a k~order Bessel function of first kind, then by substi- 
tuting this expression into the previous one and changing the order of 
integration and adding, using (1.5.5) and taking into account that 
J-k(b) = (-1)*3_(b), we find 


OO= FA Mor t+ Me) +/,(0) (0+ 
a=! fi 


2 (2.4.9) 
+ ¥ (— 1a (0 (¢ — be). 
Pa) 


Accordingly, harmonic phase~frequency variations of the input 
signal lead to the fact that the main output signal is multiplied by 
Jo(b) and an infinite number of pairs of satellite signals having the 
same shape as the main signal, shifted in time with respect to the main 82 
signal by + kg, where k is a whole number, and multiplied by Jx(b), 
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appears around it; moreover, all the satellite signals shifted toward 
an advance have the same initial phase whilé the phases of any two ad- 
jacent delaying signals differ by 180°. 


If amplitude bh of the phase-frequency variations is low, then 
since [25] 


1 
Ja(O)= i and /n(6)~ — a () at "= 1, 


expression (2.4.9) is simplified: 


eee ae en ray 
etree Se eine OT =— 


via (t)= Fat+o+(1 a 7) v(t) +04 (t —e), 


eee 


and mainly has the same nature as output signal (2.4.6) with cosine 
amplitude-frequency distortions. 
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Fig. 2.4.4. Loss and relative output of satel- 
‘ lite signal as functions of amplitude of phase 
E distortions. 
If condition (2.4.7) is fulfilled, the peak value of the signal in 
the case of phase-frequency distortions differs from that of an undis- 
torted signal Jg(b) times. Therefore, the power loss in signal/noise 82 
ratio due to phase-frequency variations of the signal is 
2.4.10 
G=f/o(0)P. 
The relative peak output of the first satellite signal comprises 
2 
| aout (2.4.12) 
| 45 (6) 


These two values increase (Fig. 2.4.4) as the amplitude of the 


a 
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phase-frequency variations increase, reaching 1.72 and 0.333 at b=1 
and 4.83 and 1.57 at b = 1.6, respectively. 


Accordingly, the effect of phase-frequency distortions of the sig- 
nal is insignificant only with relatively small value of them. It is 
significant that the degree of distortions of the output signal depends 
on the absolute (rather than the relative) value of the phase-frequency 


variations. 
6. Linear Phase Changes of Signal 


By analogy with (1.3.3), the complex voltage envelope at the out- 
put of a linear selective system can be represented in the form of a 
Duamel integral for envelopes [10, 28, 49] 


T0024 (Ou) At—a)as, (2.4.12) 


where Uy (t) and H(t) are the complex envelopes of the input voltage and 
pulse characteristic of the system, respectively. Specifically, for an 
optimum filter, according to (1.3.6), 


Cys See (Two ltt de, (2.4.13) 


. 
-x 


If the voltage of the signal is fed to its input, we find at the 83 


output e @ 
Vz (t) ws =e | V, (x) 4", (tp —f + x) dx, 
—0o 
—i%ely 


wo 
Vilt)=— Ce V? (x) dx =CEe"*™, 


a 
04 (te) = Re (V2 (¢q) el = CE. 
Let the input voltage differ from the optimum signal only by phase 
v(t), i.ew., Ci(th= M(t) 


Then % 
C= Fem | MP le—tp teas. 
—z 


and specifically at t=t,—~e=t—e 





x 
Ui—y~ Se i T(x) V8 (cL elelM de. 
—-2o 
If W(ty=V, (te , where V,(t) and $(t) are the amplitude and phase 
functions of the signal, respectively, and the signal has constant out- 


put over its entire length ‘, i.e., 








Lie 2E, 1/2 ; 
a Vs () = (=) at 0<t<e 
V, (0 =0 at other values of 
then , 
re : ts } 
4 uy (2 — 0) = SE cos6(x.e)dx at e> 0, | 
CE ¢ 
\ u,(t—«) = — feos ize) ds at en, | 
| ~ 
Where 9(x, 2) =p(x)—p(x+e) | + (x)—ane. 
If w(t) = vg at 0 < t <tand [¥g| < 7, then assuming that « is 
t small and comprises a fraction of the period of the carrier oscillation 


27/ug, we have 
6 (x. 8) Yo @,€ —9’ (x)« = Po fo+ 9 (x)] & PS Dy — 8, 


i since the rate of variation of the phase function is usually small 
compared to the carrier frequency. Therefore 





< 


u,(t— 8) = CE, (1 sacle) ) £08 (#4 — #43). 


At exe this expression reaches a maximum: 


U,=4, (+) =CE, ¢ a ca) = CEy, 
since 
Wot > 21> 2| pol. 


Accordingly, inversion of the phase of input oscillation by angle 
+9 essentially leads only to a shift of the moment of the maximum out- 
put oscillation by the time cate, 


*4beequentiy assuming that the constant phase shifts of the input 
a> of) 6are eliminated, we will be interested in the output volt- 


eo ~wmere -he signa’ ends 


29 


. | , 


aa 


.\__ CE, 
tal) = SE [cos H(t) de. (2.4.14) 
0 
Let the distorting phase function be linear over the signal length: 


1()=%m(>— >) at0<t<e, (2.4.15) 


where ¥, is the incident wave of phase during the length of the pulse. 
Then, substituting this expression into the previous one and calculat- 
ing, we find 


1 
Sin I ben 


- 


a, () =CE 





Tr bm 
2 


Accordingly, the loss in signal/noise ratio comprises 


| a 
G= ae tin 
Va tye ) UR (2.4.16) 85 


and increases with an increase of the incident wave of the phase (see 
curve 1 in Fig. 2.4.5). At pm = 0.57 and 0.9nr the loss comprises 1.25 
and 2.05, respectively. 
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Fig. 2.4.5. Dependence of loss on incident wave of 
phase. 


A linear varying deviation of phase (2.4.15) is obviously equiva- 


lent to detuning Fae. If one assumes that a power loss on the 


78 














order of 20% is permissible, then the permissible detuning is 


0.25 
Fro = ’ 


which is rather difficult to provide, especially in the case of signals 
of great length. 


Pi Thus, an optimum filter is very critical to variation of the car- 
| rier frequency of the received signal. 
We note that in some cases of angular modulation (for example, 86 
with linear frequency modulation), the requirements on the frequency 
: Stability of the received signal can be sharply attenuated (see section 
| 3.8). However, in this case the maximum output signal is observed with 
' a considerable time shift rather than at the moment the signal ends, as 
, was considered above. 
t 


One can also consider other laws of phase variation of the input 
oscillation and one can determine the laws achieved in this case. It 
is obvious that one of the worst cases (in the sense of a decrease of 
output signal amplitude) will be intermittent variation of phase: 


¥Q=—"F at O<t<z, | 


eye at F<tcs | 
In this case according to (2.4.14), the power loss is 


comprising 1.25 at ¥m = 0.28 (see curve 2 in Fig. 2.4.5). 


However, consideration of random variation of output signal phase, 
which is done below, is of great interest. 


7. Random Variation of Signal Phase 


Let variation of the input signal phase be a steady random process 
with zero mean and normal law of probability distribution and known 
autocorrelation function R(t) = o2r(t), where r(t) is a normalized 
autocorrelation function. Let us determine the statistical 


2. 
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characteristics of voltage at the output of an optimum filter [see 
(2.4.14) ]*: 


+t 
CE, 4 
u, (s) = oe fe dt. 8 
é 


The mean value of this expression is 


cr a 
M, (ut) = aaa jm fel" J de. 


Since the mean value my, (e)”) is a value at v = 1 of the characteristic 
function of the normally distributed value [15, 20]: 


? l 
6, (o) = my (e%) =exp | im, (oy o0'], 


then 


m, (e'*) = exp [ im, (¥) — +*| =e eae (= +) 
and 


m; (ty) =CE, exp (— +), 
due to which the power loss is 


Gmexp 0°, (2.4.17) 
comprising 1.1, 1.2 and 1.5, respectively, at o = 0.309, 0.427 and 0.637 
radian. Accordingly, the permissible variations are random phase vari- 
ations on the order of half a radian. 


The square of the output voltage is 


ul = (FY Jeni a\eole i9 (x) d= 


(FY ie fexrsioo— 90) dx, 


and its mean value is 


ms (ui) = (£E)'f dt f m, {exp j | () — 9 (x)}} dx. 
0 


Since, due to the normal nature of processes y(t) and (x), 88 


So eee 
See [50] for solution of a similar problem with respect to antennas by 
the statistical modelling method. | ¥ 
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ms {exp j [2 () — 9 ()]} = exp {i [me (P (0) —m (9-4 X 


x ; mM, [iy (t) — 9 (x)? — m; (p(t) — Gantt = exp = > Y 


X fs 1] — 2am 18 (0) 9 Ce] om (9 (a) = 
= exp {~o?[1 — r(¢ — x)]}, 


then 
m,(u,) = (SLY fae ss {— 3° {1 — r(¢ — x)|} dx. 
u 
Changing the variable in the internal integral and then the order of 
integration, we find 
\ : 
m, (u; )=2€E,) fl — y)exp {— 3*{! —r (ty)]} dy. (2.4.18) 


The mean square was calculated on the Minsk-1 ETsvVM [digital com- 
puter] for two types of normalized autocorrelation function: 


nh () = exp (— i) 4 ra(t) exp (— ar): 


where 2 is the ratio of the correlation time of the process to the sig- 
nal length (see Fig. 2.4.6), on which the solid curves show exponential 
functions and the dashed lines show bell functions). 
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Fig. 2.4.6. Autocorrelation functions of 
signal phase variation. 


The results of calculation (Fig. 2.4.7) show that there is a rapid 88 
decrease of the mean square as the deviation of phase variation in- 
creases and the more rapid it is, the less correlated the input signal 
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Fig. 2.4.7. Dependence of mean square of 
output voltage on mean square deviation of 
{ phase. 
phase is. On the contrary, very strongly correlated phase variations 88 
; essentially do not change the value of the mean square of output voltage. 
This is easily explained physically since completely correlated phase 
i variations correspond to inversion of the carrier oscillation phase of 
the input voltage which, as was established above, essentially does not 
change the value of the output voltage. Random variations with mean 90 


square value on the order of half a radian are permissible in the case 
of weak correlation of phase changes. It is very complicated to provide 
the latter in systems with wideband signals (see Chapters 3 and 4), in 
which phase variation of the spectral components during signal length 
reaches very large values. 


8. Random Variations of Signal Amplitude 


Let the complex voltage amplitude at the input of an optimum filter 
be the product of the complex amplitude of an optimum signal by the real 
random time function 1 + V(t): 


Di (t) =(t +v(2) 171 (4). 


The output voltage, according to (2.4.13), is then 








u, (2) = -& { U+9@1V2 (ae 


ane if 


Vij=r at Octer, | 


Vi(j}=0 at other 1 
1 oo values 


uy (2) = Se fut vende 


Assuming that random process v(t) is steady with zero mean and 
autocorrelation function R(t) = o2r(t), we find that the output voltage 
has the mean value 


malo SEF s{¥(O]} dt= CE, {1 
m (vO ue (2.4.19) 


+ My [v (]} = Cé,, 
and the mean square is [29, 51] 91 
mas = ("+2 [e—a Rudd = 


= (CE) (1 + 0° (a), 


where 
dae [o—ayrinadde, 


a is the ratio of the correlation time of amplitude changes of signal 
to its length. 
f(a) 


ae 


baa eal 
CECA 
7 & 
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Fig. 2.4.8. Dependence of variation of out- 
put voltage on relative correlation time of 
amplitude variations of signal. The solid 
curve corresponds to an exponential function 
while the dashed curve corresponds to a bell 
autocorrelation function. 
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Specifically, for the considered exponential autocorrelation 


function ; 


f(a) =2a[l—a(l—e *) (2.4.20) 


and for a bell autocorrelation function 
{ 
Ha=a[Veo(—)+a(1—e *)}. (2.4.21) 


Consideration of these functions (Fig. 2.4.8) shows that rapid, 


weakly correlated amplitude changes of the input signal cause a compar- 92 
atively small increase of the mean square of the output voltage, while 

slow, strongly correlated changes are transferred almost without atten- 
uation to the mean square of the output voltage. 


1 
The energy of the signal 4x=-Vit(l+c) increases due to random 
amplitude variations of the input signal. Since the mean value of out- 
put voltage (2.4.19) does not vary, this is equivalent to a power loss. 


G,=1+o7. (2.4.22) 
If one proceeds from the mean square value of the output voltage, 


the loss comprises 
G,= 1+" 


Tree: (2.4.23) 


Its value is less than G), especially with strongly correlated ampli- 
tude variations of the input signal. 


The results permit one to conclude the weak critical nature of 
the optimum filter structure to both random and regular (see item 2) 
small amplitude variations of the input signal and its length (item 3) 
and also to sufficiently small random and regular phase variations 
(items 6 and 7). 


2.5. Comparison of Optimum Filter for Simplest Signals With Resistance- 
Coupled and Other Amplifiers 


Let us consider passage of a square-wave video pulse signal and 
noise through a resistance-coupled amplifier without correction. 


If only the effect of spurious capacitance Cg is taken into ac- 
count, then the transient function of this amplifier is also described 
by an expression of type (2.3.1). Only in the given case are there no 


84 = 





auxiliary amplifier and time constant 8 = CoRg, where Ra is the load 
resistance of the anode circuit. 


Therefore, the output signal has a peak value of 


< 


— 


V.=KV,(1—e *), 


where V1 is the pulse amplitude at the input, t is the pulse length and 
K is the amplification factor. 


By analogy with (2.3.8), the noise at the output has power 


Therefore, the ratio of the square of the peak signal value to 
noise at the output of the resistance-coupled amplifier comprises 


vp? 2 axe 
2 2 Uz 2B 
GF = (le a3, 


Using (2.3.12), let us determine the loss in the signal/noise ra- 


tio when using a resistance-coupled amplifier compared to an optimum 
filter: 


G= owe See 


(1 —e ¥ 


Since the time constant of the amplifier is related to its band- 
pass at the 1/72 level by the function 8 = 1/2n4F, the latter equality 
can be rewritten in the following form: 


c= yer, (2.5.2) 


where b = 4Ft is the product of the bandpass by the pulse length, which 
is naturally called the dimensionless bandpass. 


Investigating (2.5.1) for the maximum with respect to b, we find 
the equation 
1+-42b =e", 
the root of which is 








6, =AF\t=0,200 me (2.5.2) 


and is an optimum value of the dimensionless bandpass.* 


The dependence of the signal/noise ratio at the output of a resis- 
tance-coupled amplifier (in fractions of the similar ratio at the out- 
put of an optimum filter) on the bandpass of the amplifier is shown by 
curve 1 in Fig. 2.5.1. Curve 2 reproduces the similar function for a 
system of two series-connected resistance-coupled amplifiers. Consid- 
eration of them shows the low critical nature of the optimum values of 
the bandpass of a resistance-coupled amplifier. 
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Fig. 2.5.1. Dependence of value inverse to loss on bandpass 
of amplifier. 


The loss is minimum with optimum bandpass and comprises for a 
single resistance~coupled amplifier 


Guan = G (0 = b,) am Garg = 1,227. (2.5.3) 


Accordingly, the signal/noise power ratio at the output of a sin- 
gle resistance-coupled amplifier with optimum bandpass is only 18.5% 
(i.e., 0.9 dB) less than that at the output of an optimum filter. It 
follows from consideration of curve 2 in Fig. 2.5.1 that the indicated 
ratio at the output of resistance-coupled amplifiers with optimum band- 
pass is only 14.3% less than at the output of an optimum filter. 


-—_—— 
The optimum values of the bandpasses of an ideal filter when receiving 
a square-wave pulse and.:of a filter with bell-shaped frequency charac- 

teristic when receiving a bell-shaped pulse were first calculated by 

V. I. Siforov [52] and A. P. Belousov [53], respectively. 
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Calculations show that in the case of a triangular shape of the 
video pulse signal, a resistance-coupled amplifier whose bandpass is 
selected as optimum b2 = 0.3, provides a power loss on the order of 
22% (i.e., 1.1 GB) in the signal/noise ratio compared to a filter op- 
timum to this signal. 

Based on the foregoing and also based on the mutual conformity of 
filters optimum to radio and video pulse signals of the same shape (see 
section 2.2, item 3) and on the equivalence of resonance and resistance- 
coupled amplifiers [54], one can state that the loss in signal/noise 
ratio compared to an optimum filter is approximately 1 dB for a square~ 
wave radio pulse when using a tuned amplifier with optimum bandpass of 
by = 0.4. The latter is valid both for a multistage tuned amplifier 
and for signals of different shape [15, 55]. 


Calculations performed using the results obtained by S. I. Yev- 
tyanov [49] and A. A. Kolosov [56] for the case of a square-wave radio 
pulse and bandpass amplifier with critical relationship between its 

ircuits and bandpass of b = 1 show that the loss in the signal/noise 
ratio comprises 0.6 dB in this case. 


It follows from the investigations of N. A. Semenov [57] that the 
signal/noise ratio at the output differs from the maximum possible by 
no more than 0.5 dB, i.e., insignificantly, with the effect of bell- 


shaped, trapezoidal, triangular and square-wave pulses on a UPCh [inter- 


mediate-frequency amplfier] with bell-shaped ("probability") frequency 
characteristic. 


Accordingly, the use of an optimum filter for single pulse signals 
of simple shape, related to some complication of the circuit and design, 
permits one to achieve a comparatively small advantage in noise stabil- 
ity and is usually unfeasible. This is explained by the noncritical 
nature of the optimum filter to variation in the shape of the video 
signal or the shape of the envelope of the radio signal (see section 
2.4). 


However, one should bear in mind that the pulse at the output of 
a resistance-coupled amplifier with optimum bandpass (curve a in 
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Fig. 2.5.2. Voltages at output of amplifier 
(a) and optimum filter (b) 


Fig. 2.5.2) has a length 57% greater at the 0.1 readout level and 78% 
greater at the 0.05 readout level than at the output of an optimum fil- i 
ter (dashed curves b in the same figure). Therefore, the time resolu- 
tion (in range) of the radio engineering pulse system deteriorates in 

the case of using resistance-coupled and other amplifiers with optimum 
bandpass (from the viewpoint of signal/noise ratio). 
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CHAPTER 3 97 
OPTIMUM FILTERS FOR PULSED SIGNALS WITH LINEAR FREQUENCY MODULATION 
4 
3.1. Broadening of Signal Spectrum to Increase Range Resolution 
f 


It was assumed previously that the range resolution of radar sys- 
tems cannot be made less than the distance corresponding to the length 
of the emitted pulse [58-59]: 


=e 
srs ; 


From this follows the conclusion that an increase of range resolution 

requires shortening of the length of the emitted pulses, which is ac- 

companied by a decrease of the energy of emitted signals with existing 
restrictions on the peak transmitted power and because of this is ac- 

companied by a decrease of the effective range of these systems. 


However, if the signal/noise ratio is sufficiently high, the range 
resolution is determined by the pulse length at the output of the linear 
part of the receiver. Therefore, the statement presented above is valid 98 
only if shortening of the pulse length of the signal is not provided in 
the receiver by corresponding processing of it. An example of the lat- 
ter may be high-frequency differentiation (Fig. 3.1.1). 


It permits a considerable increase of the resolution, which is 
mainly limited by the receiver bandpass. In this case two pulses cor- 
respond to each input pulse. The second pulse can be eliminated by 


SOE ARI = eect earns sneer ne eetnantien inane «AT. 
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Fig. 3.1.1. Resolution of time-over- 
lapped pulsed signals a and c in sys- 
tem with differentiation (signals b 
; and d are the result of differentia- 
tion of signals a and c). 


adding it to the first pulse delayed by time 1, using an adding device 
with feedback delayed by 71 (Fig. 3.1.2, a and b). An attenuator with 
Ri transfer factor m whose value is somewhat less than unity (Fig. 3.1.2, 
c) can be connected to the feedback circuit to eliminate its self-exci- 
tation. Having taken m = 0.99, we find 100-fold attenuation of the 
second pulse at the output. 
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Fig. 3.1.2. Block diagrams of Urkovits optimum 
filters (a) and (c) and time diagrams of voltaqes 
(b) 
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The device shown in Fig. 3.1.2, a has the transfer function 


K (w) = — 2 (3.1.1) 


ees? 


which is inverse to the spectrum of a video pulse of length 1j and of 
single amplitude and coincides with the transfer function of an optimum 
Urkovits filter [11, 60]. The latter is designed for optimum separa- 9° 
tionof radar signals from noise formed by reflection from a large num- 
ber of randomly arranged local objects. The spectral intensity of this 
noise is proportional to the square of the modulus of the emitted pulse 
spectrum Fy (w) = vi5(u)]?. Based on (1.8.1), the optimum filter for 
separation of the signals of this noise has the transfer function 

Fm Cfiderrn ciate 22 
Having assumed that tg = 0 and C = uV, for a square-wave pulse of 
length ty we find (3.1.1). 


This also shows that the device (Fig. 3.1.2, a) is an optimum 
Urkovits filter. It did not find application in radar receivers due to 
the fact that the effective range would be sharply reduced due to the 
increased effect of white input noise. The latter is explained by the 
fact that the modulus of the transfer function (3.1.1) is comparatively 
small at low frequencies at which the spectrum of the received signal 
is also mainly concentrated. The modulus of the transfer function is 
appreciably higher at higher frequencies corresponding to less inten-~ 
sive sections of the signal spectrum. As a result the noise level at 
the output will be very high and it will be infinitely high with unlim- 
ited bandpass. 


If the filter bandpass is appreciably limited, this leads to sig- 
nificant broadening of the output pulses of the signal. 


Thus, the contradiction indicated above between the effective 
range of the system and its range resolution does not find satisfactory 
resolution even in this case. 


It was shown in the first chapter that optimum filtration of sig~ 
nals must be used to ensure the greatest effective range. The output 


signal should reproduce in this case the autocorrelation function of 
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the input signal. To achieve high range resolution, one must have 

this function in the form of a short pulse concentrated in the vicinity 

of t = 0 and having short length tg. Therefore, the pulse spectrum at 

the output of an optimum filter should be on the order of 1/rg and that 100 
at its input should be on the order of 42/12. Accordingly, the spec- 

trum of emitted pulses should be rather broad to achieve high range 
resolution. 


This can be achieved both by shortening the length of the emitted 
pulses (which is unfeasible) and by angular (frequency or phase) modu- 
lation of them by some law. 


The emitted pulses should have high energy, which is achieved by 
increasing the length with the usually existing restrictions of peak 
power, to achieve high effective range. Therefore, the emitted signals 
should have sufficiently high product of the width of the spectrum by 
length to ensure both high range resolution and high effective range. 
These signals are called wideband, complex modulated or complex. 3 


The requirement of the wideband nature of the signal spectrum to 
achieve high range resolution is necessary, but insufficient. And if 
the signal spectrum is wide, its correlation function may essentially 
have either a single wide central pip in the vicinity of point t = 0 or, 
along with a narrow central pip, several additional pips. The unique- 
ness of range measurement cannot be provided in the latter case. 


The indicated circumstance, on the one hand, considerably compli- 
cates selection of the shape of received signals and on the other hand 
determines this selection. 


3.2. Pulse Spectrum With Linear Frequency Modulation 
One of the simplest methods of broadening the spectrum of an emit- 


ted radio pulse [61] is percentage modulation of its carrier frequency 
by linear law within the range of length: 


oxatt at [t<F, (3.2.1) 


where 4u = 2n4f is frequency deviation and w0 is mean frequency. This 
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pulse has phase 101 


g= [adtpCaolt Pree. 


e 


Having assumed that ¢ = 0 at t = 0, we find Cc = 0. The instantan- 
eous pulse voltage at lth< is then 


v, =V, cos as état) = (2 (et-tae et 
1 


(3.2.2) 
+exp—j eit te ee ret r)}. 





B This pulse has the spectral density 


5, @=4 {exp i [ls —o)t + ae] + 


Joa 


+exp—j[(y+e) + see] tae. 


The second term is a rapidly oscillating function, due to which the in- 
f tegral of it is much less than the integral of the first term [10]. 
Therefore, assuming that 


xeV 24s =~ = 4)» 


o> ere 








we find 
V, » eo Z +a i= 
5,() =A apex [—i ae | fe 7 ae. 

where ae 

i Va wo, —o \. 

n=VF(i-2 7 i 

(3.2.3) 
= D “e—e \. 
n= 2(142 Be ); 
D=(Afn. 
At the beginning of the pulse (‘=—+) , when oe , *1 = 0 10z | 


and x2 = /2D and at the end of the pulse (*=4) , when e=e44°, 4=0 
and x; = 72D. Since 


oF a= Zuo feng aeet 


g 
+) fs $ xtde=C y)+iS(y)s 


93 





where Z(y) is a complex Fresnel integral, C(y) and S(y) are Fresnel co- 
sine-and sine-integrals, respectively (25], we finally write 


5, (0) = aul "Sr on [— i Se a] Ze + 2a = 


=Vi 0 ap ene [— 1 Se «, JIC Oa) +0 (ed + 1S H- 
+ iS (x). 
Accordingly, the amplitude spectrum [62] is 
S,(0) =Vi V ap MIC + C (eg 
+1S (er) +5 (en) Caer, 


and the phase spectrum is 


9 — o)? S (x1) + S (%2) 3.2. 
g(a)= —* a parctg eee: ( 6) 


Analysis of relation (3.2.5) and consideration of the curves in Fig. 

3.2.1, a show that the ChM (f£requency-modulated) amplitude spectrum of 

the pulse becomes even more uniform as coefficient D increases in the 

range of the band from wq ~ (4w/2) to wg + (Aw/2) and decreases sharply on 

the boundaries of this band. Thus, the signal spectrum is concentrated 103 
within the indicated band with sufficiently large values of coefficient 

D (which are also of the greatest interest). Calculations show that 

almost 95% of all the signal energy is included in this band at D = 10 

and this fraction exceeds 98% at D = 100 [63]. 


wf a WY wy 


we 
@) b) 


ee 
Fig. 3.2.1. FM amplitude spectrum of pulse (a) and component 
of its phase spectrum (b). 


The second term of the phase spectrum 
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7 in the range of the same band is essentially constant, especially at 
large values of D (Fig. 3.2.1, b). 


Therefore, at large values of D when 


CHC (xl*+(S)+S (x)= 2 apt |o—o, | <<, 


eer pe sits 


one can assume approximately that the amplitude spectrum is directly 
angular: 


V, =. \ 
Sana Sp at leat < te, 


(3.2.7) 
Sy (w) 00 at jo—a,| >, 
and that the phase spectrum is quadratic 
e() Sree, at jo—al<, eee 





where 86 is a constant phase angle. 
; } 3.3. Characteristics of Optimum Filter. Signal at Its Output 


Substituting (3.2.4) into (1.5.1) and assuming that Caf-f it 


is constant, we find the following expression for the transfer function 
of an optimum filter 





R (0) = Fp EP (a) + 2" (a exp j [SF eE — ot, 


Specifically, at large value of D, according to (3.2.7) and 
(3.2.8), . 


K(e)=0 at other values of e. 





K (@) = exp j [AF —et,] at [oe |<, ! 


In this case the spectrum oc the output signal is 
5,(0)= 5, (0) R (0) = Ye YF exp (— fet) | (3.3.2) 
at je—e, | <>. 


5,(«)=0 at other values of @. ly 
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Accordingly, the amplitude spectra of the signal at the input and 
output of an optimum filter coincide at large value of D and with se- 
lection of constant C made above, 


The instantaneous value of the output signal is 


© 


i i ees 
9, (t) = Re \— { 5, (@) eda = 


ot > (3.3.2) 
oa V, ty f a = 
mRe{ te y/ + ‘ exp jo (f ty) doh a= 
—> 
= VV a2 cos en (t 4). 
: It no longer has frequency modulation. Its complex amplitude (Fig. 1: 4 
3.3.1) : 
‘ n sin ndf (tf —t,) 
VA(=Vi VO (3.3.3) i 
has the form of the function sin x/x. 





Fig. 3.3.1. Time variation of complex amplitude of 
output pulse. 


The output pulse at the 0.637 level of the maximum value has 
length t2 = 1/4£. Therefore, the ration of the pulse lengths at the : 
input and output of an optimum filter comprises 11/12 = aft, = D. Due 
to this, D is called a pulse length compression coefficient. 


The output signal is symmetrical with respect to t = tp and reaches 
a peak value at this moment of vane, * V,/D, which is /D times greater 
than the signal amplitude at the input. 


It follows from (1.3.5) and (3.2.2) that the pulse characteristic 
of an optimum filter is 
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hy = CV, cos [ a(t ~ t4) — 32 (tt) | 
at [t—1,|<+, (3.3.4) 
h(t)=0 at other values of t, 


and its complex amplitude is 


upg H(f)= CV, exp {— j[-3® tty" |-+oy} | 


(3.3. 5) 
at |t{—t,|< +, 
A()j)=0 at other values of¢. | 

4 
Substituting this expression and also the expression for the com- 
j plex amplitude of the input signal into (2.4.12) 
_ 3 

T(t) = Vi) = Vi exp (i = tt) 

Nn 7 at \th<z, 
at other 

f C.0=7,(0=9 values of t j 

t 


= and taking into account that the integral function V1(x)H(t ~- x) is 

distinct from zero in the given case only in the range ~~ <%<t—444, 
if t—-t<é<t and in the range t—tp— Be <rcZy if t<t<t+% , let us 
determine the complex amplitude of the output signal*: 


at [t—4,|> : . 
¥4=90, - 
at h~ucica 
cvy 
V,(t\)=-—3- X 
tht 


x if exp fi [at tae tet ods fide 
Bg 


ta~—t 
in eAf (¢— tf) {1 ——— 
Zo sin. = o( u jesmk 
(f—,) 
10 


at R<t<igte 
V,0j= 


ot OY eoli(ite— 0-2-0 aslo 
tot 
Se ———————e———— 
See (64] for the effect of a pulse of arbitrary length on an LChM 
{linear frequency-modulated] optimum filter. y 2 
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t—t 
2 sin wag (ft) (1 — .: 
=e fe tt cee 
Af (F—%) 
Selecting constant C the same as above, combining the two derived ex- 
pressions into one and writing them in real form, we find at 


{t—t, 
eine: oe [nar (t av a) x 


X cos, (t ~#,). (3.3.6) 


The amplitude of the output signal 


. er le  ltatel 
V,()=V, VD : ees) | (3.3.7) 


° at: |t—t. |<, 
V,()=0 at other values of t 


differs somewhat from the amplitude of (3.3.3) which was found by the 
approximate method (we assumed that the amplitude spectrum of the input 
and accordingly of the output pulse is square-wave). However, if the 
compression coefficient is sufficiently high, this difference is very 
small, since in the range of the length of the main pip of the output 


tt 


pulse <a <1, Because of this, (3.3.7) essentially coincides 


with 555 in the indicated case. 


Thus, the assumption of the square-wave nature of the frequency- 
modulated amplitude spectrum of the pulse is rather precise with large 
compression factor. Therefore, one can assume that the amplitude- 
frequency characteristic of an optimum filter is square-wave with a 
high degree of accuracy: 


K(e)=1 l lo (3.3.8) 


Ke)=0 values of¢, 


and that the phase-frequency characteristic is a second-degree parabola 
(Fig. 3.3.2, a): 


#(o)=—et, + Poo «4, (3.3.9) 


Thus, an optimum filter for a linear frequency-modulated pulse 
consists in the first approximation of an ideal bandpass filter and one 
with quadratic phase-frequency characteristic. 
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Fig. 3.3.2. Phase-frequency character- 
istic of optimum filter (a) and depend- 
ence of its delay time on frequency (b). 


3.4. Mechanism of Signal Compression in Optimum Filter 


It follows from (3.3.9) that an optimum filter delays the spectral 
components by the time 


__ 4 (@) 
de 


o—e, 


= Te (3.4.1) 


E= 





which is a linear decreasing frequency function (Fig. 3.3.2, b). This 109 
phenomenon of the dependence of delay time on frequency is called dis- 
person, characteristic (3.4.1) is called the dispersion characteristic 

and a device with this characteristic is called a dispersion filter. 


Let us present a clear explanation* of LChM compression of the 
signal in an optimum filter. At moment of time t the instantaneous 
signal frequency at the filter input is equal to w. Oscillation of this 
frequency is fed to the filter output with delay by t,(w), i.e, at 
moment t + t,(w), whose value according to (3.4.1) and (3.2.1) comprises 


ee 
This explanation can be strictly substantiated by means of the steady 
phase method [9, 82]. 


99 





t+t,(w) = t +t, — ee ao 
— 3 [(e+ 1) — , =. 


Accordingly, all the spectram components of the signal (regardless 
of their frequency value) are delayed in the optimum filter by such 
time that they are fed to its output simultaneously at moment to. Be- 
ing cosine components and having the same zero phase, they also form 
the peak pip of the signal as a result of arithmetic addition. The 
significant increase of the output signal amplitude is also explained 
by this [10, 87]. 


The circumstance that the output signal amplitude increases /D_ 
times can be explained in the following manner. Let us replace the 
linear frequency-modulated pulse (3.2.2) by a combination of N impulses 
having the same amplitude, less than length by a factor of N and fol- 
lowing each other. 


Let the k-th pulse (where k = 1-N) of this combination have 
frequency f=fp— hoe, coinciding with the frequency of a linear 


frequency-modulated pulse at moment of time 4#=—— 4 Ore ; 


Let us select the number of pulses such that on the one hand their 
spectra do not overlap and on the other hand there are no gaps in the 
spectrum of their combination. In this case the spectrum of the total- 
ity of pulses will essentially coincide with the spectrum of a linear 
frequency-modulated pulse. 


The conditions indicated above are fulfilled if the width of the 
spectrum of any pulses is equal to the absolute frequency difference 
of the given and adjacent pulses, i.e., m= hence N=) Afx=yD. 


Thus, a linear frequency-modulated pulse is equivalent in the 
first approximation to the totality YD of unmodulated pulses of the 
same amplitude and total length following each other whose carrier 
frequencies are shifted by linear law with respect to each other. 
These pulses are combined in time in an optimum filter, which also 
leads to an increase of the output signal amplitude by a factor of wD 


equal to the number of these Bente 
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Let us attempt to explain physically the process of shortening 
the pulse length in an optimum filter and also the shape of the output 
pulse. 


It was already indicated above [see (3.2.7) and (3.3.1) that the 
signal on both the input and output of an optimum filter has a square- 
wave amplitude spectrum. In other words, it is the totality of an in- 
finitely large number of spectral components of identical intensity in 


the range of the band o— w< o<e,+ (let us assume for concreteness 


that the spectral density at extreme frequencies of o=e,+ 2 is one- 
half that at medium frequencies). 


It was established in section 1.5 that the spectral component of 
any frequency of a signal at the output of an optimum filter has the 
phase 

0(t) =@(t—*). (3.4.2) 


The latter approaches zero at moment tg of the maximum signal and in- 
creases linearly as the time from the moment of the maximum decreases 
and also with an increase of the frequency of this harmonic component 
of the signal. 


Therefore, the vector diagram of the voltages at the output of an lll 
optimum filter is a "fan" of the vectors of these harmonic components 
(Fig. 3.4.1). These vectors (except the two outer ones) have identical 
amplitudes and at t = tg coincide (Fig. 3.4.1, a), forming a very large 
total voltage vector. As time increases, beginning at t = tg, the 
phase of all the vectors, according to (3.4.2), will increase by linear 
law. 


Assuming that the vector diagram (Fig. 3.4.1), on which only nine 
vectors of harmonic oscillations differéing from each other in frequency 
by the value k 4#, where k = 1-8, is shown instead of an infinitely 
large number of vectors of the harmonic components of the signal ac- 
cording to the accepted reasons, rotates counterclockwise with mean 
frequency w * wo, we find that the fan of vectors will unfold at t> tq. 
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Fig. 3.4.1. Vector diagrams of voltages at 
optimum filter output 


The vectors of the minimum uo - = and maximum wo + Se frequencies 
will occupy the extreme positions and the vectors of all the other fre- 
quencies will occupy the intermediate positions. 112 


(At ~r: rT <5, 


The angle between the vectors of the maximum and mean frequencies 


comprises 


- pe 


while the angle between the vectors of the minimum and mean frequencies 
will differ from the indicated value only by sign. Since these angles 
are less than /2 in absolute value, all the vectors of the harmonic 
components of the signal are arranged in the right half-plane. This 


‘ : 1 
corresponds to the time interval “<t<to+ tar" 


pendicular to the vector of the mean frequency (Fig. 3.4.1, b) and at 


t=t,+7 they will become opposite to this vector (Fig. 3.4.1, ¢). In 
the latter case there is mutual compensation of the individual vectors 
of the signal components and the vector of their sum approaches zero, 
like the output voltage. Similar compensation of the vectors of the 


components will occur at moments of time tet, + = , where k is any 


{ 
B= > Ae(t—4,), 
At t=t-+ op the vectors of the extreme frequencies will be per- , 
q 
{ whole number. 
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At moment of time t=th+a , the incident wave of the phases of 
the extreme vectors will comprise 2 with respect to the mean vector 
since these vectors coincide (Fig. 3.4.1, e). In this case there will 
also be mutual compensation of the vectors of the spectral components. 


se ; ; ; ; Xk 
A similar situation will also occur at moments of time t=lot FF. 
where k is any whole number, with the exception of zero. 


Accordingly, at moments of time 


k 
t=t,+4p 
where, as above, k is any whole number (except zero), the output volt- 
age approaches zero due to the mutual compensation of its spectral 11 
components. 


There is only partial compensation of the spectral components of 
the signal at all other intermediate moments of time. The quadrature 
components of the signal will be mutually be compensated for at any 
moment of time. The latter indicates that the instantaneous frequency 
of the output voltage is constant, i.e., this voltage has no angular 
modulation. The uncompensated spectral components of the signal will 
also form output voltage distinct from zero. 


The vectors of the extreme frequencies change places (Fig. 3.4.1, 
a) at moment t=t+oy compared to the case of t = t+ sor (Fig. 3.4.1, 


b). In this case two-thirds of the vectors will be located in the left 
half-plane and the remaining ones will be located in the right half- 
plane. The latter will be compensated by half the vectors located in 
the left half-plane while the uncompensated vectors will form the total 
output voltage vector. If its value is one-third as much and the di- 
rection is opposite to that which occurred at teiet sr , Since a fewer 


number of vectors participate in its formation which remained uncompen- 
sated and they are located in the left rather than in the right half- 
plane. One can thus explain the polarity and decrease (compared to the 


case of t=to+ 37) of the amplitude of output voltage by a factor of 
an! 
n for moments of time t=lo+ 3a , where n is any whole number. An 


ever~smaller (1/n-th) part of the spectral components of the signal is 
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uncompensated for as n increases, due to which the amplitude of the 
output signal also decreases by the indicated factor. 


Thus, the nature of the output signal with complex amplitude 
(3.3.3) is fully determined by the uniformity of the amplitude spectrum 1 
of this signal and by the equality of the phases of its spectral com- 
ponents at moment t = tg. If this uniformity of the amplitude spectrum 
or the cophasality (at t = tg) its components is violated in any way, 
the shape of the output signal changes. 


3.5. Practical Circuits of Optimum Filters 


It was indicated above that a practical approximation of an opti- 
mum filter for a linear frequency-modulated pulse is combination of the 
ideal frequency filter with characteristic (3.3.8) and dispersion fil- 
ter with characteristic (3.3.9) or (3.4.1). 


It was initially suggested that a phase-compensating filter con- 
sisting of series-connected bridge quadrapoles (Fig. 3.5.1) [66] be used 
as the dispersion filter [65]. Their number is on the order of several 
hundred (12]. Therefore, this filter is a very cumbersome and unrelia- 
ble device complicated to regulate and operate. 





Fig. 3.5.1. Phase-compensating filter. 


It was then proposed that a diagram (Fig. 3.5.2) consisting of an 
ordinary (nondispersion) delay line with (N - 2) uniformly arranged 
leads, N frequency filters with bandpass of Aaf/N and uniformly biased 
resonance frequencies overlapping the frequency band from fg - Af/2 to 
fo + Af/2 and an adder [67], be used as a dispersion filter. As follows 
from section 3.4, N= YD. This diagram is used to compress linear 
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frequency-modulated pulses of comparatively short length, on the order 
of units of microseconds, and with high frequency deviation (on the 1: 
order of tens and hundreds of megahertz). 





Fig. 3.5.2. Block diagram of dispersion 
filter on delay line with leads. 


A dispersion ultrasonic delay line (DULZ; Dispersionnaya ul'tra- 
zvukovaya liniya zaderzhki) [68-70] is usually employed for optimum fil- 
tration of the most narrow band signals of greater length. It is an 
ultrasonic waveguide in the form of a thin flat aluminum or steel plate 
with electric to ultrasonic oscillation piezoconverters soldered to its 
ends and vice versa (Fig. 3.5.3, a). Several types of oscillations-- 
longitudinal, transverse and so on--may propagate in this waveguide. 

The first longitudinal type of these oscillations has dispersion, i.e, 
the rate of their propagation in the waveguide is dependent on frequen- 
cy [68, 70]. 


pacn, 
‘ 
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Fig. 3.5.3. Dispersion ultrasonic delay lines. 
Key: (1) output converter; (2) direction of 
propagation; (3) absorber; (4) longitudinal 
motion; (5) input converter. 


The typical dispersion characteristic of a DULZ operating with the ] 
first longitudinal type of oscillations is shown in Fig. 3.5.4 and has 
a linear segment in the frequency range (f;, £2). The median frequency 
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of this segment is inversely proportional to the length d of the acous- 
tic line: fg = a/d, where for the usually employed acoustic line mater- 
ials a = 2-2.2 MHz:mm. The width of this segment (along the axis of 
delay time) is proportional to the length of the acoustic line 1: st, = 
[ = 61, where 8 = 1.5-3 us/em. The width of the linear segment for fre- 
pi quency AF = f2 - f, for a line with constant thickness comprises 10-14% 
; of the median frequency. As an example let us point out that a steel 
tape 198 mm long, 12.7 mm wide and 0.076 mm thick is used in a typical 
DULZ with fo = 30 MHz, sF = 3 MHz and aAt3z = 33.3 ys [68]. 
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: Fig. 3.5.4. Dispersion characteristic of 
| ultrasonic dispersion delay line. 


The disadvantage of the DULZ with constant thickness of the acous- 
tic line is a comparatively small band AF of the linear segment of the 
dispersion characteristic. Its broadening by increasing the median 
frequency fo requires a decrease of the acoustic line thickness, which 
is fraught with great technological difficulties in manufacture (pro- 
vision of the required tolerance in thickness, attachment of the trans- 
ducers and so on) and also with an increase of signal attentuation in 11° 


the line. 


The thickness of the DULZ acoustic line is varied intermittently 
or smoothly in length (Fig. 3.5.3, b and c) to expand the frequency 
band corresponding to the linear segment of the dispersion character- f 
istic (71]. This DULZ is equivalent to series connection of several 
lines, each of which has a constant thickness but different from other 
lines. Because of this, the median frequencies of the linear segments 
of the dispersion characteristics of these lines will be different. 
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The dispersion characteristic of a line with variable thickness, equal 
to the sum of the dispersion characteristics of the components of the 
line, has a linear segment broad in frequency. Its width is AF = (0.3- 
0.5) £9. In this case deviations from linearity are less than + 1.5% 
on this segment. * 


The compression coefficient of this DULZ cannot be more than 300- 
500 due to the increase of nonlinearity of the dispersion characteris- 
tic, which is determined by the inaccuracy of calculation and manufac- 
ture of the line profile. 


Dispersion filters based on parallel connection of two or more 
DULZ that provide less compression, with heterodyning of individual 
segments of the signal spectrum (Fig. 3.5.5), are used to achieve great- 
er compression [72]. 


Fig. 3.5.5. Dispersion filter with two 
ultrasonic dispersion delay lines and 
heterodyning. (1)- DULZ 


A linear frequency-modulated pulse with length 1], frequency devi- 
ation Af and median frequency fo, acting on the input of this circuit, 
is separated in frequency by filters F, and F2 whose bandpasses are ar- 
ranged from fo - A4£/2 to fo and from fg to fo + Aaf/2, respectively. In 
this case a linear frequency-modulated pulse with length 1)/2, frequency 
deviation af/2 and median freqeqncy fg - Aaf/4 is formed at the output of 
Fj. The pulse at the output of Fo differs only by the median frequency, 
which is equal to fo + Af/2 and by the additional delay by time 1)/2. 


¥ : 
Diffraction delay lines also have good dispersion characteristics [86]. 
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Since heterodyne frequencies Ty and T2 are equal to f,—F,—2t 


and h—-F, +40 , respectively, and since only the difference frequencies 
are separated at the output of mixers Cm, and Cm2, the pulse spectra are 
heterodyned to the band of the linear section of the DULZ dispersion 
characteristic from Fo -Al to Fe+-. As a result of passing through 
these DULZ, the pulses are compressed to length of 2/af, i.e., Aft;/4 
times. They are then shifted in time by the delay line by 11/2 and are 
fed to mixers Cm3 and Cmg, controlled by the same heterodyne oscilla- 
tions. The sum frequencies have already been separated at the output 

of these mixers, due to which the initial spectra are restored and ran- ' 
dom initial phases of heterodyne oscillations are eliminated. [In this 
case two compressed pulses of length 2/af and frequencies equal to 

fo ~ af/4 and fo + af/4, respectively, are formed. 


Being added in the adder, these pulses form a double amplitude 
pulse of one-half the length with the correct phase relations. The 
phase relations between the added pulses required for this are achieved 
by slight tuning of the frequency of one of the heterodynes. It is 
easy to make thellatter automatic. Use of this FAPCh (automatic phase 
frequency control) considerably increases the operating stability of 
the circuit. 


To achieve a very large compression coefficient D of a linear fre- 11° 
quency-modulated pulse using DULZ that permit pulses to be compressed 
only Dy times, one should use N parallel channels and 


- DT aT | 
A compression coefficient up to 105 can be achieved in this cir- 
euit [72]. 


Besides the passive methods of optimum processing of LChM pulses 
considered above, the active method using a multichannel correlator, 
which is a circuit with a mixer controlled by a long LChM heterodyne 
pulse and with separation of signals at the mixer output, distinguished 
by time position using frequency filters [73]. The disadvantage of this 
circuit, caused by its multichannel nature, includes the complexity and 
cumbersomeness of the apparatus. 
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3.€. Attenuation of Side Pips of the Output Pulse 
The signal envelope at the output of an optimum filter (Fig. 3.3.1) 
has, along with a large main (central) pip, other weaker, but still 
sufficiently intensive side pips. This is the consequence of the 
square-wave nature of the amplitude spectrum of the output signal (see 
section 3.4). 


To improve the shape of the envelope of this signal by attenuation 
of its side pips, one can use a filter with smooth but sharply decreas- 
ing amplitude-frequency characteristic instead of an ideal filter. An 
example of this characteristic may be a bell-shaped characteristic: 

K(o) =e", 
where 
0,0351 


o= “GFE 


and SF is the filter bandpass at the 1//2 level. 





As a result of passage by FM signal (3.2.2) through a device with 
quadratic phase~frequency characteristic (3.3.9) and bell filter, the 12 
: signal will have the spectrum 





I [—et, (oe . 
5, (ajo |e a “AI ey, 
wW2 7 {( ie 
7 [(m9+ Fw] 
~t,/2 
and the instantaneous value 
+20 
V, 
ot) = Ze f exp{— aloe) + j [at —t) + 
~e 


" $e tb ]laa'f exp i| (#9) +3 y*) dy. 


Changing the order of integration and carrying out the calculations, we 
find 


0, (f) =0,754V,n yD {e [-V 20 —ss4ny (—t)|+ 
+0[5 VE 014.5409 ¢—1]} x 
X exp {—7,14ntay* (¢— t)*-+j [Bef (¢ —t) + —4]\, 


where n = AF/Af is the ratio of the filter bandpass to frequency 
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deviation, ¢(z) is the probability integral of the complex variable 
' [25] and , . 


¢ = 22722 + jD-! = 2.27 n?, 


since D is on the order of hundreds and n is on the order of 0.5. 


Accordingly, the signal at the output has the complex amplitude 
P, (t) = 0,754V,n//D { [= SS — j2,67nAf (t —t,) ]+ 


+o [AF+ j2,67n df t—t]\ exp [—7,14n*4f* (t — ts]. 


which at t = tg assumes the maximum value 12. 
aa ma Vy 
Vanaxe = 1,508n YD O (27° v,, 
The expression for the complex amplitude of the output signal is 
easily converted to the form 
V; (t) = 1,508V,n/D {1 — Re [e*w(z)}}en7 rare to : 
where 
f z= 2,67ndj ¢—t) + j=; . , 
4 2 
F ; = 2? Si tt 
w(z)=e (+ Fale a) 


is the tabulated function of the complex independent variable [74]. 





Fig. 3.6.1. Time variation of complex amplitude 
of output pulse. 
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Consideration of the shape of the output signal envelope (Fig. 
3.6.1) shows that the level of side pips decreases appreciably as the 122 
bandpass of the bell filter is constricted. Thus, the relative value 
of the first side pip decreases more than one-half even at n = 0.6 com- 
pared to the pulse at the output of an optimum filter (which essential- 
ly coincides with a pulse at n=). At n = 0.4 the value of the first 
side pip decreases by a factor of 38 and that of the second (which is 
greater than the first in this case) decreases by a factor of 5.8. 


Attenuation of the side pips is accompanied by an increase of the 
length of the main pip. However, this increase is comparatively small 
and comprises 8 ard 76%, respectively, in the cases indicated above 
(at a pulse length readout level equal to 1//2). 


Moreover, constriction of the filter bandpass also leads to varia- 
tion of both t:.2 peak signal value and the noise at the output and ac- 
cordingly to variation of the signal/noise ratio. 


Since the output noise has output 


© 
8 = ees dans vu = 2, 13aAF . 


then the following signal/noise ratio is observed at the output 


Vi aise Vin 0,588 
% = = 1,0652 — dl Coa ): 


Accordingly, the power loss in the signal/noise ratio compared to 
an optimum filter comprises 
Ga (3.6.1) 
| 
The minimum value of this loss is observed at n = 0.62 and is 


equal to only 12%. If the filter bandpass varies from 0.38 Af to 0.96 
Sf, the value of this loss does not exceed 30% (Fig. 3.6.2). 


Thus, replacement of an ideal filter with a bell filter having 
bandpass on the order of (0.4-0.5) Af permits one to considerably re- 12 
duce the level of the side pips with comparatively slight expansion of 
the main pip and essentially indiscernible decrease of signal/noise 


ratio. 111 








Fig. 3.6.2. Dependence of loss on ratio of 
filter bandpass to frequency deviation. 


Greater attenuation of the side pips of the output signal can be 
achieved by means of special weight processing. It is based on the use 
of results obtained when solving a similar problem of greater attenua- 
tion of the side lobes of the antenna radiation pattern with minimum 
expansion of the main lobe by the Dolf-Chebyshev method [67, 75]. 
Specifically, truncated pulse bandpass (3.3.2) yields very good results 
through a filter with the transfer function 


N 
K(e)=1 +29) wn cos (uw —,) = 
kai 
NX y Remo) 
= yy me" 3 


a&=~—A 


(3.6.2) 


where N is a whole number that determines the accuracy of approximation 
of the best Dolf-Chebyshev filter to the given filter (the accuracy of 12 
approximation increases with an increase); 


Be 1s peg OS 
’ A 
n (\- 
as! 


x fife el 


ani N+1 w+ (n+) ’ 


N 
at k = 1-N (the product f[]’ does not contain any term with n = k); 


ast 


1 1, 
A = -—> arch + 


and y is the ratio of the value of the first side lobe, which is the 
largest of the side lobes, to the value of the main pip. 
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Since the transfer function je *“t is realized by combining a device 
with transfer coefficient up, and a delay device by time k/Af, then if 
the median signal frequency fo is a multiple of freauency deviation Af, 
weight processing (3.6.2) is accomplished by a system of a delay device 
by time 2N/Af with 2N - 1 uniformly arranged leads and an adder with 
weights uk of the voltages taken from these leads and also from the in- 
put and output of the delay device (Fig. 3.6.3). 


Fig. 3.6.3. Block diagram of weight processing 
device. 


The pulse achieved as a result of this weight processing has the 124 


following length at the 1//2 level 


The mechanism of weight processing of a truncated signal is illus- 126 
trated by the time diagrams shown in Fig. 3.6.4, a, where the simplest 
case is taken: N = 1 and yu, = 0.4. The shape of the output pulse 
achieved as a result of quasi-optimum weight processing by law (3.6.2) 
at y = 0.01 and N = 5 is shown in Fig. 3.6.4, b. 


Weight processing of a pulse shortened in an optimum filter wor- 
sens the signal/noise ratio. However, this deterioration is compara- 
tively small and at y > 0.01 does not exceed 30% of power [63]. The 
weight processing device should be made from sufficiently stable com- 
ponents and requires very careful adjustment. 


More detailed methods of side pip attenuation are considered in 
[76]. 
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12! 
Fig. 3.6.4. Time variation of complex signal ampli- 
tudes during weight processing 
3.7. Phase Distortions of Signal and Compensation of Their Even L2t 


Components 


The effect of both determined and random phase and amplitude dis~ 
tortions of the signal on the nature of the signal at the optimum fil- 
ter output was considered in detail in section 2.4. This consideration 
was carried out in general form and therefore its results are also 
valid in the case of an LChM signal [77-80]. It is important only to 
note that in this case the signal is very wideband and therefore the 
difference of the phase variations of its extreme spectral components 
during the pulse duration comprises a very large value~-27Aft,) = 27D. 
Phase distortions of no more than 1/2 rad are permissible, which cor- 
respond to a relative error of no more than 1/4™D. This is a very 
rigid requirement and one very difficult to fulfill. 


With regard to the extremely harmful effect of phase distortions, 
let us consider one of the systems of [81] (Fig. 3.7.1) in which even 
phase distortions are compensated. 
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Cptimum filtration of a wideband radio signal can be regarded as 
compensation of phase predistortions intentionally introduced into the 
signal during its shaping. Let a signal be shaped by feeding a single 
(practically rather short) pulse to the input of a dispersion filter 
(DF; dispersionnyy fil'tr) with transfer function 


K (w) = K, exp j¢ () at aoc ay, 
K(#)=0 on other frequencies . 


(3.7.2) 


where Kg is a constant and y(w) is the nonlinear phase-~frequency char- 
acteristic. It can differ somewhat from the quadratic characteristic 
(3.3.9). Since a single pulse is the sum of an infinitely large number 
of harmonic components of any frequencies, then all the harmonic com- 
ponents lying in its bandpass are fed to the filter output. But they 
are fed with delay by time 


t,(e) = — He), 


which, in view of the nonlinearity of y(w), is different for different 
frequencies. Therefore, the voltage at the filter output will have a 
frequency whose value is different for different moments of time, i.e., 
it will be modulated in frequency and accordingly in phase. Specifical- 
ly, if the phase-frequency characteristic is quadratic [see (3.3.9)] 

and if the dispersion frequency is linear [see (3.4.1)], the output 
voltage frequency will vary by linear law. 


Fig. 3.7.1. System for generation and optimum filtra- 
tion of frequency-modulated signal (GEI--single pulse 
generator; AP--antenna switch; l--transmission; 2-- 
reception. 

Key: (1) to display. 


The process of angular modulation being formed during shaping of 


the signal can be interpreted as inversion of the phase of the harmonic 12€ 
frequency component w by angle (wu). 
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Let us feed the signal shaped in this manner to mixer Cm} con- 
trolled by heterodyne oscillation [ly 


v3(t) = /3COS (Wat + a) 7 


The following component will be formed at its output from the 
harmonic frequency component w 


v4(t) = Vicos{(@ +3) f+ a+p(o)]. 


After the corresponding amplification, the signal is emitted in the 
form of the sum of these components (where w] < w < wo) as a probing 
signal, is reflected from the target (which we shall assume is fixed to 
simplify the analysis) and is fed to the input of the receiver, where 


it is amplified and fed to mixer Cm2, controlled by heterodyne oscilla- 
tion 1) : 


vs(t) = Vscos (wsf + B). 


If the time delay and phase variation of the reflected signal are dis- 
regarded, the signal component considered above will create the follow- 
ing oscillation at the output of this mixer 

Y (t) = 2V, cos [(w, + «) t + $ (w)-+-a] cos (af + 8) = 


= V, cos [(@, — a, — a) t — p(w) —a +p] + 
HV, 08 [(, + 0 +) t+ p(w) +a +B]. 


Unlike the first mixer, a difference frequency is generated in the 
second mixer and the heterodyne frequencies are selected so that 
w5 - w3 = 209, where 


@, +o, 


o,= 5 





is the median frequency of the probing signal (and of the filter). 
Then 


9, (t) = V, cos [(2e, — w)t ~ 4 (e) —a +3]. 


Having fed this oscillation to a filter with transfer function 
(3.7.1), we find at its output at ow] < w < uw 


0, (th = kV ens [(2n, — w) f — 4 (w) + (20, — wo) — a + 8]. 


In view of the linearity of the considered system, consisting of a fil- 12¢ 
ter, frequency mixers and amplifiers, all the harmonic components pass 





quite independently through the output. Their sum is also the output 


signal. 


According to (1.5.3), this signal will be processed in an optimum 
Manner provided that the phase shifts are compensated when 


sp (209—@) —p (w) at P=uloty, 


where y and tg are the constant phase shift and signal delay, 
respectively. 


Since the linear and constant terms of the phase-frequency charac- 
teristic in this equation can always be compensated for by appropriate 
selection of the constants, let us rewrite it in the following form: 


4 (20, —w) = 4, (w) at Coa, 
1 @—Q) =, (0,0) at a — a <O< aay, ees 


where v1 (w) is the phase-frequency characteristic of the filter with 
eliminated linear and constant terms. 


It follows from the latter equation that the effect of phase dis- 
tortions is absence if phase-freauency characteristic (3.7.2) of the 
shaping and processing filters is even with respect to the median 
frequency. 


In the special case of linear frequency modulation wiich is formed 
if the phase-frequency characteristic of ‘he sha;.ng filter has the 
form of (3.3.9), i.e., 

¥ 


$: (0) =P ao" «,, 
and condition (3.7.2) of the absence of phase distortions is fulfilled. 
If the harmonic component is superimposed on the quadratic phase- 
frequency characteristic of the filter 
A(@=2" Fiat esin (oT + 8) ata<o<e, 


where c and T are constants, then the phase distortions will be com- 
pensated according to (3.7.2) provided that 





ee 


a 


pid — 8 ars 
A ee 


$1 (2a, —o) — 9, (w) =csin ((20, ~ 0) T +-«] — 
—csin (w7 + 2) = 2¢ cos (a, 7 +e) sin (a, — 0) T= 0, 


t 
hence it follows that of feaa(kt+)s, where k is any whole number. 130 


Accordingly, any even distortions of the phase-frequency charac- 
teristic and specifically distortions of type 


Ap, (@) = Zezcos(o—a,)7T, at acuoce, 


where cj and Tj may assume any values, are completely compensated for 
in the considered system. 


One can arrive at similar results by considering the problem of 
compensation of phase distortion by the time method. Using the steady 
phase method [9, 82], one can show that the shaping filter with trans- 
fer function (3.7.1) is optimum for a signal reflected from a fixed 
target and subject to double frequency conversion only in the case 
when a signal whose phase modulation law is even with respect to the 
moment of time corresponding to the middle of the signal pulse and 
accordingly the frequency modulation law is odd, is formed during 
shaping. 


In other words, evn distortions of the signal phase-modulation 
law (and odd distortions of the signal frequency-modulation law) are 
totally mutally compensated during shaping of it and processing in the 
considered system. 


Thus, the main task in designing a signal shaping and processing 
system is not to eliminate phase distortions but to eliminate their odd 
components, which can be done rather simply. 


3.8. Effect of Detuning Linear Frequency-Modulated Signal on Output 
Signal 


If, unlike the case considered in section 3.3, a signal mixed in 
frequency by the value 2 = 27rF is fed to the input of an optimum filter 


1 (== Vico [Cy tOytpoe tt) at It<Z, | 
9, ({) 0 at other values of (4, 
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then, having made similar transformations, we find at |It—l<r, 13 


03 (t) = V,(t) cos [2 ( +=) (t—t,) |: 


where 


t—t 
__ sin fatan(t—t) + Pa (1 LY : | 
R(t)=V. VD ——— areata (32862) 3 
This amplitude reaches a maximum at moment of time tm (Fig. 3.8.1) in 
in which the denominator of the latter expression approaches zero, i.e., 


F 
im = ba— OFM (3.8.2) 
This expression can also be found directly from formula (3.4.1) if 
w = wo + 2nF is substituted into it. 


The maximum amplitude of the output signal is 
=Vilt) =ViVD (1— GP) at |FI< AF 
Vm =Va (tm) = Vi VD (1 — “ap (3.8.3) 


and is reduced by linear law with an increase of the absolute value of 
detuning to af. At |F| > Af, the output signal is approximately equal 
to zero. This is explained by the fact that the main part of the input 
signal spectrum is located outside the bandpass of the optimum filter. 


If the input linear frequency-modulated signal is detuned with 
respect to the median frequency, the optimum filter shifts the spec- 
trum of this signal with respect to the filter bandpass, which causes 
constriction of the output signal spectrum. If the output signal spec- 
trum and the amplitude-frequency characteristic of the filter are re- 
garded as square-wave, then the width of the signal spectrum at the 
filter output comprises af - |F| at |F| < af. 


This constriction of the output signal spectrum also causes both 
the decrease of the maximum output signal indicated above and expansion 
of its length* (Fig. 3.8.1). 


HH 

In order that frequency detuning not cause an increase in the length 
of the output pulse, linear frequency modulation is replaced by loga- 
rithmic phase modulation [72]. 
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Fig. 3.8.1. Effect of detuning on shape and position 
of output pulse. 


Using (3.8.1), it is easy to show that the length t2 of the output 
signal (at the 0.637 level) satisfies the quadratic equation 


eta(t— Uh) — =, 
solution of which has the form 


wa IED) ff, 4of Sor]? -1}. 


“t, (AF —{F 1) (3.8.4) 





With comparatively slight detuning when the following condition is 
7 fulfilled 


[FI<(1—2D7"" ) df, 
formula (3.8.4) is simplified: 

= oF (3.8.5) 
This expression is also easily found directly from the width of the 


output signal spectrum. 


Calculations show that formate. (3.8.5) yields an error of 3.3, 
= an 
5.9, 9.3 and 17.23%, respectively, at relative detuning |F|/Af equal to 


0.5, 0.6, 0.7 and 0.8, respectively. 


If frequency detuning is caused by the Doppler effect: 13: 
FoF, 


where \9 is the mean wave length and vy is the radio velocity, then 
since the velocity and consequently the Doppler shift of frequency are 
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previously unknown, according to (3.8.2), the so-called velocity error 
of determining the delay time of the reflected signal appears 
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were. 


which leads to the range measurement error 
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The target covers this range segment during the time 


v= ar 


So eee + 


Accordingly, a range finder with linear frequency-modulated signal 
measures the range to the target at the following moment of time rather 
than the moment t,,, of the end of irradiation of the target by the 
signal pulse 


teow = to6a+ VE = toss — “He. (3.8.6) 


9 Fie. - PEER SERNE rose 


Thus, the extent of the time shift of the moment of range measure~ 
ment is determined only by the parameters of the range finder and is 
totally independent of the speed of the target. Therefore, motion of 
t the target does not lead to any error in determination of the target 


—r—, 2 


{10, 83]. 
; 3.9. Achieving High Accuracy and Resolution in Range and Speed 
To estimate the accuracy and resolution of a system in range and 
speed, (i.e., the time position t and frequency F), the joint correla- 
tion function of modulation of the signal being used in it is usually 
analyzed (10-16, 32, 84, 85] 
+a 
R(t, Flame [ V(x) Pe (2— te de me 1: 
-—2 
?a 
= j S* (2uf) 5 [2e(f — Fije™" df, 
van 
where 5(w) is the frequency spectrum of the complex signal amplitude / 
v(t). \ 
Since S*(27f) is the transfer function of a filter optimum to the 


signal 0(t), S[2(f - F)] is the modulation spectrum of the signal 
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shifted in frequency by F and their product is the spectrum of the 
optimum filter response to the frequency-shifted signal, then the 
joint correlation function, being a Fourier transform of this product, 
is also the indicated response. This function is a generalization of 
the concept of a correlation function for the case of two variables t 
and F. 


The normalized joint correlation function of modulation is usually 
employed “a 
W(t, F)= sz)” (x) 79 (x—#) &*** dz, 


= S 
Pare | apg en ng ip oo 


where 


+0 
yo j=zft “ (x) V* (x) dx 


—« 


tm 
ql 
ae 


is the signal energy. 


This function shows the relative value of the optimum filter re- 
sponse to a signal shifted in time by t and in frequency by F with re~ 
spect to a signal optimum to this filter. In other words, it charac- 
terizes the degree of distinction of the filter responses to the two 
signals indicated above. 


epee, - 


In the case considered above, linear frequency modulation is 
juclns 
VijaVie * 41 ($—I*!) 
due to which after calculations we find 


sin [»(0 =+Fu)(t ~_ q 

| «(07 +Fx) " 
The range of values of variables t and F in which <IMG F<! is 13: 

naturally called the range of high correlation of signals. Two signals 

mutually shifted in time by t and in frequency by F, which correspond 

in the plane of variables t, F to points lying within this region, 

cannot he separately identified. 





[¥,(t, Fl +1 (%,—|#}). (3.9.1) 


Since accurate measurement of the parameters of the received sig- 
| nal t and F within the range of high correlation is essentially 
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impossible in the presence of noise, it is sometimes called the region 
of ambiguity. The smaller this region, the higher the accuracy of 
measuring the indicated parameters. 


To eliminate the ambiguity of measuring the parameters, it is 
necessary that the region of high correlation be unique. This require- 
ment is essentially fulfilled in the case of a periodic or quasi-peri- 
odic signal. Therefore, one must satisfy the requirements so that dif- 
ferent regions of high correlation be sufficiently separated from each 
other. 





Fig. 3.9.1. Region of high correlation 
of linear frequency-modulated pulse. 


A region of high correlation of signals with linear frequency- 
modulation (Fig. 3.9.1) is strongly extended in the direction of 


straight line Fry =—D— and has width on the order of iy and length 


on the order of D. Its area is on the order of unity and is indepen- 
dent of the compression coefficient. Consideration of this region 


shows that the time (range) resolution is determined by the value 13€ 
1,2 , 
M= =r. (3.9.2) 
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inversely proportional to frequency deviation and accordingly to the 
width of the signal spectrum. , 
If there is no time shift between signals (t = 0) 


¥,(0, F)= Se. ° (3.9.3) 


eer at 


The latter, like (3.9.1), has the form of function sin x/x.« Since 
(3.9.3) lies in the range of 0.5-1 at |Fr,| < 0.6, the frequency (veloc- 
ity) resolution of the system is then characterized by the value 


_ 4,2 
So (3.9.4) 


were tare, ~ no 


These results, found for the special case, are rather general and 
are qualitatively valid for signals of different shape as well. 


Let us explain the latter result physically. The capability of a 
system to distinguish two signals in frequency is determined by the 
time of analyzing these signals, which cannot be greater than their 

length. The greater the length of the signals being analyzed, the 
2 greater the difference their output effects is in the form of a differ- 
ent incident wave of phases. Therefore, the frequency resolution is 


inversely proportional to the length of the pulse signal. 
t 


determined by the length of the signals being used. 


Having assumed in (3.9.1) that Af = 0, we find the modulus of nor- 
malized correlation function of an unmodulated pulse of length ¢t: 


[%.4/[= nFe 





it} 
sing Fe { | —-—— 
BN) gent (3.9.5) 


At t = 0 we again find (3.9.3), hence it follows that the frequency 
resolution is characterized by the value of (3.9.4). At F = 0, we find 
the correlation function of the envelope of this signal 


F060) = (1— Ab) (elt), 


which is a triangular function. Therefore, the time resolution 137 
comprises 
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At=*. (3.9.6) 


Since the width of the signal spectrum under consideration has the 
order 1/t, it is easy to conclude that (3.9.2) and (3.9.6) are special 
cases of a more general formula 
1 

ner ae (3.9.7) 
which is in complete agreement with the physical concepts outlined at 
the end of section 3.1. Comparing the region of high correlation of 
an unmodulated pulse (Fig. 3.9.2) to a similar region for a linear fre- 
quency-modulated pulse (Fig. 3.9.1), we note that the latter is strong- 
ly lengthened and rotated counterclockwise by an angle whose cotangent 
is equal to the compression coefficient. Its area also has an order of 
unity. 





Fig. 3.9.2. Region of high correla- 
tion of unmodulated pulse. 


To achieve high range and velocity resolution, one must use the 
shapes of signals whose normalized joint correlation function of modu= 
lation meets two requirements: 1) it is close to unity only in the 
small vicinity of point t = F = 0 and 2) the modulus of this function 138 
is considerably less than unity in all other regions of the plane t, F. 


Unfortunately, it is impossible to achieve simultaneous concentra- 
tion of the region of high correlation in the infinitely small vicinity 
of the origin and to achieve equality of the joint correlation function 
to zero in all other regions of the plane t, F. The fact is that this 
function satisfies the condition [16, 32, 85] 
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J 4F [18G Fiat 1, (3.9.8) 


which describes the so-called principle of ambiguity in radar. It 
means that any constriction of the central region of high correlation 
inevitably leads to an increase in the values of the joint correlation 
function in other regions and may even cause the appearance of new re- 
gions of high correlation. The latter may be the cause for ambiguity 
in measurement of signal parameters. 


The joint correlation function of the noise signal meets the re- 
quirements indicated above. But use of it is related to great diffi- 
culties when accomplishing optimum filtration. 


Attempts to select a satisfactory shape of a signal resulted in 
some success. Three types of signals that meet to a considerable de- 
gree the requirements indicated above are also considered in the 
following chapter. 
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CHAPTER 4 1: 
OPTIMUM FILTERS FOR PHASE-MANIPULATED SIGNALS 

4.1. Signals Manipulated in Phase According to Barker's Code 
1. The concept of Barker's Code. Properties of Signals 


Two signals having identical output and differing only in phase by 
n have the maximum possible degree of difference. The mutual correla- ‘ 
tion function in the absence of a time shift is equal to -l. Therefore, 
it is the use of these signals in transmission of digital messages (for 
example, in telegraphy, which is called phase in this case) that pro- 
vides the highest noise stability [22, 24]. 


Let us take N pulse signals of length tg and amplitude V, which 
differ from each other in time shift by a value multiple of length and 
may differ in initial phase by 1. Let us form from these elementary 
pulsed signals the phase-manipulated signal (Fig. 4.1.1): 


o=Vcosfof+9(] at O<St§< N= %, 


o=0 at (¢<O un t>Nx, (4.1.1) 


where 6(t)=@,=const at (i—l)my<t<ir, and i = 1-N and is equal to either 140 
zero or nas a function of the code being used. It is assumed here and 
further that wot9 is a multiple of 27. Having denoted costi:=4d,, 
let us rewrite (4.1.1) as follows 

om Vd,coswel at (i—l)ta<t<it, 
where i = 1-N and d; is equal to either +1 or -1l. 
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Fig. 4.1.1. Phase~manipulated signal consisting of elementary 
pulsed signals with four of the indicated initial phases. 
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a Fig. 4.1.2. Time diagram that explains calculation of corre- | 
t lation function. 
t 
: The normalized complex envelope of this signal can be represented 
f in the form of the following sum: 


a 
Vit= Side {I {tf —(— 1) =] — 1 (¢ — is,)}. (4.1.2) 


imi 


The normalized correlation function of the complex envelope with 
a time shift of t = ktg + €, where k is a whole negative number and 
0 < € < to, ig equal to (Fig. 4.1.2) 


+0 
he (Rt te) =m J V, (t) 1, (t — ke, — 8) dt = 


=7(( -+)} didegrt 5 J} dain] 


Specifically, with a time shift multiple of the length of the elemen- 
tary pulse to, 


(4.1.3) = 


1 N= 
ke,) = =- Yd . 
ne *y fe (4.1.4) 
" 
In the absence of a time shift HO=wPai—i, with a time shift of 141 


| {=I 





(VN tiey-- eIV —Dd=a4d. and with positive value of m, beginning at 
zero, and with any positive value of « 


pol (V +n) t+ e]=0. 


Let us select the sequence {d,;}, where i = 1-N such that the 
normalized autocorrelation function lies within the range from “3 to +5 
at values of the independent variable whose absolute value is greater 
than the length of the elementary pulse tg: 


1 1 
~W Sh) Sa at |t|>%. 


Since dj can assume values of only + 1, then as follows from 
(4.1.4), with even value of N, the following conditions should be 
fulfilled for this 


atm=1,2,... 


(4.1.5) 


y didipsmys=+tl at m=0,1... 
isl 


In like fashion with odd value of N 


N—2m 
y 4di,sm= 1 at m=1,2,... 
f=i 
N—In—! 
Adisamy:=0 at m=0,1,... 


One of the unknown values of dj can be selected arbitrarily, hav- 
ing assumed, for example, that dj = +1. Then each of systems (4.1.5) 
and (4.1.6) consists of a (N - 1)-th equation with (N - 1)-th unknown. 


It follows from (4.1.5) and (4.1.6) that expression (4.1.3) can 
be simplified. Thus, at k = 0 and with odd value of N 


Nl a 
Y dedegs 0 a s d= N, 


ial iat 


due to which 
% (s) =! = 


N—~| 
and with even value of N due to the fact that Puw,,,—=+1 


is] 
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N—! 
p(t) = 1— by sign (¥ did, a) 


f=ai 
At 1< k < N~ 1 in the case of an even value of N - k 
N—k N~k-i 
S didiynz=0 2 S didiay=xtl, 
d=! diaz) 
hence it follows 


N—s—~i 
tts, t= e-siea ( J) dedeans) 


imi - 


In the case of an odd value of N - k we have 


not a 
¥ didi, l A X ded g4ng1 = 9, . 


due to which 


1 ; N— 
he (Ay 6) = N (: or +) sign (¥ deduonet: 


With negative time shifts it is easy to determine the correlation 


function by using its property of evenness. 


At N = 2 system (4.1.5) is the equation djd2 = +1. Besides the 
two trivial solutions d} = d2 = 1 and dj = dz = -1, there are two other 
solutions: dj, = +1; d2 = -1 and dz = -1; d2 = +1. This system has 
eight solutions at N = 4 (Table 4.1.1). 


Table 4.1.1 1. 


Index of 
Solution ao | a | ds a 





TQ moan ova 








It is easy to note that solutions b, d, £ and h are mirror images 
of solutions a, c, e and g, respectively (i.e., the sequences that show | 
them differ from each other by inverse order of succession of terms), 
while solutions c, d, g and h were found from solutions a, b, e and f, 
respectively, by multiplying each term of the sequence by -l. There- 
fore, only a and e are independent solutions. Comparison of their cor- 
relation functions (Fig. 4.1.3, a and b) shows that code a is somewhat 
better. Solutions of system (4.1.5) do not exist at other even values 
of N. 


Solutions of system (4.1.6) exist only at N = 3, 5, 7, 11 and 13 
with odd value of N (Table 4.1.2). 


Table 4.1.2. 


















a 4, | ds 
3 |4i $1]—1 0; O;O0;o0};o};ofofloj]o]|o 
5 f+if+i[+i[—t}4+1} 0} o};otofloflojo]o 
7 fHtyetftif—tj—t(+i{—t} of ofofofale 
Wea et] en] —i f—t |] —1] 41] —1]—1] 41}—1] 0 | 0 
13 + 


tl ptf ta} ea fa] —t|—a +1/41}—i|-+1]—i| 1 


rn 





The correlation function of signals at N = 7, 11 and 13 were plot- 14 
ted in Fig. 4.1.3, c, d, and e, respectively. It is interesting to 
note that they are negative everywhere at N = 5 and 13, whereas they 
are negative at N = 3, 7 and 11 with the exception of segment -tg<t < 


< TQ. 


The sequences {d;} at N = 3, 7 and 1l were first suggested by 
Barker [88]. Because of this, the sequences that satisfy conditions 
(4.1.5) and (4.1.6) are called Barker codes. 


Investigations (89, 90] and others showed that Barker codes unfor- 
tunately do not exist at N > 13. Because of this, it is impossible to 
find the excess of the main maximum modulus of the correlation function 
over simple maximums more than 13-fold with optimum filtration. In 
other words, when using a signal manipulated in phase according to 
Barker's code, the main maximum voltage at the output of an optimum 
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Fig. 4.1.3. Correlation function of Barker sequences. 


filter is accompanied by collateral maximums whose relative value can- 145 _— 


not be made less than 1/13.* 


The considered correlation function is a cross-section of the 
joint correlation function of modulation at F = 0. The other 


— 
The relative value of the side maximums can be reduced below 1/N by 
using special weight processing of the signal after optimum filtration 

{15]. However, weight processing is related to complication of the 
circuit and leads to some (although small) losses in the signal/noise 
ratio and broadening of the main pip. 
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cross~section of this function (plane t = 0) is 


(0, F) = pee (Vale) P(e dx, 





N& 
a) 


which leads to the equality 


sin nF Nt 


| ¥, (0, F)| — aEN%, 





(4.1.7) 


This expression coincides with (3.9.3) since 1] = Ntg- Generally, 
formula (3.9.3) is valid for any signal with constant amplitude during 
its entire duration. As can be seen from Fig. 3.3.1, collateral maxi- 
mum functions (3.3.3) or (3.9.3) are less than the main maximum by 
approximately a factor of 5. , 


Calculation of the autocorrelation function of a phase-manipulated 146 
signal by a rather complicated law is a laborious and exhausting pro- 
cedure if a digital computer is not used for this purpose. It can be 
simplified considerably by using the following method. Let us first 
note that, according to (4.1.3), the correlation function of a signal 
comprised of elementary pulses of identical length is a linear broken 
line whose break point corresponds to time shifts that are a multiple 
of length to. Therefore, calculation of the correlation function 
reduces to determination of its values at these discrete points. The 
latter is easily done by using a diamond-shaped table (see Table 4.1.3) con- 
structed for a Barker sequence at N = 7). We write the considered 
sequence from bottom to top in the form of a vertical column on the 
left side of this table. If there is a plus in the top row, we rewrite 
this sequence unchanged in the horizontal row and if there is a minus 
at the indicated point, we change the signs of all its elements. 


Table 4.1.3. 





~{---++-—+ 
+ t+++e—--4+- 

~ ---++-—+ 

Be ---++-+# 

+ ++ +--+ 

+ +++4+—--4+- 

+ +++ —--—-+- 

—!, 0, —1, 0, —1, 0, +7, 0, —1, 0, —I, 0, —1 at 
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In other words, we write the sequence in the top row whose 
elements are a product of the corresponding element of the initial 
sequence for its last element (it is written in the top row of the 
vertical colum). We write with one shift to the right a similar 
sequence of products of the elements of the initial sequence by its 
next to last element (it is written in the second row of the vertical 147 
column). We repeat this operation as many times as there are elements 
in the sequence. Having added the elements of each vertical column of 
the formed diamond-shaped table we determine the values of the autocorrela- 
tion function of this sequence at discrete points (they are written 
below the table). Having plotted these values on the graph and having 
connected adjacent values with straight-line seqments, we find the 
autocorrelation function of the sequence which differs from the nor- 
malized autocorrelation function (Figure 4.1.3, ¢) only by the scale 
along the y-axis. The outlined method is essentially matrix representa- 
tion of relation (4.1.4). 
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Fig. 4.1.4. Amplitude spectra of Barker Bocce, 
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Making use of the fact that the autocorrelation function of the 
signal whose phase is manipulated by Barker's law, it is known that its 
amplitude spectrum can be easily determined [91]. Actually, the energy 
spectrum of the signal is related to its autocorrelation function by 
the Fourier transform: ss 

Pele ® 1G coe onds 


On the other hand, the energy spectrum is equal to double the square of 
the amplitude spectrum [27]: 
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F (@) = 2S? («). 


Therefore, the signal amplitude spectrum is 


S(0) =|[-F @) |! J l=1/24 [cosas] "| (4.1.8) 


In the given case the unnormalized autocorrelation function (see 
Fig. 4.1.3) of a Barker sequence with odd values of N (which are only 
of practical interest) consists of N symmetrical triangular pulses of 
length 2t9 shifted with respect to each other by a time which is a 
multiple of 2t9 and accordingly having complex amplitudes NV{r9 
(central ejection) and ter (side ejections), and the positive sign 
corresponds to N = 5 and 13 while the negative sign corresponds to 
N = 3, 7 and ll. 


Since a triangular symmetrical pulse (with respect to t = 0) of 
amplitude U, and length t, has meee density [27] 


= 


ez) 


then the spectral density of the ees function of a Barker 
sequence is 





5, (w, Ug, t 


5, (a) = 5, (@, V2, 22,) x 
N—I 


-1 
a Vv —/2kor, “I~ 
x Fe aS shee v com i 


k=— k=! 
x 


—1 
= 
= = (1 — cos@,) [va y Cos 2kwt, } 


k=l 


Accordingly, the considered sequence has the energy spectrum 
(positive frequencies) 
F(@) =5, (a) +3; (—w) = 25; (0). 
Making use of formula (1.342.2) of [92] and making the elementary 
transformations, we find 


F (a) = QV"? [ ma iene?) s [v¥=(5 Net, )}. 


Then according to (4.1.8) the amplitude spectrum of a Barker 


sequence is “ 
S(@)=Vx |S ("= (Fee i] |: 


Here as above, a positive sign in front of the parentheses occurs 
at N = 5 and 13 and a negative sign occurs at N = 3, 7 and ll. 
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Thus, the amplitude spectrum of a Barker sequence is the product 
of the amplitude spectrum of one of the pulsed signals which comprises 
this sequence and of the function (shape complexity factor) 

: sin Nox \ ye 


The latter is periodic with respect to w having period 1/to. 


Consideration of the amplitude spectra of the two Barker sequences 
at N = 1l and 13 (Pig. 4.1.4) shows that they essentially coincide, 
with the exception of the very low-frequency region and the vicinity 
of frequency ™/to. This difference of spectra is explained by the 
d@ifference in the structure of Barker codes at the indicated values of N. 


Serer + 


2. Signal Production. The Optimum Filter 


code can be found rather simply. A balanced modulator powered from a 15¢ 
high-frequency generator and modulated by sequence of coded pulses can 


h | A signal manipulated in phase by 1 according to the law of Barker's 
be used for this. 
+ 





) 


Fig. 4.1.5. Block diagram of FM signal 
generator at N = 7 (a) and time diagrams 
of voltages (b). 

Key: (1) single video phase generator; 

(2) high-frequency generator; (3) balanced 
modulator. 





The sequence of encoded pulses can be shaped by algebraic summa- 


tion of the pulses taken from the apy: of the delay line with total 
is 
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length (N - 1)t9 to whose input a square-wave pulse of length ty is fed. 
The delay line has a total of N - 2 leads, ensuring a delay by a value 
that is a multiple of tg. The pulses taken from the beginning of the 
line, from all the leads and from the end of the line are added in the 
adder with weights corresponding to the values of the terms d; of the 
Barker code. The sequence of encoded pulses is thus shaped as a result 
of this summation (Fig. 4.1.5). 





The pulse being fed to the input of the delay line can be produced 
either by means of an ordinary pulse circuit or by excitation of an 
optimum filter with a very short pulse for a video pulse of length To. 15 


— 
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Fig. 4.1.6. FM signal at N = 3 (a), block 
diagrams of its generator (b) and optimum 
filter (c) and time diagrams of voltages 
(a, e and f). 

Key: (1) RF optimum filter for single 
pulsed signal. 


If a radio pulse of frequency wo and length 1t9, formed upon excita- 
tion of an optimum filter for the signal by a delta-pulse, is fed to the 
input of the delay line, then an FM encoded signal will be formed at the 
output of the adder (Fig. 4.1.6, a). Accordingly, the pulse characteris- 
tic of this system (Fig. 4.1.6, b) ee with this signal. And as me 








shown in §1.3, the pulse characteristic differs from the function that 
represents the signal, mainly by the sign of the independent time 
variable. Therefore, if the input and output change places in the 15 
signal generation device (Fig. 4.1.6, b), i.e., if the direction of the 
signal is changed, then we find an optimum filter for the given signal 

(Fig. 4.1.6, ¢). 


















If a signal optimum to the filter is fed to its input (Fig. 4.1.6, d), 
a voltage is formed at its output that reproduces with some time shift 15: 
the autocorrelation function of this signal (Fig. 4.1.6, e). A voltage 

(Fig. 4.1.6, £), which represents the modulus of the correlation function 

of the complex envelope of this signal in some scale and with some time 
shift, is formed as a result of its amplitude detection. 
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b) 
| Fig. 4.1.7. Block diagram of optimum filter 





at N= 7 (a) and time diagrams of voltages (b). 
Key: (1) RF optimum filter for single pulsed 
signal. 






If two signals overlapping in time, but separated by a time greater 
than to are fed to the input of the optimum filter, they form an output 
voltage with two separate main maximum values (Fig. 4.1.7), which also 
permit one to determine the time position of each of the signals. 
Accordingly, the system resolves these signals in time (by range). 


Since Barker codes do not exist at N > 13, systems with signals 
manipulated by these codes have limited capabilities with respect to 
increasing the range resolution while retaining the same effective 
range and increasing the effective range while retaining the range 
resolution. 


4.2. Signals Manipulated in Phase by Binary Pseudorandom 
Sequence 


1. Concept of Binary Pseudorandom Sequence and Its Properties 


When searching for the best signal shape, attention was turned 
toward signals manipulated in phase by 7 by so-called linear recursion 
sequences" or "linear sequences of a shift register of maximum length" 
{15, 93-97], which were suggested when working out problems of coding 
in general message transmission theory. 


These sequences are a set of N periodically repeated signals dj, 
each of which can occupy one of two values: +1 or -l. This value is 
determined ky the product of the values of two or more previous symbols 
(but always odd) taken with opposite sign: 154 
d =—d;_ndt_m-. dedi, 


Se Re ANE PO I ERED ITE A I 4.2. 
even number of -factors ( a} 


where n>m>... > 1>k > 1, while i = (n + 1)-N. 


In the special case of two factors 


dy —di-ndi-n. (4.2.2) 


If we take for example ad, = dy =... = d,_, = -l and d, = +1, then an 
unrepeated elementary sequence {d,} of N symbols should be formed with 
proper selection of numbers m, ..., 1 and k, where 


N=2*—1. (4.2.3) 
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It should contain all combinations of n symbols of two elements -1 and 
+1, except the combination consisting of only negative ones. As a 


result, each sequence {dj}, where i = 1-(2" - 1), contains gnn2 positive 
ones and gnmt - 1 negative ones. Therefore, 

N 

Yael. | (4.2.4) 


ial 
The symbols are repeated at i > N in the same order, i.e., at any 
integer p 


dis pn=dj. (4.2.5) 


The same sequence of symbols is also formed at t < 0. It is obvious 
from (4.2.5) that the number N characterizes the period of an infinite 
sequence. The infinite sequence formed in this manner is called a 
binary pseudorandom sequence. 


As an example let us first take the simplest case of n = 2: 
di =—dj-2dj-1. (4.2.6) 


Then, if ay = -1 and do =z +1, then a, = +l, a, = -l, d. = +1, de = +l, 
d. = -l and so on. 


Accordingly, the desired sequence has the form: ..., -l, +l, +1, 
-1l, +1, +1, -1, +1, +1, ... It contains all possible combinations of 
two symbols: -1 and +1, +1, +1 and +1, -1, except the "forbidden" 
combination -l1, -l1. The elementary sequence ~-1, +1, +1 is repeated 155 
every N = 22 - 1 = 3 symbols. It coincides with the Barker code at 
N= 3. 


Two rules of (4.2.2) are possible at n = 3: 2 
dy —di-od-3 (4.2.7) | 


and 
dye —dyigd 1, 


A 
| 
which accordingly lead to the following elementary sequences of 
N 2 23-1 = 7 symbols: -1, -1, +1, -1l, +1, +1, +1 and -1, -1, +1, +1, 
+1, -l1, +1. The infinite sequences formed from these elementary 
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sequences differ from each other only by the order of the identical 
symbols, i.e., they are a mirror image of each other. 


If n = 4 and d; = -d 


j-49;-3 then we find a sequence of 
4 


N = 2 = 1 = 15 symbols: -l, -il, -1, +1, -l, -l, +1, +1, -l1, +1, -l, 
+1, +1, +1, +1. According to the rule d; = -d;_,d4;_,, a "mirror" 
sequence is formed: -1l, -1, -1, +1, +1, +1, +1, -1, +1, -1, +1, +1, -1l, 
-1, +1. 


The number of elements of sequence N increases sharply as n increases, 
essentially doubling with an increase of n by one (Table 4.2.1). 


Table 4.2.1. 


vT2;af4. 5s] 6 71 8] 9] 10] Wy t2 
Ni} 3|7 = [a 63 | 127 | 285 | 511 | 1023] 2047] 4095 


a EE 




















Several numbers k, at which the considered sequence is formed by 
rule (4.2.2), corresponds to almost every integer n. Some of these com- 
binations of n and k are placed in Table 4.2.2. If any value of k other 
than that indicated in this table is taken upon formation of a sequence 
by rule (4.2.2), then a double sequence will be formed, but its period 
will be less than (4.2.3). 


Table 4.2.2. 





No such integers k exist at n = 8, 12, 13 and 16 at which the 
considered sequence with maximum period N = 2° - 1 is formed by the 
rule (4.2.2). A different combination (n, n - k), which forms a 156 
sequence of the same period, being a mirror image of the first 
sequence, corresponds to each combination (n, k), leading to a sequence 


of maximum period. 
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The latter is also valid for combinations of a different even 
number ‘of integers, for example, for combinations of four integers 
(n, m, 1, k) (Table 4.2.3), which correspond to the rule 
d; = 4s Gy Fg FG of formation of a considered sequence of maximum 
period. The combinations (n, n - k, n - 1, n - m), which leads to 
formation of a "mirror" sequence, corresponds to each such combination 
(These combinations are arranged in Table 4.2.3 ina row, occupying 157 
odd and even ordinal positions, respectively). 


Table 4.2.3. 





The total number of different combinations (and accordingly of 
sequences) for any value of n comprises 


M=— 9(2—1), 


where (x) is an Euler phi-function that determines the number of 
positive integers which are less than the given positive integer x and 
are relatively prime to x [98]. Those numbers which do not have common 
divisors or multipliers with it are called numbers relatively prime to 
the given number x. At n = 10 the number of types of sequences already 
comprises 60 (Table 4.2.4). 


A binary pseudorandom sequence has a number of very interesting 
properties. 


If an infinite sequence {d,} with period of N elements is shifted 
by k elements (k # pN) to the right or left, then the sequence {di 4, 


is formed. Having multiplied the elements of the initial and shifted 
a 
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Table 4.2.4. 






























































ue § 2 2 G 6 re. 16 4 48 | Ra 

n it} 12 |] 13 | 14 | 15 J 16 | 17 | 18 | 19 

M 176 | 144 | 630 | 756 | 1800 | 2048 | 7710 | 7776 | 27594 
sequences qd; and aia, and having changed the sign of their product, 


we again find the same sequence shifted by a certain number of elements, 
1.6%; {-dids 4} = {diate where m is distinct from k and pN. 


Multiplying the elements of sequences (n = 2) as an example 


-ey —1, +1, 4+1,—1, +1, 4+1,... and 
anes +1, —Il, +'l, +1, —1, +1, ie, 0¢ 
we find 


oy —l, —!I, +1, —!, —l, +1, eae 


or after changing signs 


coe H1, $1, —1, +1, $41, —I,... 


This sequence differs from the initial one by a shift by two elements 
to the right. 


Let us demonstrate the indicated property for a sequence plotted 


according to rule (4.2.7). Based on this rule, equality (4.2.5) and 
2 


the obvious relation dy = 1, we have 


= didy,; a Fins, . 
— d:di,, = —d,;(— d;.,4,)=d;.,.= dine, 
— dds = — dy (— did 1,1) = 441, 

— Degg = — (— dy he 45) dt eH ey 

— 4,d,,,= — (— dz, d;,,) G4, =i, 

= adi, = dd,_, = deys. 


These equalities also prove the foregoing. The proof is similar 
for other values of n. 


Since the sequence {-didj4,} is totally equivalent to the sequence 
{d,} at k # pN, for which relation (4.2.4) is valid, then 
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N 
Yididin=— 1 at RS pn. (4.2.8) 
Moreover, 


N Wea 
Vaid. w= VGH. (4.2.9) 


2. Correlation Function and Amplitude Spectrum of Sequence 


Let us manipulate the high-frequency oscillation phase by 1 


a according to the law of variation of the integers of the binary pseudo- 
ad random sequence {d,}. This signal will then have a normalized complex 15 
| amplitude 
+0 
r= Ya {t [f—(i—1)s,] — 1 (¢ — it,)}. (4.2.10) 


This expression differs from (4.1.2) only by the infinite limits of tha, 
~ 

sum. By analogy with (4.1.3), the normalized correlation function of 

the complex amplitude of this signal with time shift t = kto + e-has 


the form 
Nw 


lke ba) =a | V(x) V,(« — ke, — a) dx = 
N j N 
1 8 ; © 
=—|-{ | —- — SV didisat— Aidiyngs|- 
‘ N RA yy ° y + 
Due to (4.2.8) and (4.2.9), we find 


$ (s)= 1—z(I +- Wr): 


and at l1<k<N«= 2 


$. (by +8) =— 4p 
or otherwise 
‘ t 1 
sa aks oe | (4.2.11) 
eQ=— a at SSSA te 
Moreover, | 
(t+ PN) = % (¢)- (4.2.12) 
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The correlation function (Fig. 4.2.1) has one maximum on the order 
tq wide for the period T = Nron. Its absolute value is N times less than 

the maximum for the greater part of the period of length (1 - aT. 

Since the value of N can essentially be selected as large as desired, 16( 
the correlation function of these signals may be found very close to 






ideal. 









a Due to the great affinity of this function to the correlation 
is function of noise, the sequence of two discrete symbols that formed 
et this signal is also called a binary pseudorandom sequence. 


ne [| ? 


Fig. 4.2.1. Correlation Function of Binary Pseudo- 
random Sequence. 













The additional maximums of the joint correlation function ¥9(t, F)) 
on plane t, F have a height on the order of =, i.e., they can be made : 






ae 







sufficiently small [15, 32]. 





Let us consider the method of calculating the values of the auto- 
correlation function of a binary pseudorandom sequence at discrete 
points by means of a matrix table. Due to the periodicity of the given 
sequence, this method differs somewhat from that outlined in item 1 of 
§4.1 for the case of an aperiodic sequence. 








In the considered case according to the method outlined above, an 
auxiliary diamond-shaped matrix table is first compiled for a single 
period of the sequence (see Table 4.2.5, constructed for a binary 
pseudorandom sequence with N = 7). All the elements located to the 161 


right of the small diagonal of this table are then rewritten in the same 
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order from left to right on the same line to the left of the diamond- 

shaped table so that a rectangular matrix table is formed. By adding 

the elements of its vertical columns, we find the values of the period 
of the autocorrelation function of the sequence at discrete points. 


Table 4.2.5. 





+e - + = + + + 
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Let us consider the amplitude spectrum according to the autocorre- 
lation function of the sequence [91]. 


Due to (4.2.12), the autocorrelation function of the sequence is 


periodic and its spectrum, i.e., the energy spectrum of this sequence, 
is linear (discrete). 


Obviously, the amplitude of the k-th harmonic of the autocorrela- 
tion function of the sequence is 


Nw 
et) __2 at) y= MINED gigs ME, 
A (je) =a § (0 008 (eee ) oe SIN 
G 


while the constant component of this function is 


‘e 


N: 
A= qe ( (i) dt=e. 
0 


Because of this, the constant component of a binary pseudorandom 
sequence is 


CO)=|A 0)""|=-4, 


and the amplitude of its k-th harmonic is 


cE )=ll24 FE) I" Slots 
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If we consider the periodic sequence whose period has the same 16: 
length as the period of a binary pseudorandom sequence and which consists 
of a single square-wave pulse of the same amplitude and length as the 
pulses of the binary pseudorandom sequence, then using the results 
presented in [27], it is easy to establish that this sequence has the 
; : constant component 


a | BQ=+ 


ae and the amplitude of the k-th harmonic 


Ne, 


: a(R)—% 





- 8k 
sin |. 


It follows from pair comparison of the last four expressions that 


mewn 


encoding the square-wave pulses by the binary pseudorandom sequence law 
does not change the constant component (which is explained by the 
structure of this sequence), but increases the amplitudes of all the 


harmonic components | (N + 1) 2/2) = }2n/2| times (Fig. 4.2.2). 
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Fig. 4.2.2. Amplitude spectra of uncoded (a and c) 
and binary pseudorandom (b and da) sequences. 
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Signals manipulated in phase by binary pseudorandom sequences are 
used in wideband communications systems [96]. The capabilities of 
separating these signals are determined by their cross-correlation pro- 
perties. Due to the pseudonoise nature of these sequences, one can 16. 
expect that their different types have low cross-correlation. Actually, 
any two different binary pseudorandom sequences with periods 
T,; = Nito and T2 = Noto, where N, and N2 are relatively prime numbers, 
have a constant normalized cross-correlation function which is equal 
to the value inverse to the product N,N): 
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where to is the length of the elementary pulse of these sequences, 
N, = 271 - 1 ana No = 272 - 1 are the numbers of the elements in a 
single period of sequences, n; and n2 are integers and V;9(t) is the 
normalized complex amplitudes of signals encoded in phase by these 


sequences. 
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Fig. 4.2.3. Calculation of values of cross-correlation 
function of two binary pseudorandom sequences at three 
values of time shift. 


The statement made above is illustrated by the example of calcu- 
lating the cross-correlation function of two binary pseudorandom 164 

sequences with N, = 7 and No = 3 for the time shift +t = 0, to and 2t9 
(Fig. 4.2.3). Since the second sequence is repeated with period 3to, 
148 ig 





the time shifts t = 319, 4t9, 5to, 6To, 7to, «+e reduce to the con- 
sidered cases for t = 0, to, 2tT9, 0, to, «++, respectively. With a 
shift by t, differing from integer t9, the normalized cross-correlation 
function has the same value. Thus, the normalized cross-correlation 
function is constant and equal to 1/21, which confirms the statement 
made above. 


If Ny and N, are taken as sufficiently large (and relatively prime) 
numbers, then the normalized cross-correlation function of the corre- 
sponding binary pseudorandom sequences will be as small as these 
sequences can be regarded as essentially uncorrelated. 


3. Signal Production. Structure of Optimum Filter. 


To produce a signal whose phase is manipulated by 7 by the law of 
a binary pseudorandom sequence, a modulating oscillation must be 
generated. It is simpler to form the latter by means of a nonequiva-~ 
lent circuit [99], since rules (4.2.2) and others are nonequivalence 
relations. 


A block diagram of a device for generating an FM signal 
(Fig. 4.2.4, a) consists of a nonequivalent circuit (or adder 
modulo 2) made on two AND elements, an OR element and a NOT element, a 
generator for a single pulse with length tp), an additional OR circuit, 
delay lines of ntg = 2to9 with lead from the midpoint, a balanced 
modulator and high-frequency generator wo. 


If longer sequences formed by rule (4.2.2) are used, only the 
electrical length of delay line nto and the position of the lead from 
this line that provides a delay by time ktg varies in the block 
diagran. 


The number of inputs of the logic circuit that implements this 165 
rule and accordingly the number of leads of the delay line, which is 
one less than the number of cofactors (Fig. 4.2.5), is increased when 
a sequence is formed by rule (4.2.1) using a large number of cofactors. 
In this case the logic circuit consists of several nonequivalent 
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Fig. 4.2.4. Block diagram of signal generator with 
binary pseudcrandom phase manipulation at n = 2 and 
time diagrams of voltages. 

Key: (1) AND: (2) NOT; (3) OR; (4) Balanced modulator; 
(5) Single video pulse generator; (6) High-frequency 
generator. 


The circuit of a binary sequence generator can also be made by 
using a shift register. In the simplest case (n = 2), it contains, 
besides the elements indicated above, two flip-flop stages of a shift 
register and a timing pulse oscillator (Fig. 4.2.6, a). The repetition 
rate of the latter is equal to the length of the elementary transmission. 


Fig. 4.2.5. Block diagram of binary pseudorandom 
sequence generator with delay line at n= 5, m=# 3, 
1 = 2 and k = 1. 
Key: (1) OR; (2) Single video pulse generator. 
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F Fig. 4.2.6. Block diagram of binary pseudorandom 
sequence generator with shift register. 
Key: (1) OR; (2) Single video pulse generator; 
(3) Timing pulse oscillator. 
t 
t 


In the general case the shift register should have n flip-flops. 
When using rule (4.2.2), signals are fed to the nonequivalent circuit 
from the k-th and last flip-flops of the register and if the number of 16° 
t cofactors in (4.2.1) is equal to four, then it is fed from the k-th, 
i-th, m-th and last flip-flops (see Fig. 4.2.6, b, where k = 1, 1 = 2, 


law (Fig. 4.2.7, a) consists of one for a single radio pulse of length 
to, delay lines by time (N - 1)tg with (N = 2)-th uniformly arranged 
leads, an adder and signal storage with period Nro = T. The latter 
accomplishes interperiod processing of the received signal (see the 
next chapter). 


The considered optimum filter circuit (Fig. 4.2.7, a) operates on | 
an intermediate frequency (PCh). Because of this, the requirements on | 
the accuracy of maintaining the equivalence of the delay time between 
adjacent leads of the delay line and the length of the elementary pulse 16: : 
are very rigid (the time error should be much less than the period of | 
the intermediate-frequency carrier oscillation). To significantly | 
attenuate these requirements so that the time error is much less than 


- 


m= 3 and n= 5). 
. An optimum filter for a signal with pseudorandom phase manipulation 


151 


nt cna aatiiadioaiiel caine niaimnatiiaiaenaeeinaine imitated sen tht 





“eer ae 


ves mo oe ees . ” en ee ae 
+ AP Oe ENS EERE eee - a 


ompensncts 


cee 


62, a5 | 


" Lae: 
Tat ad, BP) an 


4 of 
=? Set reKe ye. 


Vv; re 
= ost Fon ve eee mi... re 
Vv. 





0 bh Oe te OS 


Vy 


Hie 
7 


6) bv 


Fig. 4.2.7. Block diagram of optimum filter and FM 
signal (a) and time diagrams of voltages when one (b) 
and two (c) reflected signals are fed to the input. 
Key: (1) RF optimum filter for single pulsed signal; 
(2) Pulsed signal storage. 


only the length of the elementary pulse, the optimum filter circuit 
must be altered so that the delay line (and storage device) operate 
on video frequency. Since the initial phase of the signal to be 
received is usually known beforehand, this optimum filter circuit 
should be quadrature (Fig. 4.2.8, a). It consists of two coherent 
detectors controlled by heterodyne oscillations shifted by 90°, two 
delay lines with leads, two storage devices, two square-law generators 
and an adder. 


But in this case implementation of delay lines with leads causes 
the greatest difficulties. To avoid these difficulties, so-called 
discrete or digital optimum (matched) filters [100-102] are used in 
which shift registers consisting of N flip-flops are used instead of 16¢ 
these lines (Fig. 4.2.8, b). A signal in the form of a video pulse 
sequence is fed to the input of the first flip-flop of the register 
from the output of one of the coherent detectors. The video pulse 
sequence is pushed by pulses of the timing pulse oscillator, following 


with period t,, to the next flip-flops of the shift register. The 4 
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Fig. 4.2.8. Block diagrams of optimum receiver for FM 
signal and digital optimum filter. 

Key: (1) RF optimum filter for single pulsed signal; 
(2) Coherent detector; (3) Pulsed signal storage; (4) 
Square-law generator; (5) Timing pulse oscillator. 


voltages tapped from the output of one of the halves of each flip-flop 
are added in the output resistance as a function of the code to which 
this digital filter is tuned, forming a large voltage spike at the 
output only if a pulse sequence optimum to the given filter is recorded 
on the flip-flops of the shift register. 


Before being fed to the coherent detectors, the signal is subjected 
to rigid restriction in the bandpass limiter, which leads to losses in 
the signal/noise ratio on the order of 1 dB with a weak signal [103-105]. 


The advantages of a digital optimum filter include its reliability, 
absence of restrictions on the length of the register (and accordingly 
of the number of N pulses in the period of the sequence), the absence 
of attenuation of the pulse sequence when moving along the register and 
the capability of changing the pulse shift rate in a simple manner. 


4. Effect of Filter and Signal Error. 


Analysis of the amplitude, phase and time distortions of the signal 
to inaccuracy of the weights of the delay line leads in amplitude 
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ane phase, inaccuracy of the moment of signal phase manipulation, 
inaccuracy of installing the delay line leads and so on shows [15, 
106-109] that the effect of these distortions on the level of side lobes 
of the output signal decreases as the number of N elementary signal 
pulses increases. This is explained by the fact that the optimum filter, 
due to the pseudorandom nature of the signal, has a pseudorandom 
structure, as a result of which regular distortions of the signal after 
it passes through the optimum filter acquire a random nature and are 
added as random values [15]. Random signal distortions caused by random 17( 
deviations of the amplitudes and phases of the weights of the delay line 
leads will be added in the adder. Because of the independence of dis- 
tortions at each lead, the standard deviation of the total distortions 
will be N times greater than those on each lead. The power of the 

output signal is n? times greater than the signal output on each lead. 
Therefore, the ratio of the standard deviation of distortions to signal 
output is N times less at the output than on the delay line lead. 


Linear phase distortions caused by the time error between the 
length of the elementary pulse and the delay time between adjacent 
leads of the delay line are the most wnfavorable. Unlike the distor- 
tions considered above, accumulation rather than averaging of these 
distortions occurs in an optimum filter. Therefore, the effect of 
these distortions increases with an increase of N. Because of this, 
special measures must be implemented to reduce these distortions. 


Calculations show [109] that if a video frequency optimum filter 
is made on a delay line constructed on sections of capacitors and 
inductances with 2% tolerances and with temperature coefficients of 
capacitance and inductance equal to 107? for a signal with N < 103, 
then a decrease of the signal/noise ratio by voltage due to scattering 
of parts and variation of temperature by +50° will not exceed 158%, 
which is quite acceptable. 


5. Advantages and Disadvantages of System With Pseudorandom Phase 
Manipulation 


Systems in which the signal has pseudorandom phase manipulation 
(PFM) permit one to achieve very high resolution both in range and 
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speed. However, the indicated factor is achieved at high values of N, 
on the order of 1,000. This recuires selection of N on the order of 10. 


With the same peak power and retention of the same range resolution, 
use of this system compared to the simplest pulsed system permits one to 
ine~ ‘ase signal energy N-fold and accordingly the effective range 4/N 
times, which yields 471023 = 5.655 times at N = 1,023. 

Apparently, no better codes than a binary pseudorandom sequence l 
exists in general [85] since the systems that use them essentially real- 
ize their potential capabilities, which ensue from the uncertainty rela- 


tion in radar (3.9.8). 


No special difficulties arise when designing a transmitter 
(pulse sequence generator, balanced modulator and high-frequency 


generator). 


Howevex«, implementation of a wideband delay line with (N - 2) (f.e. 
on the order of 1,000) leads in an optimum filter is related to great 
engineering difficulties. To avoid them, digital optimum filters or 
integrated circuits are used. The second disadvantage of the system 
ensues from the continuous nature of signal emission and includes the 
need for very careful tie-in of the transmitter and receiver. 


Despite the seriousness of these difficulties, they are surmount- 
able. Radar systems with binary pseudorandom phase manipulation have 
already been described in the literature [110-111]. 


Besides the continuous operating mode of a system with pseudoran- 
dom phase manipulation, the pulsed mode is also possible. In this case 
the emitted pulse signal is phase manipulated throughout its length by 
a single period of a binary pseudorandom sequence. In this case the 
operation of the transmitter and receiver can be dispersed in time. 

The length of the signal comprises a fraction of the repetition period 
of the system. Therefore, it is considerably easier to implement an 
optimum filter for this signal. 





However, in this case the signal energy and accordingly the effec- 

*tive range of the system are less with the same peak transmitter power. 
Moreover, the autocorrelation properties of this signal are considera- 

bly worse than those with analog operating mode-~the excess of the max- 

imum autocorrelation function of the signal above the highest absolute 


i 


value of its side blips comprises approximately YN rather than N.* 


eer 


These pseudo-noise signals are used not only in radar but in space 
radio communications as well [96]. 


We note in conclusion that the autocorrelation function of complex 17. 
amplitude shown in Fig 4.2.1 has a signal whose phase is manipulated 


eee + 


not only by a binary pseudorandom sequence but by quadratic residue 


Tikhonov [15] and S. Golomb [96]. As an example let us present two 
quadratic residue sequences: + + - + + + --- + - (N = 11) and 
terete ttn +e te---- + + - (N = 19). These sequences are gen- 
erated by more complicated circuits than in the case of binary pseudo- 
random sequences. The optimum filters for these signals are construc- 
ted by the same block diagrams (Figs. 4.2.6 and 4.2.7). 


| (or Legendre) sequences and some others described in the books of V. I. 
f 
r 


4.3. Signals Manipulated in Phase by Frank Code Law 


The digital analog of a signal whose frequency is modulated by 
linear law and accordingly whose phase is modulated by quadratic law 
is a multiphase Frank signal [112]. It has constant amplitude and car- 
rier frequency and consists of N = n2 elementary radio pulses of length 
to and initial phase constant during the length of each pulse. The 
value of the initial phase during the length of the k-th pulse (k = 
= 1-N) is 


p(k) =e & 
ae ae (4.3.1) 


where p and n are relatively prime whole numbers; 


ee eee 

The regular method of synthesizing pulsed FM signals was developed by 
D. Ye. Vakman (214]. Phase manipulation by random law inside a pulse 
and from period to period is also of interest [215]. 
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(y= BSN gto, a). - (4.3.2) 
Y ) oA Be a e i]; 


and E(x), as before, is the whole part of the number x. 


Unfortunately, the complex formula (4.3.2) is insufficiently de- 
scriptive. Therefore, the values of coefficients y(k) that character- 
ize the law of variation of the initial signal phase are usually written 
sequentially on the lines of the following matrix of rank n X n: 


17: 
r oO 0 0 0 0 | 
0 { 2 a—2 _ aad 
Qn 2 4 2(n—2 Qin 1) i (4.3.3) 
0 3 6 3(a— 2) 3(a— ty 
0 n—2 2(n—2)... (n—2)(n—2) (n—2) (n—1) | | 
0 al 2(n—I).. . (a—2a— DN) (a— 1) fa — 3 


Thus, the initial signal phase varies intermittently at the moment 
one elementary pulse ends and the next one begins. The law of this 
variation approximates the quadratic law of phase variation of a signal 
with linear frequency modulation. 


If this multiphase signal is repeated with period T = Nrtg, then 
the autocorrelation function of this signal will also be periodic and 
equal to zero at any time shifts, with the exception of the neighbor- 
hoods (of width 219) of those points in which this function reaches a 


maximum. 


A single period of a multiphase signal is used as the emitted 
pulse with pulsed operating mode. In this case the excess of the maxi- 
mum autocorrelation function above the highest side blip increases with 
an increase of the number of elementary pulses in a multiphase signal 
(see the solid curve in Fig. 4.3.1, plotted on the basis of materials 
from (112]) and essentially does not differ from 3/N at N > 9 (see the 
dashed curve in the same figure). In this sense multiphase signals are 
considerably better than all other known discrete signals (with the ex- 
ception of signals with phase manipulation by Barker code law) and 
specifically of signals manipulated in phase by a single period of a 
binary pseudorandom sequence. 
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Fig. 4.3.1. Excess of maximum above highest side 
blip of correlation function of multiphase signal 
as function of N. 
Multiphase code (4.3.2) or (4.3.3) consists of n groups, in each 17: 


of which the phase shift varies at a constant rate, which increases un- 
iformly from group to group. This property of the code permits one to 
construct very simple multiphase signal generators. Specifically, a 
combination of a single radio pulse generator of length tg and an adder 
encompassed by feedback through an attenuator m times (m < 1), a delay 17 
device by time to and phase inverter by angle 6(1) =(2™p/n)1l (where 1 

is varied by a special program from group to group in the range from 

0 ton -=- 1), an amplitude limiter that eliminates signal amplitude 
variations (which occur during circulation through the defect circuit 

of the adder) and an amplifier can be used as such a generator. 


The optimum filter for these signals contains a delay device by 
time (N - 1)t9 with (N - 2) uniformly arranged leads and also in the 
general case N phase shifters by angle y(i) = 27 = ¢(N - i), where i = 
= i-N, and an adder. Essentially, the number of phase shifters is ap- 
preciably less than N since the phase rotation angle y(i) = 2 for val- 
ues of i for which y(N - i) = 0 modulo n according to (4.3.2) or 
(4.3.3), and there is no need for a phase shifter. A digital optimum 
filter can also be used along with an analog filter [113]. 


The optimum filter is unfortunately rather complicated at large 
value of N. 
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CHAPTER V 
17: 


OPTIMUM FILTERS FOR SEQUENCES OF PULSED SIGNALS 
5.1. DESIGN OF FILTERS OPTIMUM TO SEQUENCE OF VIDEO PULSED SIGNALS 
1. Preliminary Remarks 


In radar, the signal to be recieved is usually a pulse sequence 
(Fig. 5.1.1, a). Their repetition period (or quasi-period*) T is de- 
termined by the repetition period of pulses generated by the system 
transmitter. The envelope of the sequence of these pulses in the case 
of circular scanning accomplished by the radar system is determined by 
the shape of the antenna radiation pattern. If there is no circular 
scanning, the envelope of the sequence has a rectangular shape and the 
length of this sequence is equal to the time during which the transmit- 
ter emits sounding pulses while the receiver receives the reflected 
signals. 


The design of optimum filters for sequences of video pulse signals 
formed by coherent detection of the corresponding sequences of radio 
pulse signals is considered in the given section. 


‘Soo eae. ee eee 

The term “quasi-period" is used with regard to the fact that the se- 
quence of a limited number of repeated pulses is not,strictly speaking, 
periodic and therefore has no period. 
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The importance of this consideration follows from the fact that, 17€ 
as established in section 2.5, the use of optimum filters for single 
pulsed signals having no angular (i.e., frequency or phase) modulation 
permits one to achieve a comparatively slight gain in noise sta-~ 
bility compared to the use of resistance-coupled, tuned and bandpass 
amplifiers. Devices similar in properties to an optimum filter for 
pulsed signal sequences permit a considerable increase of the noise 
stability of the system. 
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Fig. 5.1.1. Square-wave video pulse sequence (a) 
and block diagram of optimum filter (b). : 


Further, for brevity, the term "square-wave pulsed signal sequence" 
is used instead of the term "Sequence of pulsed signals with square- 
wave envelope." 


2. Design of Filter Optimum to Square-Wave Pulsed Signal Sequence 


Let a signal be a square-wave sequence of N square-wave pulsed 
Signals (Fig. 5.1.1, a). The problem is to select the linear device 
whose pulse characteristic reproduces the shape of this signal in some | 
scale. 


It was shown above (section 2.1, item 2) that a single square-wave 1 
video pulse is formed as a result of the effect of a single pulse on a 
filter optimum to this video pulse and consisting of an integrating, 
delay by pulse length +t and subtraction devices (Fig. 5.1.2). 


The combination of a N - 1 delay device (each by the repetition 
period of pulsed signals T) and adder or an equivalent system of one 
delay device by time (N - 1)T with N - 2 uniformly arranged leads and 
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Fig. 5.1.2. Second block diagram of optimum filter 

7 and time diagrams of voltages. | 


an adder can be used to convert this video pulse to a sequence of N 
pulses (Fig. 5.1.1, b). Since the number of pulses N in the sequence is 
usually high and reaches several tens and even hundreds, then this op- 
‘ timum filter is very complicated and its use is unfeasible for this 

; signal. 


Therefore, let us attempt to obtain a different block-diagram of 17 

the optimum filter. We note that a single video pulse is converted to 

an infinite series of these pulses with repetition period T using an 

adder whose output is connected to the input by a delay device by time 

T (Fig. 5.1.2, a). To obtain a sequence of N video pulses from an in- 
finite sequence (but existing only at t > 0), it is sufficient to feed 

an infinite sequence to the combination of the delay device by time NT 

and the subtraction device (Fig. 5.1.2, a). 


Therefore, an optimum filter for a square-wave sequence of N video 
pulses consists of an optimum filter for a single video pulse, an adder 
included with feedback through a delay device by time T, a delay device 
by time NT and a subtraction device (Fig. 5.1.2, a). The time diagrams 
of voltages at different points of this optimum filter with a single 
pulse acting at the input are shown in Fig. 5.1.2, b). 
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The same structure of the optimum filter can also be achieved by 
the spectral method of design [114]. 


A square-wave sequence of N square-wave video pulses of amplitude 
V and length t has the spectrum [115-116] 
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we find the transfer function of the optimum filter 





R (a= 5 (1—e"™") 5 (le), (8.1.2) 


1 
The first two miltipliers are the transfer function (2.1.1) of an 
optimum filter for a single video pulse. It is easy to see that 

1/l-e"J“T is the transfer function of an adder with feedback through a 
delay device by time T and that 1 - e"JoNT is the transfer function of 
the combination of a delay device by time NT and a subtraction device. 
Accordingly, we again find the same block diagram of an optimum filter 

(Fig. 5.1.2, a). 


An optimum filter can be constructed in similar fashion for trape- 
zoidal, triangular and other sequences of video pulses [7, 114]. This 
construction is easiest by using the congruence of an optimum filter 
for a video pulse and a pulse sequence with envelope of the same shape. 


3. Congruence of Optimum Filters for a Video Pulse and Pulse Sequence 
With Envelope of Same Shape. Relationship Between Spectra of These 
Signals. 


‘| Consideration of an optimum filter for pulse sequences of any 

| shape shows that they consist Of two parts. The first part is an op- 
timum filter for a single pulse, from which the sequence is formed, and 
it is determined only by the shape of this pulse and its parameters. 
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The second part is not dependent on the pulse parameters and is 
determined by the shape of the envelope of the pulse sequence. There- 
fore, we feel that it can be called an optimum filter for the envelope 


of a sequence. 


Comparing an optimum filter for a square-wave envelope of a se- 
guence (Fig. 5.1.2, a) with optimum filter for a video pulse of the 
same shape (Fig. 2.1.2), it is easy to find the congruence of the com- 
ponents of these filters. Thus, an adder with delayed feedback in a 
filter optimum to the envelope of the sequence of the same shape con- 
forms to the integrator in an optimum filter for a video pulse. This 
is quite natural since this adder is essentially the integrator of the | 


envelope. 


A delay device by the time of the length of the envelope of se- 
quence NT (Fig. 5.1.2, a) and so on corresponds to a delay device by 
the time of the length of video pulse t (Fig. 2.1.2). 


This congruence permits one to construct a block diagram of an op- 180 
timum filter for the envelope of a pulse sequence of the same shape 
from the block diagram of an optimum filter for a video pulse. 


The reason for the indicated mutual correspondence consists in the 


fact that the video pulse and envelope of the sequence have identical 
shape (7, 117]. Therefore, there is coupling between their spectra. 
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Fig. 5.1.3. Video pulse sequence. 


Actually, let a signal v(t) be a sequence of video pulses of iden- 
tical shape v,;(t), lagging behind each other by a time that is a mul- 
tiple of T and that have amplitude which varies by the law of the en- 
velope of the sequence v2(t) (Fig. 5.1.3): 

+0 
o(fj}= > 0, (nT) 0, (t — aT). 
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One can then show [7] that the spectrum of this sequence is 
: 5() =5;(w)33(w), 

Ff (5.1.2) 
where 8 (4) is the spectrum of a single pulse of the sequence having 
amplitude equal to 1; 










(= YS o(nT) eo" = y, 5,(@+ 40); (5.1.3) 
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and $9 (w) is the spectrum of the envelope of sequence v2 (t). 


Function §3(w) describes the spectrum which has period Q = 21/T 
and maximums at frequencies that are a multiple of this period, since 
for any integer k 
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It follows from (5.1.3) that the spectrum S3 (w) of the lattice 
function f[{n] = vg(nT) is equal to the sum of the spectra of its con- 
tinuous envelope v2(t), shifted along the axis of frequencies by values 


k that are a multiple of the pulse repetition rate in the sequence, and 
k varies from -= to +o. 


The width of each of the spectra of sum (5.1.3) obviously ‘has an 
order of magnitude inverse to the length of the envelope 12, i.e., 
A23~ = 2n/t2.- Since the length of the envelope of the sequence is 
usually much greater than the pulse repetition quasi-period in this se- 
quence--t2 >> T, then the width of each of the spectra of the sum is 
much less than the repetition rate 2, which is equal to the period of 
this spectrum. 










Thus, the spectrum $3 (w) is periodic, with comparatively narrow 
maximums at frequencies that are a multiple of the repetition rate, 

and the maximums are separated from each other by regions of very low 
values. 
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Thus, the spectrum §3(w) has the shape of a comb (Fig. 5.1.4, a) 
and is therefore called a comb spectrum [116}. 


The spectrum of the pulse sequence S(w), which is the product of 
the uniform comb-shaped spectrum $3 (w) and the spectrum of a single 
pulse 5,(”) (Fig. 5.1.4, b) due to (5.1.2), is also comb-shaped (Fig. 
5.1.4, c), but is no longer a uniform but a modulated spectrum 5, (4). 





Fig. 5.1.4. Comb-shaped spectra (a and c) and single 
pulse spectrum (b). 


As indicated above, this property of being comb-shaped is typical 
for the spectra of sequences of periodically repeated pulses with en- 
velopes of any shape. Therefore, the optimum filter for any sequences 
of periodically repeated pulses should contain a device with a comb- 
shaped frequency characteristic, which is called a comb filter [116, 
118, 119]. 


4. Identity of Filter Optimum to Pulse Sequence and of Ideal Comb 
Filter 


A comb filter is, for example, an adder with feedback delayed by 
time T, supplemented with a delay device by time PT and a subtraction 
device (here P is some integer equal to, for example, the number of 
pulses in sequence N). A system of a delay device by time (P - 1)T 
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with (P - 2) uniformly arranged leads and an adder is completely 
equivalent to this device (Fig. 5.1.1, b). 








These comb filters have the transfer function Lt 
t 1—e7ePr -t0 5.1.4 
z (@)=-=Sar =e” f@TP) Cet) 
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is an ideal comb function (Fig. 5.1.5). Its frequency period is equal 

to 2 at odd value of P and 22 at even value of P. The period of the 
transfer function of comb filter (5.1.4) is equal to the repetition Lf 
rate regardless of whether the number P is even or odd. The maximum 
values of this function increase as P increases, while the frequency 

zones corresponding to the higher values of the function are constricted. 
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Fig. 5.1.5. Ideal comb functions. 


Let us consider a simple example of a square-wave pulse sequence of 18¢ 
any shape. In this case 
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where N = 2M + l. 






Moreover, 






S, wane = §, (RQ) = VN and 5 (o) — VS, (w) f (@,7,N). 





The latter expression in the case of square-wave pulses coincides 
with that presented in section 2. The spectrum of a square-wave se- 
quence of square-wave pulses is plotted in Fig. 5.1.6. 
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Fig. 5.1.6. Comb spectrum of pulse sequence. 






Since the transfer function of an optimum filter differs only by 18 
the multiplier from the signal spectrum (of symmetrical shape), then 
the optimum filter for a pulse sequence is an ideal comb filter com- 
pletely matched to the spectrum of this sequence. It is also distin~ 
guished by this from comb filters that are a set of ordinary resonance 
filters tuned to frequencies that are a multiple of the repetition 
rate (116, 120]. 







The number of these resonance filters is equal to the ratio of 
the bandpass to the repetition rate 


The bandpass of a comb filter is selected from the condition of the 
permissible distortion of the pulse when it passes through the comb 
filter AF = b/t, where b is a coefficient on the order of one or a 
fraction of it. Therefore, 


(5.1.6) 


where Q is the on-off time ratio of the pulses in the sequence, which 
has an order of a thousand in radar. Assuming that b is equal toa 
comparatively low value of 0.5 and that Q = 1,000, we find y = 500. 


A comb filter in the shape of a set of this number of resonance 
filters tuned rather precisely to frequencies that are a multiple of the 
repetition rate is a very cumbersome device and one complicated to tune 
and operate. Specifically, the problem of precise phasing of the oscil- 
lations taken from the separate circuits during their addition in the 
adder is very complicated. The use of such a comb filter is feasible 
only if there is a low on-off time ratio of pulses in the sequence 
[120] and low requirements on the quality of the pulse at the output 
of this filter when coefficient b can be selected as sufficiently 
small. In this case the pulse will be strongly extended in time and 


its time position can be determined only with a large error. 


5. Realizability of Optimum Filters for Sequence of Pulses 


It was shown above that an optimum filter for a pulse sequence 
consists of one for a single pulse, an adder with delayed feedback, 
a delay device and a subtraction device. 


All these components, with the exception of the adder with delayed 
feedback, can be accomplished. If an adder with delayed feedback is 
made, it is unstable and will be self-exciting since its feedback coef- 
ficient is equal to one. To eliminate the self-excitation of this de- 
vice, one must reduce the value of its feedback coefficient. To do 
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this, a device with transfer coefficient m whose value is less than 
one is connected to its feedback circuit. It can be called an 


attenuator. 





Fig. 5.1.7. Block diagram of 
recirculator. 


If the coupling coefficient m of the device (Fig. 5.1.7) is selec- 
ted rather close to one (but less than this value), then this device, 
called a recirculator, will be as close to the ideal in its properties 
that losses in the signal/noise ratio will be insignificant. This prob- 
lem is investigated in detail in section 5.3. 


5.2. Optimum Filters for Sequences of Radio Pulse Signals 


1. Preliminary Remarks 


Optimum filters for sequences of radio pulse signals have both 
the gains of optimum filters for radio pulses and the gains of 
those for pulse sequences in front of optimum filters for single pulses. 
Therefore, they are of great interest. 


Let us distinguish radio pulse sequences of two kinds*: 


1. A radio pulse sequence of first kind (Fig. 5.2.1, ¢), which 
is formed by amplitude pulse modulation of a continuous harmonic oscil- 
lation (Fig. 5.2.1, a) by a video pulse sequence (Fig. 5.2.1, b). In 
this case the initial phases of the different radio pulses of the se- 
quence are different in the general case (if the product of the carrier 
frequency fo by the repetition quasi-period T differs from an integer). 


ee 
The given classification of radio pulse sequences is not generally ac- 
cepted and is introduced only for convenience of exposition. 
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Fig. 5.2.1. Formation of radio pulse 
sequences. 


2. Radio pulse sequence of second kind (Fig. 5.2.1, da), which 
consists of radio pulses with identical initial phases. These radio 
pulses differ by time position: they are delayed with respect to the 
first pulse by a time that is a multiple of the repetition quasi-period 
T. 


If the product of the carrier frequency fo by the repetition quasi- 


period T is an integer, i.e., the repetition quasi-period is a multiple 
of the period of the carrier oscillation, these sequences are completely 
identical. 


If the sequence consists of radio pulses with different initial 
phases, but the law of their variation is known (for example, in the 
case of a radar station when the difference of initial phases of the 
received radio pulses is determined by the difference of the initial 
phases of the emitted radio pulses), then this sequence can be converted 
by means of coherent-pulse equipment [154] to a radio pulse sequence of 
both the second and first kind. 


Finally, if the sequence consists of radio pulses with random in- 
itial phases, then this sequence cannot be reduced to a sequence of the 
first or second kind and is noncoherent (see item 2, section 6.2). Op- 
timum filtration of this sequence on a radio frequency is impossible 
and can be done only after it is converted by means of amplitude detec- 
tion to a video pulse sequence. 


2. Optimum Filters for Radio Pulse Sequences of First Kind 
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Using the congruence of an optimum filter for video and- radio 
pulses, established in item 3, section 2.2, it is easy to construct an 
optimum filter for sequences of radio pulse signals of first kind from 
known optimum filters for sequences of video pulse signals (see section 
5.1). 


It is shown in item 2, section 5.1, that an optimum filter for a 
square-wave sequence of video pulse signals consists of an optimum fil- 
ter for a single pulse of this sequence, an adder with feedback delayed 
by T, a delay device by time NT and a subtraction device (Fig.5.1.2, a). 


However, as follows from item 3, section 2.2, the combination of a 
delay device by time T and phase shifter by angle x(T) = 27R(fpT) in a 
radio-frequency optimum filter corresponds to a delay device bv the 
same time in a video frequency optimum filter. In like fashion, the 
combination of the same delay device and phase shifter by angle , (NT) 
corresponds to a delay device by time NT in a video frequency optimum 
filter. Moreover, an optimum filter for a single video pulse corre- 
sponds to one for a radio pulse (see section 2.2). 





Fig. 5.2.2. Block diagram of optimum filter for radio 
pulse sequence of first kind. 
Key: (1) Highly selective tuned amplifier. 


Because of the foregoing, an optimum filter for a square-wave se- 
quence of square-wave radio pulses consists of a highly selective tuned 
amplifier, a combination of delay device by time t and phase shifter 
by angle x(t), an adder encompassed with feedback through a delay de- 
vice by time T and a phase shifter by angle x(T), a combination of a 
delay device by time NT and a phase shifter by angle x(NT) and two 
subtraction devices (Fig. 5.2.2). 


In similar fashion, using an optimum filter for a trapezoidal vid- 
eo pulse sequence (item 3, section 2.4), and also the congruence of the 
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components of video and radio frecuency cptimum filters noted above, 
it is easy to construct an optimum filter for the indicated radio 
pulse sequence of first kind. 


3. Optimum Filters for Radio Pulse Sequences of Second Kind 


It is easy to see that the use of phase shifters by angles ,x(T) 
and x(NT) in an optimum filter for a square-wave radio pulse sequence 
of first kind (Fig. 5.2.2) is caused by the fact that the radio pulses 
being fed to the adder or subtraction device should have identical in- 
itial phases for normal operation of this filter. 


In the case of radio pulse sequences of second kind, the initial 
phases of separate radio pulses are identical and therefore there is no 190 
need to use an optimum filter of the indicated phase shifters (however, 
a phase shifter that rotates the phase by angle y(t) should be retained 
in the general case). 


Accordingly, the block diagram of an optimum filter for the enve- 
lope of a radio pulse sequence of second kind coincides completely with 
that of an optimum filter for the envelope of the corresponding sequence 
of video pulse signals. 


The block diagram of an optimum filter for a radio pulse sequence 
of second kind differs from that of an optimum filter for the corre- 
sponding video pulse sequence by the presence of an optimum filter for 
a radio pulse instead of one for a video pulse. 


The difference in the circuits and designs of these filters is 
more significant since the adder and subtraction devices, designed to 
admit video pulses, will differ considerably from similar devices de- 
signed to operate with radio pulses. 


Incomparably more rigid requirements are placed on delay devices 
used in optimum filters for radio pulse sequences (and for radio pul- 
ses) in the ratio of accuracy and stability of delay time T (and 1) 
than in the case of optimum filters for video pulse sequences (and for 
video pulses) [13]. 
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Whereas instability of delay time 4t, should be much less in the 


latter case than the pulse length 1: 
Ant, 


the following condition must be fulfilled in the case of radio pulse: 


i Ai <T= 7. 
If this condition is observed, pulses being fed to the adder (subtra 
tion device) will not be in phase, which disrupts normal operation o: 
an optimum filter. Because of this, optimum filters for radio pulse 
sequences are considerably more difficult to accomplish than optimum 


filters for video pulse sequences. 


It is for this reason that optimum processing of radio pulse se- 
quences is usually carried out by preliminary conversion by means of 
detection to a video pulse sequence and subsequent optimum filtratior 
on the video frequency rather than by direct optimum filtration on tl 
radio frequency. In order that these methods of processing be equivi 
lent, it is necessary that detection be a linear operation, i.e., thé 
the detector be cobhasal (coherent). This problem is discussed in me 
detail in the next chapter. 
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5.3. Operating Mechanism of Optimum Filter for Square-Wave Sequence 
Square-Wave Pulses 


1. Signal Transmission 


If the indicated sequence acts on the input of an optimum filte 
for a square-wave pulse sequence (Fig. 5.1.2, a), the voltages at di 
ferent points of this filter vary according to the time diagrams sho 
in Fig. 5.3.1, where T = 3t and N = 5 are selected to simplify the p 


An optimum filter for a single pulse, by accomplishing optimum 
++ epet.od processing of the signal, converts each square-wave puls 


- ‘a. sequence to a triangular pulse of double length (Fig. 
‘e@ f cae pulse of this sequence is transmitted to the ¢ 
‘2 ‘em wh +h it is fed to the second input of the adc 
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second pulse of the sequence. A pulse of double amplitude is formed 
at the output as a result of their addition. A pulse of triple ampli- 
tude is generated at the output after delay by T and addition with the 


third pulse. 


This process of a sequential increase (storage) of pulse amplitude 
(and generally of voltage) in the adder is continued until pulses are 
fed to its input. After the last (n-th) pulse arrives, the pulse amp- 
litude at the output of the adder will be N times greater than that at 
the input. This pulse will then be repeated with quasi-period T (Fig. 


5.3.1, ¢). 
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Fig. 5.3.1. Time diagrams of voltages in optimum filter for 
pulse sequence. 


The sequence formed in this manner is fed directly to the subtrac~ 
tion device with delay by time NT (Fig. 5.3.1, dad). As a result, a tri-~ 
angular sequence (2N - 1) of triangular pulses will be formed at the 
output of the subtraction device (Fig. 5.3.1, e). The middle pulse of 
this sequence has the greatest amplitude 


Vr mane = NV, ° (5.3 1) 


which does not differ from the pulse amplitude of the sequence at the 


output of the adder after completion of the signal at the output. 


Thus, the combination of the delay device by time NT and of the 
subtraction device does not change the signal amplitude and, as will 
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be shown further, it is required only to attenuate the noise 


output. 


2. Noise Transmission 


Using (1.7.1), it is easy to show that the noise at the output of 
an optimum filter for a single pulse (Fig. 5.1.2, a) has the autocorre- 
lation function (Fig. 5.3.2) 
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and output 23,=at (see 2.3.11)). 
Accordingly, the two instantaneous values of noise separated by a 


time interval whose value is greater than the pulse length are com- 


pletely uncorrelated. 
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Fig. 5.3.2. Correlation function of noise at 
output of optimum filter for pulse. 


The noise at the output of the adder is obviously the sum of the 
noise oscillations being fed to its input at a given moment and at mo- 
ments of time that precede it by a time that is a multiple of the dura~ 
tion of the delay in the feedback circuit: 


wy (= Fu (t—A7). 
md 


The number of these noise components is infinitely high since 
noise is fed continuously to the optimum filter. As a result of (5.3.2) 
and the fact that the repetition quasi-period is considerably greater 
than the pulse length: 


i T>r+, 
(5.3.3) 
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these components are uncorrelated with each other. Therefore, their 194 
outputs are added. Since the number of terms is infinitely great, the 

noise output at the output of the adder is an infinite number of times 
greater than the output at its input (2.3.11), i.e., 


(5.3.4) 
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Because of this, the signal/noise ratio at the output of the adder 
is equal to zero with any finite number of pulse signals N. 


Rs However, noise has a finite output after further transmission of 
the combination of delay device by time NT and subtraction device. This | 

is explained by the fact that the noise at the output of the adder is | 

repeated with quasi-period T and therefore its values for two moments 

of time separated by an interval that is a multiple of T are completely 

correlated. Because of this, two oscillations of infinite output, but 

completely correlated, are subtracted in the subtraction device. In 

this case the noise output is reduced an infinite number of times and 

as will be shown below, becomes finite. 
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Fig. 5.3.3. Correlation function of noise at output 
of optimum filter for pulse sequence. 


To determine the value of this output, let us calculate the auto- 
correlation function of output noise, making use of (1.7.1) and the 
previously found pulse characteristic of an optimum filter (uz in Fig. 
5.1.2, b). The autocorrelation function of noise calculated in this 
manner at the output of an optimum filter (Fig. 5.3.3) differs from 
the signal voltage at the output of an optimum filter (Fig. 5.3.1, e) 19 
only by scale and shift toward a decrease of time by the value to = 
= (N- 1)T + t. H 
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The maximum achieved by this function at t = 0 also characterizes 
the noise output 


o> =R, (0) = aN. (5.3.5) 


The latter is N times greater than the noise output (2.3.11) at the in- 

put of the adder. This is equivalent to addition of the output of 

noise oscillations during N repetition periods, i.e., during the dura- 

tion of the signal at the input. | 


Thus, the combination of the delay device by time NT and the sub- 
traction device, without changing the signal level, considerably re- 
duces the noise output, limiting the time of its storage by the 
Signal length. Because of this, the indicated combination can be 
called the limiter of the storage time of input oscillations up to the 
expected signal length. 


The signal/noise ratio at the output of an optimum filter 


Vix 
=a (5.3.6) 


7 


2 
i 


is N times greater than this ratio at the input of the adder (2.3.12) 
and fully agrees with the general formula (1.2.11). 


The same finite results are also found when considering the trans- 
mission of a square-wave sequence of pulse signals and noise through an 
optimum filter made by a diffexent block diagram (Fig. 5.1.1, b). A 
total of N determinant pulse signals and the same number of uncorrelated 
noise oscillations is added in the adder of this filter. As a result 
the signal at the output is increased N times in voltage, i.e., N2 times 
in output, while noise increases N times in output. Accordingly, the 
signal/noise ratio in output increases N times. 


We note that the order of the arrangement of the components can 
be changed due to the linearity of the different components of an opti- 3 
mum filter (Fig. 5.1.2, a). Thus, for example, an adder with delayed 
feedback can be placed after a combination of delay device by time NT 
and a subtraction device. This block diagram of an optimum filter is 195 
easiest to accomplish in practice since the noise output stored in the 
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adder in it will not reach an infinitely large level, but will be fin- 
ite and equal to (5.3.5). In this case the different components of the 
optimum filter will operate in a considerably easier mode and therefore 
they are simpler to realize. 


5.4. Operating Mechanism of Systems That are Practical Approximations 
of Optimum Filter for Pulse Sequence 


1. System with Recirculator 


The simplest practical approximation of an optimum filter for a 
pulse sequence is a system which differs from this filter (Fig. 5.1.2, 
a) by the fact that a recirculator is used in it instead of an unstable 
adder with delayed feedback (Fig. 5.1.7). 


The process of signal transmission through this system differs only 
by the fact that the signal at the output of the recirculator is 
stored by exponential rather than by linear law and its amplitude at 
the output also decreases by exponential law after the end of the sig- 
nal at the input (Fig. 5.4.1): 


Vio, [(k— NT +e]=-* (1— my 


—m 
Vic at 1<k<N, 
V, (ht) = (1 —m) nm" oat k>N. 


At moment of time tg = (N - 1)T + t, the signal reaches maximum 
amplitude 


—"1 
Vy ase = — (1 — mm), (5.4.2) 


Specifically, at m = 1 we find (5.3.1). 


As in the previous ideal case, further signal transmission through 19 
delay device by time NT and the subtraction device causes no variation 
of the maximum signal level. 


Since a system of optimum filters for a square-wave pulse and re- 
circulator has the pulse characteristic (Fig. 5.4.2, a) 
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Fig. 5.4.1. Time Diagrams of Voltages at Input 
and Output of Recirculator at m = 0.8 and M= 5. 


4,()= y m* h(t — kT), 
h=x0 


where hg(t) = l(t) - 1(t - t) is the pulse characteristic of an optimum 


filter for a square-wave pulse, then, because of (1.7.1), the autocor- 19 


relation function of noise at its output has the form shown in Fig. 
5.4.2, b. 


Fig. 5.4.2. Pulse characteristic of combination of optimum 
filter for pulse and recirculator at m = 0.8 (a) and corre~ 
lation function of output noise (b). 


The maximum values of this function are observed at moments of 


time that are multiples of the repetition quase-period T and vary by 
the law 


_ @ 
R, (eT) = mit, laa 


Specifically, at k = 0, we find the output of this noise 











The noise storage coefficient is then 







(5.4.5) 
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t Since the voltage at the output of the entire system is equal to 
; the difference of the voltage taken from the output of the adder and 
| the voltage at the output of the delay device by time NT: , 





a rarer presario 









ty (t) = s(t) —ug(t) = us (t)—us(t—NT), 






then the noise 





at the output of the entire system has the output 









a; = m, [uz (t)| = 20? — 2R(NT) =2 (tm), 











Accordingly, the noise output is transferred by a combination of 
delay device by time NT and subtraction device with coefficient 






2 
=P =2(1—m'), 






This coefficient is less than one, i.e., the noise is attenuated 
in power, while the signal/noise ratio accordingly increases if mN > 
| > 0.5, i.e., if the number of pulses in the sequence satisfies the 
inequality 
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| 
Accordingly, the use of the combination of subtraction device and 
delay device by time NT has meaning only with a comparatively small 
number of pulses in the sequence or with a feedback coefficient of the 19 | 
circulator sufficiently close to one. Thus, for example, at N = 20 
the feedback coefficient should be greater than 0.97, which is diffi- 
cult to achieve in practice. 















Thus, the use of a combination of delay device (by time NT) and 
subtraction device in the optimum filter for sequences of a greater 
number of pulsed signals is usually unfeasible. 







This conclusion is very important, especially in practice. The 
fact is that a delay device by time NT whose value can reach a frac- 


tion of a second is practically impossible to accomplish in the form 






of an ulttasonic line with sufficiently broad bandpass and moderate 
attenuation (at least at the given stace of equipment development). 


Using (5.4.2) and (5.4.4), we find the ratio of the square of the 
peak signal and noise output at the output of the recirculator: 


v2. 
eT 


Accordingly, the use of a recirculator permits one to achieve a 
gain in output signal/noise ratio 


With constant value of m, the gain increases with an in- 
crease of the number of pulses at first rapidly then more slowly and 


then essentially remains unchanged (Fig. 5.4.3). The latter is ex- 
plained by the fact that the signal ceases to be accumulated at mN <<l. 


Let ug call the number N, at which the gain comprises 0.95 of the 
maximum possible at given value of m, reached at N = ~, the active 
number of stored pulses. It follows from this definition that 


in 20 3 


“= =ae ioe S 


(5.4.8) 


With a constant number of pulses, the gain increases with an in- 
crease of the feedback coefficient and then, passing through maximum 
at some value of m = mp, drops sharply (Fig. 5.4.4). This is explained 200 
by the fact that the signal is fed to the input (and accordingly is 
stored) during N periods while noise is fed to the input during an in- 
finitely large number of periods. Therefore, the output signal power 201 
initially increases more rapidly with an increase of m and then more 
slowly than noise output. At m= 1 the noise output increases without 
limit while the signal output increases only N2 times. 


Investigating (5.4.7) for the maximum value with respect to m, 
we find an equation for the optimum feedback coefficient: 
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Fig. 5.4.3. Gain as function of N. 
1 
my"—N (a-—m.) =I. 20 


For the practically important case of large value of N, its root is 
{121] 202 


1,27 1,27 
m,=exp[ — a) 
: P( N ) reas (5.4.9) 4 


The error of calculating the optimum feedback coefficient by this 
formula is reduced with an increase of N and comprises a fraction of 
a percent at N= 10. Therefore, mo =: 0.98 at N = 50 and mo a 0.99 at 


N = 100. 
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Fig. 5.4.4. Gain as function of m. 


It follows from (5.4.9) and (5.4.7) that the maximum possible 202 
gain is 
Ruaxc = 0,8N. (5.4.10) 


Since, as shown in the previous section, an optimum filter for 
the envelope of a square-wave sequence has the gain N, then a re- 
circulator with optimum feedback coefficient permits one to achieve a 
signal/noise ratio only a decibel less. 





: However, to achieve the maximum possible gain in the case of se~ 
quences consisting of a large number of pulses, one must increase the 
feedback coefficient to values very close to one. 


In practice this causes difficulties since self-excitation of the 
circulator occurs with the slightest increase of the feedback coeffi- 
cient due to instability of the parameters. 


To avoid the indicated difficulties when receiving sequences of a 


F large number of pulsed signals and in this case to achieve a further 
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increase of signal/noise ratio, one can use several rather than one 
recirculator. This possibility will be considered in the next section. 


And now let us explain the conclusions achieved above by the spe- 
cial method on the possibility of replacing an optimum filter by a cir- 
culator for the envelope of a square-wave sequence of pulsed signals. 
The recirculator has the transfer function 

K («) = 
and the amplitude-frequency characteristic 


i) ee 


¥1—2mcosw? +m ° 


which is a comb characteristic (see Fig. 5.4.5, plotted for m = 0.9). 203 


At frequencies that are a multiple of the repetition rate, this 
characteristic reaches maximum values 


Kae = K (nO) = at n=0,1,2, 


eee 


and at frequencies of e=(n+7)0 , it reaches minimum values of 


Nes ceed 


l+m 


Thus, the considered device is a comb filter. 





Fig. 5.4.5. Frequency characteristic of re- 
circulator. 
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If a sequence of pulsed signals and white noise is fed to its in- 
put, only those spectral components which have frequencies close to the 
signal repetition rate are transmitted to its output with large coef- 
ficient. They include the most intensive components of the signal 
spectrum. The remaining signal components and also most spectral com- 
ponents of noise are transmitted to the output with attenuation. 


Because of this, the signal/noise ratio at the output of a comb 
filter is considerably greater than that at the input. The essence 20 
of separation of periodic or quasi-periodic signals from a noisy back- 
ground by means of comb filters is also included in this. 


2. System With Two Identical Recirculators 


Let us consider the operation of a system consisting of an opti- 
mum filter for a single pulsed signal (OFOS) and two identical recir- 


culators (Fig. 5.4.6). 





Fig. 5.4.6. Block diagram of double system. 
Key: (1) Optimum filter for single pulsed 
signal 


The voltage amplitude of the k-th pulse of a signal at the input 
of the second recirculator is described by (5.4.1). Therefore, the 
voltage amplitude of this pulse at the output at 1< k < N is 


aI - 


V, (k) =0, ((R— 1) Te] = y mV, (k—l)=. 
im 
=qyr {1 —m*1l —m*(1—m)}}; . 


and at k > N is 





& 
Ve (= Sint", (n= 1) = mt x 


(1 —m)é 


a=! 


X{t— m" — (1 —m) |e —m") — Np}. 





ed = 


Having investigated the last expression for the maximum value with 
respect to k, we find 





The peak value of the output signal is 20 
—_ mt gh em 1 — 
om V, (A) (| — m)}? m {I m (I m) xX (5.4.11) 
Viz 3— a 
X [Re (1 — mo") — NI} x Ao (ml me 


In the case frequently encountered in practice when nmN < 1, kg = N and 
Vee = Vit/(1-—m)?, (5.4.12) 


the peak value of the signal at the output is observed at the moment 
of the end of the last signal at the input. The coefficient of sig~ 
nal storage by the second recirculator comprises g>2 = (1 - m) 72 and 
coincides with a similar coefficient for the first recirculator. 


wo 
Output noise u,(t)= )) m'u,({—kT) has the output 
= 


~ 


8 


lj 
As 


35 =m, [us I= YY Y mt tm [ay (¢ — kT) (17) = 


a 


ry 


mi! k—)TI, 
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where R5(t) is the autocorrelation function of noise at the output of 
the first recirculator. 


Using expression (5.4.3) for this function, we find 


a + 
6= m* te 





st m= ar(1 + m1 — mm)’. (5.4.13) 


amv lad 


Accordingly, the coefficient of noise storage by two recircula- 
tors is 


Qe= (1 +m?) /(1—m?)3, (§.4.14) 


and by the second recirculator is 
QQ/Qi= (14m) /(1—m)?. alls 
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The ratio of the coefficients of noise storage by the second and first | 
recirculators 206 


4=Q/Q = (1 +m?) /(1—m?) (5.4.16) 


is appreciably greater than one, comprising 9.53 at m = 0.9. 


Thus, noise is stored in the second recirculator by a com- 
pletely different law than in the first recirculator, increasing in 
this case in power a considerably greater number of times. This is 
explained by the fact that the uncorrelated values of noise are added 
in the first recirculator, due to which their outputs are added, where- 
as the instantaneous values of noise separated by an interval that is 
a multiple of the delay time in the recirculator have a stronger corre- 
lation after passage through the first recirculator and are therefore 
stored in the second recirculator by a law close to the law of gain of 
a signal which is stored by voltage rather than by power. 


The signal/noise ratio at the output of the system comprises 


2 Va VIE tem (5.4.17) 


a= 


a & (—m (+m) 


and the gain in signal/noise ratio is 





% (1m) 
naa (1 — m) (1 + mr) e (5.4.18) 


The additional gain due to the second recirculator 
R=B,/By=2—(1—m)?/ (1+ m?) 
essentially does not differ from two recirculators at 0.8 « m< l. 
Thus, the use of a second recirculator permits one to achieve a 
gain in signal/noise ratio no more than two in power. The reason for 


such a small gain compared to (5.4.7) is included in strong correla- 
tion of noise at the output of the first recirculator. 


Comparison of (5.4.18) and (5.4.7) shows that the use of a second 


recirculator permits one to achieve a gain of the same value as in a 
system with a single recirculator whose feedback coefficient is 


3? 
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considerably closer to one. Thus, for example, two recirculators with 
m= 0.9 provide the same gain as one recirculator with m = 0.95. 


Thus, difficulties in realization of recirculators, related to pro- 
viding a stable feedback coefficient sufficiently close to one required 
to achieve a large gain in signal/noise ratio, can be overcome by ser-~ 
ies connection of two or several recirculators. 


3. System with n Identical Recirculators (Multiple System) 


It was established above that if the number of N stored pulsed 
signals is so great that 


mV <i, (5.4.19) 


then the coefficient of signal storage by one recirculator comprises 
gz = (l - m)~1. Therefore, the coefficient of signal storage by n 
recirculators 


gag’ =(l—m). (5.4.20) 


Let white noise with the following intensity and limited in band- 
pass act on the input 


F, (e)= 2a at cur 
F,(@)=0 at o>24F. 


Since the s,aare of the modulus of the transfer function 
recirculators is 
Ki (©) =(1 — 2m coseT + m'y-*, 
then the noise output is 


@ 2naP 
2 t 


= ae | Pele) Ki (e)de= ef (Smet aE 
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and due to the fact that usually 24FT >>1l, 


dx 
saa + omicea 





Using formula 3.616.2 of [92] and taking into account that the 
2 





output of input noise is 55 = 2adF, we find the noise storage 
coefficient 
—_* it «@ (n—1 +4 ky m? \A 
Qn= “ = Tomy )) arat—ar (Tar) . (5.4.21) 


4=0 


It follows from (5.4.20) and (5.4.21) that a multiple system pro- 
vides the gain [122] ' 


— 14k)! (1-—m)=-*/ 0 mt (5.4.22 
~ Sota [epee iS Thm)" | ) 
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Consideration of the dependence of this gain on n, shown by the 209 
solid curves in Fig. 5.4.7, shows that the gain increases as n in- 
creases and as m approaches l, reaching very large values. 





Fig. 5.4.7. Gain in multiple and two-stage systems 
as function of relative total delay time. 
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4. Two-Stage System 


It was shown in item 2 that the use of a second recirculator iden- 
tical to the first permits one to achieve a comparatively sliqht gain 
in signal/noise ratio. This is explained by the fact that the noise 
at the output of the first recirculator has strong correlation. The 
harmful effect of this correlation can be attenuated by increasing the 
delay time in the feedback circuit of the second recirculator M times 
[123] (Fig. 5.4.8), where M is an integer. In this case the second 
recirculator, unlike the first, will accumulate the sequences of sig- 
nals, each of which contains M pulses, rather than the received pulsed 
signals. Thus, in this case the received pulsed signals will be 
stored in two stages. Therefore, the system is also called a two- 
stage system. If m, and mg are the feedback coefficients of these 
recirculators, then the k-th pulsed signal at the output of the first 
recirculator (i.e., at the input of the second recirculator) has, ac- 
cording to (5.4.1) the amplitude 


t— 


¥ipave Ss: 
8 a at I[<k<N. 


l—m 


In like fashion the 1M-th pulsed signal at the output of the second 
recirculator has the amplitude 


t t 
V,(M)= y m',*V5(qM) =F a y m1 —_ mis = 


qz=l q=l 


= (mm Sst) acrer<s, 


. where z 2 m2/m and L = N/M is the number of sequences stored in 
the second recirculator. 


Fig. 5.4.8. Block diagram of two-stage system. 
Key: (1) Optimum filter for single pulsed signal. 


The peak value of the stored signal, as shown by calculations 
is observed at the end of the signal at the input of the system being 
considered. Its value is 





; _ _ 
V, ware = V,(N) = th = mi cae 
Since usually z > 2 and L is on the order of 10, then z& >>1 and 


V, es Vit Jn my 
—m \i=m ~ z-T/ 


Accordingly, the signal is stored by the analyzed system 
with the coefficient 


— Vy { fs 
&= V2 = T— mm) —™,) 


By analogy with the expression for the power at the output of 
two identical recirculators (see item 2), the power at the output of 
the considered system is 


ao @w@ 


=>  m**'R, lk — 1) MT]. 


Substituting autocorrelation function (5.4.3) of noise at the output 
of the first recirculator into this expression and adding the double 
row, we find 


2 at 1+ mifm 


7 mlm) tml 


Accordingly, the coefficient of noise stored by the system 
comprises 


PH 1+ mim, 


= so, Ce 
Q ee mt) (1 — me) (1 — em) 


while the power gain in signal/noise ratio is 
1—m*m, 
3, == = te jth aie X Wm, (5.4.23) 
X (tm 4st). 


Having assumed that M = 1 and accordingly that L = N, we find the gain 
provided by two recirculators with identical delays 





SST 2 


&4,= a itm |= mm (1—m 


N z—m, \! 
—m, l—m Tim, i ry) ns 
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a 


ay lth ltm, t—mm, 
tm 7 —m |+mm,. 


Thus, the additional gain determined by an M-fold increase of 
delay time in the feedback circuit of the second recirculator comprises 21: 





Ra=5s _tt+ma, '—mitm, 1—mez=™\" 
iF 2 6c lL amy 1+ mm, 2 Gat) 


Specifically, if M and L are selected as large as my <<1 and 
my <<l, then the additional gain is 


R~({ + mym2)/(1—mym,) | 


and comprises 4.56, 9.54 and 19.5, respectively, at M; = M = 0.8, 0.9 
and 0.95. 


peer 





Fig. 5.4.9. Dependence of gain in two-stage system 
on M. ° 


Consideration of the dependence of gain (5.4.23) on M (Fig. 
5.4.9) shows that the gain initially increases sharply with an increase 
of M and then increases more slowly, reaching a very sloping maximun, 
after which it decreases smoothly. This is explained by the fact that 
there is a sharp decrease of the noise storage coefficient with an in- 
crease of M, beginning at one, due to the decrease of the correlation 
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coefficient of the noise components stored in the second recirculator, 21 
whereas the signal storage coefficient varies insignificantly due to 

the reduction in the number of L accumulated sequences, due to which 

there is a rapid increase of the gain. The decrease of the noise stor- 

age coefficient slows down with a further increase of M and the drop of 

the signal storage coefficient increases, which initially slows down 

the increase of the gain and then leads to a decrease of it. 


The optimum value of M [124] at which the gain is maximum is 
Moat (0,6+0,7) m(1—m) N. (5. 4.24) 


Accordingly, very high efficiency of a system with two recircu- 
lators having different delays is achieved with a large number of 
stored pulsed signals due to an appreciable increase of the delay time 
in the second recirculator. 


Let us compare two systems for the extent of the gain, one of 
which consists of n identical recirculators and the second of which 
consists of two recirculators with delays by T and (n - 1)T, respec- 
tively [122]. Both systems have identical length of the total delay 
in their feedback circuits. This condition has an important practical 
meaning since design of delay devices causes the greatest difficulties 
when implementing these systems and these difficulties increase with 
an increase of delay time. 


Having assumed in (5.4.23) that my = mg = m and M = n - 1 and 
assuming that m’ <<1, we find 


B,=[(1-+m)/(1—m) P(l—ms)/(1+m"). (5.4.25) 


The dependence of this gain on n, represented by the dashed curves 
in Fig. 5.4.7 have basically the same nature as the dependence of gain 
(5.4.22) for a multiple system, but at 2 <n < 21 are located above the 
latter, which also indicates the greater efficiency of two-stage sys- 
tems compared to multiple systems. 


Consideration of this dependence shows that at 10 <n < 21 a two- 
stage system with m = 0.9 is equivalent to a multiple system with m = 
= 0.95. The bottom dashed curve in Fig. 5.4.7, which characterizes 





gain (5.4.25) at m = 0.8, clearly reflects the fact that in the case 


of any value of m distinct from 1 the increase of gain (5.4.25) slows 
down and approaches its own maximum value with a significant increase 
of n 


Bou =E(1 +m) /(1—m), 


equal to the square of the gain of a single recirculator. A further 
increase of the gain is possible only by converting to a three-stage 
system. 


It follows from (5.4.25) and (5.4.22) that a two-stage system 
provides an additional gain compared to a multiple system 


Rm.) = my pat om X 


xz eaten Few: A (5.4.26) 
(Al)? (n -- 1 — jf (Fm) : 


Specifically, at m= 1 


n__(2n—) 
ae ~ 
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R(1,n) =lim R (m,n) = 


Consideration of the dependence of this gain on n (Fig. 5.4.10) 
shows that in the case of m = 0.8 the gain initially increases with an 
increase of n and then decreases after reaching a maximum at n = 9. 
This is explained by the noted slowing of the increase of the gain of 
a two-stage system with a significant increase of n and should occur 
at any value of m< 1. However, at large value of m, the additional 
gain reaches a maximum with large value of n. 


At 0.9 <m< 1, the additional gain increases monotonically as 
n increases to 21. In this case its value for any value of n is higher, 
the closer mis tol. At 0.9 <m< 1 and 9 <n< 21 the gain is in 
the range from 1.7 to 2.6. 


Thus, compared to a multiple system, a two-stage system is more 215 
efficient and is therefore easier to realize. 
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The high efficiency of a two-stage system is explained not only . 
by an increase cf the length of the total delay in the feedback cir- 
cuits but by the efficient design of this system as well. 





Fig. 5.4.10. Additional gain in two-stage system 
FM compared to multiple system as function of relative 
. r length of delay. 


Thus, the following systems may be sufficiently effective prac- 
; | tical approximations of an optimum filter for sequences of pulsed 
signals: 


a) a system with a single recirculator if the number of N 
stored pulsed signals does not exceed the actual number (5.4.8) of 
pulses (let us call this system a single storage device); 


b) a system with two identical recirculators (a double storage 
device) if N comprises from one to two active numbers; 


c) a two-stage system (two-stage storage device if N is double 
the active number. 


The storage systems enumerated above are analyzed in detail in 216 
the second part of the book with regard to nonuniform frequency charac- 
teristics of the feedback circuits (and primarily of the delay devices) 
of recirculators, the nonoptimum nature of the prestorage filter and 
detector and so on. 
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CHAPTER VI 


¢ 
THRESHOLD SIGNALS WITH COHFRENT STORAGE OF PULSED SIGNAL SEQUENCES os 


6.1. PRELIMINARY REMARKS 
1. Concept of Threshold Signal 


A signal of such energy (output or amplitude), the probability 
of correct detection of which at a given noise level and established 
probability of a false alarm is equal to a previously defined value 
(for example D = 0.9 or D = 0.5 [125]), is called a threshold or mini- 
mum distinguishable signal. In other words, a threshold signal is a 
minimum signal in absolute value which is still detected with given 
probability on a background of given noise level which causes a false 
alarm with fixed probability. 


The ratio of threshold signal to noise level is called the thresh- 
old signal/noise ratio. Its value is determined both by the properties 
of the signal being received and by the method of processing it, deter- 
mined by the structure of the radio receiver and the parameters of its 
components. 


The threshold ratio specifically depends on whether the param- 
eters of this signal (amplitude, initial phase, frequency, length and 
repetition quasi-period) are previously known or not, whether this 
signal is subject to fluctuations and what the law of these fluctua- 
tions is and so on. The design of the receiver may also be varied as a 
function of the signal properties. 
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The signals in the given and following chapters are considered 
in the form of a pulse seauence with previously known repetition quasi- 
period and the receivers for detecting them are also considered. The 22: 
purpose of this consideration is to establish the structure of practi- 
cally acceptable receivers in determination of threshold signal/noise 
ratios. 


2. Concept of Coherent and Noncoherent Storage 


The radar signal being received is a radio pulse sequence. If 
the initial phases of these radio pulses are identical or vary from 
pulse to pulse by some known law (see section 5.2), then this sequence 
is called coherent. If the initial phases of the radio pulses of the 
sequence vary by random (or some previously unknown) law, this sequence 
is noncoherent. 


If the determinant nature of phase ratios of the pulses of a co- 
herent sequence is used in reception, this reception is called coherent. 
If reception is processing only the amplitude values of the oscillation 
being received, then it is noncoherent (amplitude). Since the informa- 
tion contained in the phase of the oscillation being received will not 
be used in this case, the threshold signals will be somewhat greater 
than those during coherent reception. 


Reception of a noncoherent sequence of radio pulse signals can be 
only noncoherent. 


As established above, optimum processing of the radio pulse se- 
quence being received includes its intraperiod filtration and storage 
of individual periods. Storage of individual periods of the sequence 
being received, which utilizes the coherent nature of its radio pul- 
ses manifested in the determinant nature of the phase relations of 
these radio pulses, is called coherent. It can be fulfilled on a radio 
frequency and specifically in an optimum filter for the envelope of a 
radio pulse sequence or in devices that are practical approximatéons 
of this filter, as which a recirculator or comb filter can be used in 
the form of a combination of a large number of oscillating circuits 
and so on. However, to reduce the requirements on the stability of 22: 







198 


were G 


st ame cen - 


Pee Smit 
(TR eee een ene 


see == 


a. bene ce ee ee Sa eet. emOA e ee oh “Sal Gi iS nb cei Aah i i 


aoe oy vies gee eB eee a So te eennnen ape eee eee gene RT ee a ee ges 


the components of this filter or storage device (see section 5.2), co- 
herent storage is usually carried out on a video frequency after co- 
herent detection of the coherent radio pulse sequence being received, 
which converts it to a video pulse sequence. 


In this case a coherent (synchronous) detector [(41-43] controlled 
by a reference oscillation whose frequency coincides with the frequency 
of the signal being received, is used in the receiver. If the signal 
being received is known with accuracy up to the phase, then the phase 
of the reference oscillation should coincide with the signal phase. 


A coherent detector is a linear component. Therefore, a coherent 
receiver is a linear system. Because of this, coherent storage on a 
radio frequency, i.e., up to a coherent detector, is completely equiv- 
alent to storage after a coherent detector. The latter is best accom- 
plished by a video frequency optimum filter for the envelope of the 
received sequence of pulsed signals. 


Storage (by periods) of the oscillation being received in which 
only amplitude information is used and phase information is lost is 
called noncoherent. It is accomplished after noncoherent (amplitude) 
detection of the radio pulse sequence being received. 


Threshold signals during coherent storage are considered in the 
given chapter and those with noncoherent storage are considered in 


chapter 10. 
6.2. Coherent Storage of Completely Known Sequences of Pulsed Signals 
1. Structure of Radio Receiver 


A completely known sequence of pulsed signals can be regarded as 
a completely known single signal of rather complex shape determined by 
the shape of the given sequence. 


As follows from Chapter 1, an optimum detector of a completely 222 
known signal v(t) = V(t)cos (wot + ¢) on a background of normal white 
noise n(t) consists of cross-correlation and threshold devices (Fig. 
6.2.1, a). 
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A radio-frequency filter optimum to a given signal can be used 
as a device that calculates the cross-correlation function between the 
signal and the oscillation being received x(t) = v(t) + n(t). The 
given signal is obviously completely equivalent to the combination of 
a coherent detector with reference oscillation cos({wot + 9) and a video 
frequency filter optimum to the envelope of the signal V(t) (Fig. 
6.2.1, b). 


(1) (2) 3) (4) (5) 
(2) (oft-r)dt 
“op 
u(t-q @) COSftigt e) 
E 7 8 
eel rel af 
COs (aigtro) =. .08(vigt 
ad 


b) 


a apgwpaner es nee 


eS eta 
= 


Fig. 6.2.1. Block diagrams of receivers for coherent 
storage of completely known signals. 

Key: (1) Cross-correlation device; (2) Threshold de- 
vice; (3) Padio-frequency optimum filter for single 
pulsed signal; (4) Coherent detector; (5) Video fre- 
quency optimum filter for envelope of sequence of pulsed 
signals; (6) Optimum filter; (7) Radio-frequency filter; 
(8) Video frequency storage device. 
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of radio pulse signals, the video frequency filter should be optimum 
for a corresponding sequence of video pulse signals. It consists of a 
filter optimum to a single video pulse signal of the sequence and of a 
video frequency filter optimum to the envelope of this sequence. The 
first of these filters can be replaced by a filter completely equiva- 
lent to it and optimum to a single radio pulse signal of the sequence 
being received and placed in front of a coherent detector (Fig. 

6.2.1, c). 


| In the considered case of detecting a completely known sequence 
In a receiver which is a practical approximation of an optimum 
receiver, a radio-frequency optimum filter is replaced by a simpler 
filter, while the video frequency optimum filter for the envelope of 
| the sequence is replaced by a storage device (Fig. 6.2.1, d). 


f 
: | 2. Calculation of Detection Characteristics and Threshold Signals 223 
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A receiver which accomplishes coherent storage of a completely 


known sequence of puised signals (Fig. 6.2.1) consists’ of linear com- 
ponents (with the exception of the threshold device). Therefore, the 
signal and noise pass through the receiver to the input of the thres- 
hold device completely independently of each other. In this case the 
noise at the output of the linear part of the receiver is distributed 
by the same Gauss law as at the input (see item 1, section 2.2). 


Because of this, relations (1.2.12) and (1.2.9) are valid for 
the given case. Accordingly, correct detection and a false alarm are 
characterized, respectively, by the following probabilities 


D=z([1+0( ~1)] (6.2.1) 





and 
1 


where q7 is the ratio of the peak signal to the effective value of 
noise at the input of the threshold device. 


Being given the probability level of a false alarm, let us de- 
termine from the last expression the relative threshold 
l=marg @(1—2F), 


where arg?(y) = x is a function inverse to y = $(x). Having substi- 
tuted this value into (6.2.1), we find the detection characteristic 


par{i-+9[yr—erec 27} (6.2.2 


The detection characteristics calculated by this formula using the 
tables of the probability integral [126, 127] are presented in Fig. 
6.2.2. 


Having established the probability levels of detection and a 
false alarm, let us determine from (6.2.2) the corresponding threshold 
signal/noise ratio: 


qa =D argo (2D — NV? arg Ol — 27). 
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Specifically, at D = 0.5, in view of the fact that arg¢(0) = 0, 2 


Jeu = V2 arg (1 —2F), 


Yan = 1,282 + V2 arg (1 — 2). 


The values of the threshold signal/noise ratios calculated by these 
formulas are reduced in Table 6.2.1. 
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Fig. 6.2.2. Detection characteristics of com- 
pletely known sequences of signals. 


Let us note that the square of the threshold signal/noise ratio 
is equal to the duplicate distinguishability (visibility) factor of 
the receiver [128]. 


Table 6.2.1. 








10-¢ | srr | 10 10-8 









0.5 |1,282] 2,321 |3,090| 3,719] 4,265 | 4,753 |5. 19915.612] 5.998 
0,9 2564 3,600 4,372] 5,000 | 5,546 | 6,035 | 6, 481 |6.894| 7,280 












To calculate the sensitivity of the receiver, let us determine 22 
the threshold energy of the input signal. For this purpose let us re- 
place the radio-frequency filter (Fig 6.2.1, ad) by a video frequency 
filter equivalent to it. Let the use of the storage device together 
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with this filter permit us to achieve a gain in signal/noise 
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ratio B compared to an optimum filter for a single pulsed signal (its 
value is calculated for coherent cases in the three following 
chapters). 


According to the definition of this gain and relation 
(1.2.11) ‘ 


pth _ othe (6.2.3) 


~~ Even’ 





- Even 
a 


where Ej9, is the total threshold energy of a single pulsed signal of 
the sequence. 


Specifically, if the shape of this pulsed signal is square-wave, 
Eva = Vi, t= Prat, (6.2.4) 
where V1 is amplitude and P 1 is signal output. 


Accordingly, the signal has threshold energy 





Fey (6.2.5) 
threshold output 


Pa (6.2.6) 
and threshold amplitude 


Vis=YV ae Ie: (6.2.7) 


Since noise has the intensity 


a= + aTn, 


where k is a Boltzmann constant equal to 1.38 X 10723 J/deg, T is the 
absolute ambient temperature and n is the noise coefficient of the 
if receiver, then 
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E __ kT ng, 
a= SR (6.2.8) 
RT NG iq 
Py =a (6.2.9) 


and 


Via=Y ee (6.2.10) 


Relations (6.2.8)-(6.2.10) describe receiver sensitivity quanti- 
tatively. It follows from these relations that receiver sensitivity is 
higher, the greater gain the storage device provides in signal/noise 
ratio. 
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In the case of optimum reception of a square-wave sequence of N 
radio pulse signals, B = N, due to which the maximum possible (poten- 
tial) sensitivity of the receiver is characterized by the values 


AT nq , 





Puan = —3yz (6.2.11) 
| 
and 
Vina = VP ye Gen. (6.2.12) 


6.3. Coherent Storage of Sequences of Pulsed Signals With Unknown 
Initial Phase 


1. Structure of Receiver 


The initial phase of the pulsed signals of a sequence is usually 
unknown since the precise distance from the radar station to the object 
is unknown. 


A block diagram of an optimum receiver (Fig. 1.2.6), in which 
two cross-correlation devices controlled by two quadrature oscillations 
are used, is constructed in item 2, section 1.2 for a signal with un- 
known random phase. A combination of a coherent detector and video 
frequency optimum filter for the envelope of the signal being received 
may be used as the cross-correlation device. If a coherent sequence of 22 
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pulsed signals is being received, then as shown in section 5.1, an op- 
timum filter consists of one for a single pulsed signal (OFOS) and one 
for the envelope of this sequence (OFOP). The optimum filter for a 
single signal can be replaced by a radio-frequency optimum filter for a 
single pulsed signal (ROFOS), having placed it in front of the coherent 
detector. " 
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storage of signals with unknown initial phase. 

Key: (1) Radio-frequency optimum filter for single 
pulsed signal; (2) Coherent detector; (3) Video fre- 
quency optimum filter for envelope of pulsed signal 
sequence; (4) Square-law generator; (5) Threshold de- 
vice; (6) Radio-frequency filter; (7) Video frequency 
Storage device; (8) Radio-frequency optimum filter for 1 
envelope of pulsed signal sequence; (9) Amplitude de- 

tector; (10) Radio-frequency storage device. 


Fig. 6.3.1. Block diagrams of receivers for coherent 
| 
t 


——. 





nals with unknown initial phase consists of an ROFOS, two coherent 
detectors controlled by square-law oscillations of the carrier fre- 
quency, two OFOP, two square-law generators, an adder and a threshold 
device. (Fig. 6.3.1, a). 


If a nonideal storage device NU is used in this receiver instead 
of an OFOP and a radio-frequency filter RF is used instead of an ROFOS, 
the receiver (Fig. 6.3.1, b) will be nonoptimum, but will accomplish 
coherent storage of sequences of pulsed signals with unknown initial { 
phase. 


Thus, an optimum receiver for a coherent sequence of pulsed sig- 
| As was shown in section 1.6, a two-channel receiver (Fig. 6.3.1, 


a) is completely equivalent to a single-channel receiver with amplitude 
detector (Fig. 6.3.1, c). In similar fashion the receiver (Fig. 6.3.1, ;3 
b) is equivalent to the receiver (Fig. 6.3.1, d). Pulsed signals are 22 
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stored in receivers (Fig. 6.3.1, c and d) before the detector, i.e., 
on the radio frequency, which is very difficult to accomplish (see 
section 5.2). Therefore, they are not used in practice and are intro~- 
duced to simplify calculation of the threshold signals. 


- 


2. Calculation of Detection Characteristics and Threshold Signals 


The voltage at the output of an amplitude detector (Fig. 6.3.1, 
c and da), which we shall regard as linear to be specific and which has 
normalized characteristic ug = U3, where U3 is the voltage amplitude 
at its input, is distributed by the same law as this amplitude. Accord- 
ingly, the indicated voltage is distributed upon reception of noise 
alone by Rayleigh law: 


VW (u,) =-tyex9(— z+): I (u,), 
(6.3.1) 


and upon reception of a signal-noise mixture by Rayleigh-Rice law (gen- 
eralized Rayleigh law) [20, 129]: 


Wu) = *4-exp( — seth laa 1 (u,), 


where V3 is the signal amplitude at the detector input, 04 is the 

noise output (dispersion) at the indicated input and Ig(x) is a modi- 

fied (video-altered zero-order Bessel function of first kind [25]. 
Because of this, the probability of a false alarm is 


pa|tpem(— sp )aeae : (6.3.3) 


U, 


where {=—--*-. and the probability of detection is 22 


Vie, 
p= [pon - bt (Ae — du 
. 2 
= ( rexp(— ete Mn (q,£) dx, 


vit 
where q3 = V3/c3 is the signal/noise ratio. 


(6.3.4) 
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It follows from (6.3.3) that: 


t= Ying (6.3.5) 
The probability of detection (6.3.4) can be calculated by means of the 
tables [130] of the probability integral of Rayleigh-Rice distribution: 


2 
4 of + 9 
Q(u,0)= [pexp ” — 5 \ 1, (09) do. 





However, since not only the detection characteristics but threshold 
signals as well must be calculated, determination of which is related 
to the need to cavry out cumbersome and exhaustive calculations when 
using the ingicated tables, the method of approximate calculation of 
the detecti-n characteristics and threshold signals is outlined below. 


V. I. sivmimovich [131] showed that the following asymptotic form- 
ula is walid 





@ “i 1 @-+ 
{xex (— = ) ty (s2) dx = fe ” dx, 
z u=% 
where 
S a as a ; at $0.5 
uz s and 1= 2s “2s) + ase +0(=). 
Because of this, (6.3.4) assumes the form 
D=-+[1—Sy)}. (6.3.6) 
where 230 
{ 2 
y=-—= u— a #2 +0,5). 
vz ( + —- > re =a | (6.3.7) 


and 


u=V2—q = In ee. (6.3.8) 


The detection characteristics calculated by these formulas are 
plotted in Fig. 6.3.2. 
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Fig. 6.3.2. Detection characteristics of sequences 
of signals with unknown initial phases. 


Being given the probabilities of detection and a false alarm, 
one can calculate the value of the threshold signal/noise ratios. Sub- 
stituting the value y = -arg#(2D - 1) into (6.3.7) and also using 
(6.3.8), we find a fourth-power equation with respect to q3. Since 
solution of the latter is complicated, we first find the first approx- 
imation qu. To do this, it is sufficient to use only two terms on the 
right side of (6.3.7), which leads to the quadratic equation 


8, —~ VF by) Gn +-0,5=0; (6.3.9) 


t—y + VOT 
6S yr 


To find the next approximation q¢z~ 
that correction ~ “Aq:=qe—q is very small compared to the first 
approximation. 


one should utilize the fact 


Then, using (6.3.7) and (6.3.9), it is easy to show that 





f Ads mw (2+ Sy) VF on — 4 +1, 5. 
“an 1295, 


solution of which is as follows: 23: 
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It was established by calculation that this relative correction com- 
prises tenths of a percent at D = 0.9. Its value decreases as the 
probability level of a false alarm decreases. This is explained by 
the increase in the value of the threshold signal/noise ratio, which 
leads to a relative decrease of the older terms of the right side of 
expression (6.3.7). 


At D = 0.5, the correction is so small that it does not affect 
the third sign. This is explained by the fact that in the given case 
y = 0, due to which the value of u is small and the role of the last 
two terms in expression (6.3.7) is insignificant. 


Using the threshold signal/noise ratios calculated in this manner 
(Table 6.3.1), the results of the previous chapter and formulas (6.2.5)- 
-(6.2.12), it is easy to calculate the sensitivity of a receiver that 
accomplishes coherent storage of a sequence of pulsed signals with un- 
known initial phase. The only difference from the calculation made in 
section 6.2 is in the different values of the threshold signal/noise 
ratios. 


Table 6.3.1. 





5.99 
7.28 


6.3% 
7.65 


5,16 | 5,59 
6,46 | 6,88 












Let us calculate the gain in receiver sensitivity with co- 232 
herent storage of a sequence of pulsed signals with unknown initial 
phase compared to coherent storage of a completely known sequence. In 
this case let us use the data of Tables 6.2.1 and 6.3.1. The 
power gain decreases with a decrease of the probability level of a false 
alarm and at D = 0.9 is somewhat less than at D = 0.5 (Fig. 6.3.3). 
This is explained by the fact that the threshold signal/noise ratios 
increase with an increase of the level of detection probability and a 
decrease of the false alarm probability. In this case generalized 
Rayleigh law (6.3.2) approximates the normal probability distribution 
[20], which is observed at the input of the threshold device of the 





receiver for coherent storage of a completely known sequence of pulsed 
signals. Because of this, the difference between the threshold signals 
becomes even less. 


Fig. 6.3.3. Gain due to the fact that initial 
phase of signals is unknown as function of false 
alarm probability. 


The latter can be explained differently by the fact that signal 
suppression by noise in the amplitude detector is attenuated with an 
increase of signal/noise ratio, due to which the threshold signals in 
a receiver with this detector (Fig. 6.3.1, c and d) hardly differ from 


the threshold signals in a receiver with coherent detector (Fig. 
6.2.1, c and d). 


However, the power gain of threshold signals is not great in the 
most unfavorable case. This is explained by the fact that coherent 
storage of pulsed signals is accomplished in both cases. 


6.4. Coherent Storage of Sequences of Pulsed Signals Fluctuating in 
Unison 


l. Types of Signal Fluctuations 


The radar signals being received are the result of reflection of 
emitted signals from targets of one or another nature. In most cases 
these targets have a very complex structure. Moreover, if their over- 
all dimensions are greater than wavelength, the signal being received 





can be regarded as the sum of the large number of oscillations reflec- 
ted by the individual elements of the target. The latter, being added 
in random phases, also determine the random nature of the signal being 
received, which is manifested in fluctuations of its level. 


If the received signal is the sum of a large number of independent 
elementary reflected signals approximately identical in intensity, then, 
in view of the central limiting theorem of probability theory [20, 132], 
the signal being received has the statistical properties of normal 
noise. Accordingly, the instantaneous values of the reflected signal 
are distributed by normal law, phase is distributed by uniform law and 
amplitude is distributed by Rayleigh law (6.3.1), where o2 = n2 is the 
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3 
mean output (variance) of the signal. 
; Subsequently, it is important to note that due to this, the prob- 
b. ability distribution of the square of the ratio of the fluctuating sig- 
nal to noise is exponential: 
f 


where p = n/o is the ratio of the effective values of signal and noise. 


The reflected pulsed signals contained in the sequence can fluc- 
tuate differently. They can be completely (or rigidly) correlated, 
partially correlated and independent of each other [133, 134]. 


In the first case pulsed signals, although they fluctuate by ran- 
dom law, they assume the same amplitude value identical for all signals 
of a square-wave sequence. Examples of two realizations of a sequence 
of pulsed signals fluctuating in this manner are presented in Fig. 
6.4.1, a and b. These fluctuations are called harmonious and the se- 
quence of pulsed signals is said to fluctuate in unison. 


The direct opposite of harmonious fluctuations are independent 235 
fluctuations. In this case the reflected signals in some repetition 
periods are completely independent (Fig. 6.4.1, ¢c) and fluctuate by 
random law similar to normal noise. Therefore, these signals are 
called noise-like or independently fluctuating signals. 
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Fig. 6.4.1. Sequence of fluctuating signals. 
The case of partially (incompletely) correlated fluctuating sig~ 23 
nals occupies the intermediate position between the two considered 


cases. 


Harmonious fluctuations of signals are naturally observed when the 
mutual arrangement of the elements remains unchanged during irradiation 
of the target. Accordingly, harmonious fluctuations are slow fluctua~ 
tions. Independent fluctuations occur when the mutual arrangement of 


the elements of the irradiated target vary strongly during the repeti- 
tion period of the signal. Therefore, these fluctuations are sometimes 
called rapid fluctuations. They occur on very short waves, at low rep- 


etition rate and with rapid banks of the irradiated target. 


2. Structure of Radio Receiver 


A coherent sequence of signals fluctuating in unison occupies 
the intermediate position between a regular, completely known sequence 
of pulsed signals and a sequence of signals fluctuating independently 


from pulse to pulse. 


The considered sequence is essentially a regular sequence of 
pulsed signals with unknown initial phase and relative amplitude. 
the shape of this sequence is usually known, knowledge of the amplitude 


Since 
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and the initial phase of one of the radio pulses (for example, of the 
first) of this sequence transforms it to a completely known sequence 


of pulsed signals. 


Therefore, this sequence of pulsed signals may be regarded as a 
single radio pulse signal of very complex shape with unknown amplitude 
and initial phase. The latter considerably facilitates design of re- 23 
ceivers for coherent storage of the indicated sequence. 


It was shown in item 2, section 1.2 that an optimum receiver for 
a signal with unknown, unmeasured initial phase and amplitude has the 
same structure as in this case when only the initial phase of the sig- 
nal is unknown. Due to this, receivers designed for coherent storage 
of a sequence of signals fluctuating in unison fully conform to receiv- 
ers for coherent storage of a sequence of pulsed signals with unknown 
initial phase (Fig. 6.3.1). 


3. Calculation of Detection Characteristics and Threshold Signals 


Since the signal at both the receiver input (Fig. 6.3.1, b) and 
at the input of the amplitude detector has random amplitude and random 
initial phase, it is similar to noise in its statistical properties 
with Rayleigh distribution of amplitudes and uniform distribution of 


initial phases. 


Since the signal and noise are stacisticaliy mutually independent 
and Gaussian at the detector input, their outputs are added. Therefore, 
the instantaneous value of the voltage of the signal/noise mixture at 
the output of a linear amplitude detector with normalized characteris- 
tic* is distributed by Rayleigh law: 


ui 


= ue =e fed (U,), 
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re 
The normalized characteristic of a linear amplitude detector has the 


form 
uy=Us, 


where ug is the instantaneous value of output voltage and U3 is the 
voltage amplitude at the input. 
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where nf is the output (variance) of the signal at the detector 


input. 


Because of this, the probability of a false alarm is 23° 
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and the probability of detection is 








wo : 2 
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where p;=-" is the signal/noise ratio at the detector input. 


It follows from the last two equalities that 


— 


apt (6.4.4) 


The characteristic feature of the detection characteristics calculated 
by this formula (Fig. 6.4.2) consists in the fact that the detection 
probability increases at first rapidly with an increase of signal/noise 
ratio and this increase slows down after values of D = 0.5-0.6 are 
reached and then wecomes very slow. 


This type of detection characteristic is typical during reception 
of fluctuating signals and is explained by the fact that the Rayleigh 
probability distribution of a signal/noise mixture at the detector out- 
put has comparatively long "tails." 


Let us determine from (6.4.4) the threshold signal/noise ratio: 


ed ne (6.4.5) 


Consideration of Table 6.4.1 with the values of threshold signal/ 
noise ratios shows that the threshold ratios at D = 0.9 are 2.6=2.7 
times greater than those at D = 0.5. This is the result of a special 
type of detection characteristic. 














































Table Sotiee 23 
a D . 
10-3 | hes | toss | lore | 1°? | yee | foe 
7 0,5 2,99 | 3.51 | 3.95 } 4,35 | 4,72 | 5,c6 5.28 
. 0,9 8,03 | 9,28 | 10,59 }| 41,39 | 12,31 | 13.17 | 13,99 
K 
; Using these threshold ratios, formulas (6.2.5)-(6.2.12) and the 
a results of the following chapters, it is easy to calculate the sensi- 
ey tivity of a receiver for coherent storage of signals fluctuating in 
unison. 
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Fig. 6.4.2. Detection characteristics of se- 
quences of signals fluctuating in unison. 
6.5. Coherent Storage of Pulsed Signals with Unknown Doppler Frequency 
Shift 
1. A Multichannel System 
Coherent storage of pulsed signals can be accomplished compara- 
tively easily if their carrier frequency is previously known. In radar 
this corresponds to reception of signals reflected from fixed targets. 23 
However, the targets that are of greatest interest to radar (missiles, 
| aircraft and so on) are most frequently moving. The signals reflected 
from these targets, due to the Doppler phenomenon, have a carrier fre- 
4 quency wo, differing by Doppler frequency 2 from the carrier frequency 


wQ o£ the sounding pulses: 





- on=0+O50,(1+ <2), ; (6.5.1) 
\ t 


where vr is the radial speed of the target with respect to the radar 
system and c is the speed of radio wave propagation. 


If radial speed were previously known, it would be sufficient to 
shift the frequency of the reference oscillations in the receivers 
(Fig. 6.2.1, d and 6.3.1, b) by the Doppler frequency for coherent 
storage of signals reflected from this target. 


However, the radial speed of a target must usually be determined 
during (or after) its detection. Therefore, the Doppler frequency is 
previously unknown. 


To accomplish coherent storage of signals from moving targets, 
there are three possibilities which are considered below. 


The first includes design of a multichannel receiver. Each 
channel corresponds to one of the comparatively narrow sections of the 
spectrum of anticipated Doppler frequencies. The combination of all 
its channels completely overlaps the spectrum of expected Doppler 
frequencies. The k-th channel of this receiver is made according to 
a block diagram (Fig. 6.5.1) that differs from the receiver (Fig. 
6.3.1, b) by the presence of a Doppler frequency generator (GChD) 
and a mixer Sm of the emitted frequency wq and Doppler frequency 2. 

A phase-reversing circuit (FV) changes the phase of one of the refer- 
ence oscillations by 90°. 


The Doppler frequency for a given channel is selected by a fixed 
frequency: 


Oy = Dyn + (t+ 7) 80, 


where AO = Sues — Sane is the width of the bandpass of each channel, Quaye 24C 
and Quy, are the maximum and minimum expected Doppler frequencies, 
respectively, M is the number of channels and k is an integer lying in 

the range from 0 toM- 1. 





a 


The latter expression is valid on the assumption that the refer- 
ence oscillations of adjacent channels differ in frequency by the same 


value: Ag. 


The greater the number of channels and the narrower their band- 
pass is, the more precisely coherent storage of signals impinging in 
the given receiver channels is accomplished. 





(1) 2) €3) 
Fig. 6.5.1. Block diagram of receiver for coher- 
ent storage of signals reflected from moving targets. 
Key: (1) Coherent detector; (2) Video frequency 
storage device; (3) Square-law generator; (4) Radio- 
frequency filter; (5) Phase-shifting circuit; (6) 
Mixer; (7) Doppler frequency generator; (8) Threshold 
device. 


Let us estimate the required number of receiver channels. If the 
frequency of the signal being stored in the k-th channel differs by 
value AF from the median frequency of this channel, then this leads to 
the fact that the pulse amplitude at the output of a coherent detector 
will vary during storage. Let the initial phase of the signal being 
received be equal to zero at the beginning of storage and let the pulse 
amplitude at the output of the coherent detector be V,. The signal re- 
ceived at the output of the coherent detector at the end of storage 
will have the amplitude V, = Vucos2rAft,, where t, is the signal stor- 
age time. If the decrease of pulse amplitude at the output of a coher- 


ent detector by a factor of /2Z is regarded as permissible, then 


pa 
cos 2nAftn< Ys’ hence,-it follows that [AF | fuse. 


The maximum absolute value of the frequency difference af is 
equal to half the width of the channel bandpass 4F/2 = Af/4r, 
Therefore, 


24] 








AF ty =0,25. (6.5.2) 


The signal storage time cannot be greater than the time of its 
, existence (this time is usually limited by the time during which the 
target moves at constant radial velocity). 


Specifically, if a sequence of N pulsed signals with repetition 
quasi-period T is received, we have ty < NT. Only the active number of 
pulsed signals N, is stored with exponential-weight storage (see 
(5.4.8)) and 


ta<cNal. (6.5.3) 


We will subsequently keep this case in mind. If it is required to con- 
vert to the case of ideal storage, it is sufficient to assume that 
N, = N. 


According to (6.5.2) and (6.5.3), the required number of channels 


are ae oe ee 


is 
wun): 
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If the targets subject to detection can both come closer and 
move away with identical range of velocities, due to which Puy, = 
= -Fwaxc, then 


M = BNGTF aye = rete, 


where ’ is wavelength. 


If we take as an example Vemane = 300 m/s, T = 1 ms, \} = 1 meter 
and Na 20, then we have M = 96 channels. 


If the wavelength is shortened, the active number of pulses be- 
ing stored and the length of the repetition period of the system is 
increased and the range of velocities of the targets being detected is 
broadened, the number of receiver channels required for coherent stor- 
age of signals increases even further. 








Thus, the number of channels of a receiver that accomplishes co- 
herent storage of signals from rapidly moving targets reaches many tens 242 
and even hundreds.* In this case the feasibility of realizing this re- 
ceiver may be doubtful. 


2. Single-Channel Systems 


The-second possibility of coherent storage of signals from mov- 
ing targets consists in searching for the target by radial velocity and 
is realized by a receiver (Fig. 6.5.1) in which the GChD (Doppler fre- 
quency generator] is retuned over the entire range of expected Doppler 
frequencies, 


The described receiver requires rather long time to retune the 
GChD for detection of the signals and to store these signals.** There- 
fore, it cannot be used for tactical concepts in systems for detection 
of rapidly moving targets. 


Finally, let us consider the third possibility of coherent stor- 
age of signals from moving targets. It is realized by means of a single- 
channel system in which the pulsed signals with different Doppler fre- 
quency shifts are stored simultaneously and coherently. Its basic com- 
ponent is the recirculator (Fig. 6.5.2). 


“<= 

Some decrease of the volume of the equipment is possible when using 
sequential (two-stage) detection of signals [135]. In this case prelim- 
inary detection of signals is carried out with high probability of a 
false alarm and rough determination of their frequency during the first 
stage by using a set of a small number of comparatively wideband filters 
that encompass the entire spectrum of the expecred Doppler frequencies. 
During the second stage, the sections of the spectrum in which the pres- 
ence of signals is assumed from the results of the first stage are anal- 
yzed carefully by means of a small comb of narrowband filters. 


ak 

The method of sequential (multistage) search has been suggested to sig- 
nificantly reduce the signal detection time (136, 137]. In this case a 
search is made for the signal in several stages (in two stages in the 
simplest case). During the first stage, the signal is detected with high 
probability of a false alarm by rapid retuning of a comparatively wide- 
band filter over the entire spectrum of anticipated Doppler frequencies. 
In this case its frequency is estimated roughly. During the next stage 
this section of the spectrum in which the presence of a signal is sus- 
pected from the results of the first stage is subjected to more careful 
analysis by retuning a sufficiently narrowband filter and to determine 
the presence of this signal with low probability of a false alarm. 





Fig. 6.5.2. Block diagrams of recirculators—coher- 
ent signal storage devices. 

Key: (1) Filter; (2) Flip-flop; (3) Mixer; (4) High- 
frequency generator. 


Let us explain its operating principle on the simplest example 
when a sinusoidal oscillation u,(t) = Ucoswt, whose frequency we assume 
to be initially known, is fed to the input. The oscillation u3(t) = 
= mUcosw(t - T) is fed to the second input of the adder (Fig. 6.5.2, a) 
as a result of circulation through the feedback circuit. It will be in 
phase with oscillation u,(t) only if om a, where n is an integer. 
The oscillation u2(t) = (1 + m)Ucoswt is formed at the output after co- 
phasal addition of the two oscillations in the adder. The amplitude of 
the output voltage will be 1 + m + m2 times greater than that of the 
input voltage in the case of two-stage circulation, it will increase 
1 + mk+1 : ; 
oa times in the case of k circulations and so on. 

If m= 1 is fulfilled, then the amplitude of the output oscilla- 
tion will increase k + 1 times as a result of k circulations. Coherent 
storage of the input oscillation is also included in this. 


The oscillations of the other frequency w # 21n/T will not be 
added to the phase shifts equal to wT, 2wT, 3wT and so on. These phase 
shifts can be cumpensated for by placing a phase shifter by angle 


7 
x(oT) =22R (35) (Fig. 6.5.2, b) in the feedback circuit of the 
recirculator. 
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If the frequency of the input oscillation is previously unknown, 
its coherent storage can be achieved by changing the angle of rotation 
of the phase of the phase shifter by the law 


2 on 
LW (6.5.4) 


which is equivalent to shifting the frequency of the circulating oscil- 


lation by the value ho = Sh Je (Fig. 6.5.2, c). In this case the angie 


of rotation of phase varies smoothly during the signal delay time T in 
the feedback circuit and assumes all possible values from zero (at t = 
= 0) to (at t = T/2) and further to 27 (at t = T). Because of this, 
regardless of what the value of frequency of the oscillation being 
stored is, the phases of the oscillations to be stored will coincide at 
one of the moments of time during length T, which also determines their 


coherent storage. 


Coherent storage occurs at the moment of time during which the 
phase rotation angle (6.5.4) coincides with accuracy up to integer 27 
with the phase delay angle of the oscillation occurring due to its de- 
lay by time T in the feedback circuit. Therefore, the condition for 
coherent storage in this case is as follows: 


Aol =w7—2am, 


where nj is an integer. 


Accordingly, coherent storage of the frequency oscillation w oc- 


curs at moments of time 


t= = (eT — 2en,). (6.5.5) 

Thus, the frequency of the input oscillation is linearly related 
to the moment the maximum output oscillation is reached. By measuring 
this moment of time. one can measure the frequency of the input oscil- 
lation. Single-channel spectrum analyzers for simultaneous analysis are 
also based on this principle [138-140]. 


If radio pulses of length tg with repetition period T and with 
unknown frequency w rather than continuous harmonic oscillations are fed 
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to the input of the recirculator, then for coherent storage of them one 
must change the phase of the phase shifter of the recirculator by the 
law 


y= (6.5.6) 
or shift the frequency of the circulating pulses by the value 
28, (6.5.7) 
de = oe 


In this case the phase rotation angle of the radio pulse to be stored 
varies smoothly during its duration in the range whose width is equal 
to 27. Because of this, regardless of the value of the carrier fre- 
quency of the radio pulses to be stored, their phases coincide at one 
of the moments of time during their duration. This also leads to co- 
herent storage of them. In this case the moments of coherent storage, 
according to (6.5.5), carry information about the frequency of the 
radio pulses to be stored. 


When receiving radar signals reflected from moving targets, their 
frequency is described by (6.5.1), due to which condition (6.5.5) as- 
sumes the form 


t(Q) = (oP + OF — 2nn,) = (OT + 2en,), (6.5.8) 


where n2 is an integer. It was assumed in this case that the repeti- 
tion period is a multiple of the period Tg = 21/wg of the carrier os- 
cillation. Specifically, when receiving a signal from a fixed target 
(Q = 0), 


t(O)j= 222 = nye, (6.5.9) 


Accordingly, coherent storage of signals reflected from a fixed 
target, regardless of the moment of their arrival, always occurs at 
moments that are a multiple of the duration of the pulses being 
received. 


This is easy to understand if one takes into account that the de~ 246 
lay of these pulses by T changes their phase by a value that is a 
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multiple of 2% and their coherent storage may occur only at those mo- 
ments of times during which the phase shift (6.5.6) is a timltiple of 
27. By setting this value equal to (6.5.6), we find (6.5.9). 


It follows from (6.5.8) and (6.5.9) that the time shift of the 
maximum output signal determined by coherent storage, due to the Dop- 
pler frequency shift of the input signal 


At = ¢(Q)—t(0) = 2 (6.5.10) 


is proportional to the value of this shift. 


Let us consider coherent storage of a sequence of N pulsed sig- 
nals with unknown Doppler frequency shift 


N—{ 


%(t))= ys V(t — RT) cos (wt +a), 
a=0 , 


where Vg(t - kT) is the law of amplitude variation of the k-th pulse in 

the sequence, w is described by expression (6.5.1) and a is the initial 

phase. 

Let us assume that the Doppler frequency is much less than the % 
spectral width of the pulsed signal: |2| <<27/tg, where Tg is the 
length of this signal. This condition is easily transformed to the 
following condition: lve | to <<0.5\9, i.e., variation of the distance 
between the radar station and the target during the length of the pulse 
being received is much less than half the wavelength. This condition 
is usually fulfilled in practice, with the exception of cases of very 

2 fast targets, superlong pulses and very short wavelengths. 


After passing through the prestorage filter F, (Fig. 6.5.2, ¢), 
the sequence of pulsed signals assumes the form 


Nm} 


(j= VV, {t ~ kT) cos (wt +a). . 
had 





The voltage at the output of the recirculator is the sum of the voltage 
at its input and of the voltages determined by one, two and so on cir- 
culations of the input voltage. During circulation the oscillations 247 
are delayed each time by time T, the frequency is shifted by dw and are 
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filtered by means of filter F2. Let us assume in the first approxima- 
tion that a signal pulse having carrier frequencies w + Aw, w + 2Au, ..., 
ee. w + (N ~ 1) 4w, respectively, during the first N-1 circulations is 
transmitted by filter F2 without any distortions and that there is the 

carrier frequency w + NAw during the N-th circulation, which lies out- 

Side the bandpass of filter F, and is completely filtered by it. Ac- 

cordingly, the bandpass of the feedback circuit of the recirculator is 
approximately N - 1 times greater in the considered case than in an 


ordinary recirculator. 


The output voltage during the (k + 1)-th period (kT <.t < (k+1])T) 
is the sum of the following voltages: 


a) existing at the input during the same time, 


b) being fed to the input one period earlier (i.e., during the 
k-th period) and subjected to one circulation through the feedback 
circuit, 


c) being fed to the input during the (k-1)-th period and making 
two circulations and so on (Fig. 6.5.3, a). 


Due to the assumption made above about the band of filter F2, the 
number of these terms is equal to k + 1 at 0 < k < N- 1 and 2N-k-1 
at N < k < 2(N - 1), since only N pulsed signals are fed to the input 
of the recirculator and each of them circulates through the feedback 
circuit only N - 1 times. 


It is easy to ascertain that with single circulation of oscilla- 
tion V1, (t)cos(t + a), the following orsillation is formed < 


V, (t— T) cos [w(t —T) +2 + del] = 
’ =a V, (t —7) cos [(e + Ae) t —e7 +a], 


with double circulation, 
V(t — 2F) cos [(o + 2dw) tf — QueT — AaT + al, 


with triple circulation, 
V, (t—m7) cos[ («--m da) t—moT—72= rer +a |: 
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; Fig. 6.5.3. Time variation of amplitudes of recirculator 
! responses to i-th pulse (i = 1-5) of input oscillation 

(a) and amplitudes of their sum in the absence (b) and 
presence (c) of Doppler frequency shift. 


24° 
with m-tuple circulation, 


V, (¢ — 37) cos [(w + 340) f — 3eT — 3407 + al, 


Because of this, the voltage at the output of the recirculator (Fig. 
6.5.3, b and c) is 
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N a 
2, (t)= JV, (¢ ~k&7) YW cos (o + mde) t— 
ye 


k=0 


m(m—1) 2(N—1) 


~ mut Sy eT +a] + y Vitt—er)x 


N=1 &=N 


x y) COs [ (+ mau) t— maT — mi dor +e]. 


m= k—N+! 


For correct operation of the circuit, the following condition must be 249 
fulfilled 


SoT'= 2x1, (6.5.11) 
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where n is an integer. 


Therefore, the previous equality assumes the form 


Not 
0, (t) = Re {ly ¥ V, (t — kT) y elm (autor) | 


m=0 


R=N m=koN+! 


2(N=—1) NI 
+ ¥ V, (t — aT) y ein ad oy 


Adding these geometric progressions, we find 





Nt int (Sot — w7) 

0, (f) = )) Vi (t —&7) —j———_ X 
Pm) sin J (Awt — o7) 
< cos (e+ +4. ee 


aon 
2 (N—1) sin Lcd —a7) 


+ y V, (¢ — kT) ——__—____—__ X 


k=N sin “3 (40! — w7) 


Xcos[ (e+ Fae )i— zor tal. 


Tt 


Thus, the output voltage is a sequence of 2N - 1 pulses and the 
k-th pulse (0 < k < N ~ 1) of this sequence has the amplitude 


1 | 
+ (dwt — w7) 





sin 


Va(Q=V, ae (6.5.12) 


| sin —- (Aet — w7) 





which is the product of the amlitude of the k-th pulse at the input and 
of the absolute value of an ideal comb function (see (5.1.5)) repeated 
with period 27/4u = Tg equal to the length of the pulsed signals being 
received. The latter reaches maximum values equal to k + 1 at Aut ~ 25: * 
- oT = 2™3, where n3 is an integer, i.e., at moments of time that 

satisfy the condition tm r7+(m+Fil)m, where ng is an integer and 

0 < nq < T/tg. These maximum values are repeated with a period equal to 

the length of the pulsed signals being received. 


Let us assume that these signals have square~law shape and arrive 
at one of the moments of time lagging behind the beginning of the (k + 
+ 1)-th period by the time that is a multiple of integer 
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t*, sO that their amplitude varies by the law 


Ve(Q)=V, at AT +a <tCe + (+1) 2, 
V(t) =0 at other values of t, 


where k and ns are integers (and 0<«k<cN—1 and; 0< n< =): 


If the prestorage filter F, is optimum for these radio pulses 
with carrier frequency 9, then due to its small frequency difference 
with respect to the frequency of the signals being received, the amli- 
tude at its output will vary by essentially the same triangular law as 
in the absence of a frequency difference: 

Vitt—aN=V (ti —n,x,) 
At kT +n, <ts eT +-(n, + 1)¢,, | 
Vi (t— kT) =V, [AT + (n, +2) %,—f 
at kT + (n+ 1) = St<kT+(n,+-2) x, 
V,(t—kT)=0 
at other values of t, } 


Because of this, amplitude (6.5.12) of the output pulse reaches 
maximum values at those moments of time which correspond to the maxi- 
mums of the absolute value of an ideal comb function lying in the range 
of the pulse length at the input of the recirculator. 


At Fy = 0, this maximum is the only one and is observed at the 251 
moment = = § t=kT+(ns+1)to, coinciding with the mid-point of the pulse 
at the input of the recirculator, and has the value 


Van (2) = (& +1) Voto. (6.5.13) 


If there is a Doppler frequency shift, the amplitude of the k-th output 
pulse has two maximum values at the following moments of time 


ty © RT of- (my + T Fy) % 
and at F,>0 
tp kT + (nyt l+TFy)% 
Ree 1 
and at Fx<0. | 
t, we hT +-(n, +2+7F)% 
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The more general case is considered below. 
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The values of these maximums are as follows: 


Vomt (k) = (k + 1) Viz Fa } 

and atF,>0 
Vous) = (RE 1)Vee, (1 — TFs) 

at 
Vom (2) = (+ 1) V2, (1 — T | Fl) 1 

and ; at F,<0. 


The highest of them is that which is closer to moment AT +3, of the 
maximum input pulse, i.e., the first maximum if F/2 < FP, < F or -(F/2)< 
< Fq < 0 and the first maximum if 0 < Fy < F/2 or -F < Fg < -(F/2). 


According to the property of an ideal comb function, each of the 
maximums of the k-th output pulse has the length (from the first zeros) 


(= GR, at O<k<N—I | 
and (6.5.14) 


2, (k)= Wed at No kR2(N—1), 


i.e., it is (k + 1) and (2N - k - 1) times less, respectively, than the 
pulse length at the input of the recirculator (Fig. 6.5.3, b and c). 
Specifically, at k = N - 1 the pulse has the maximum possible amplitude 


VA(M) = NV (I —|FalT) at—F<A<F | 


and 
F (6.5.15) 
V; (VY) = NV,*,F aT at ro <lFal< F 


and minimum length 
2 (6.5.16) 
1H 
If there is no Doppler frequency shift (Fy, = 0), formula (6.5.15) co- 
incides with (5.3.1) that describes the peak value of the signal at the 
output of an optimum filter for a sequence of N pulsed signals. 


It follows from (6.5.15) that the relative decrease of the peak 
value of the output signal due to the Doppler frequency shift varies 
by piecewise-linear law: 
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Vi(N) F 
piel —lF,|T at O<|Fal<-z,. 





V.(N) F ; 6.5. 
Tay wl FT at + <F,a<F | (6.5.17) 


and in the most unfavorable case (|F,|T = 0.5) comprises 0.5 (i.e., 

6 a@B). Assuming that the Doppler shift is random and that it has uni- 
form probability distribution in the range (-F, F), we find that the 
average decrease of amplitude is 0.75 (i.e., 2.5 @B). This decrease 
can be made even less by increasing n times the shift frequency Aw in 
the feedback circuit. In this case 2n maximum values following at time 
intervals 1t09/n rather than two maximum values are observed during pulse 
length 21tg. One of them lies near the greatest maximum of the output 
signal in the absence of a Doppler shift and hardly differs from it in 
value. However, this requires broadening of the bandpass of the feed- 
back circuit of the recirculator n<-fold, which cannot be accomplished 
in practice due to the absence of sufficiently wideband delay lines. 


The noise in the considered system (Fig. 6.5.2, c) is stored by 
the same law as in an ordinary coherent pulsed signal storage device 
with known frequency or in an optimum filter for a sequence of these 
signals (see item 2, section 5.3). This is explained by the fact that 
due to the assumption of the small Doppler shift compared to the spec- 
tral width of the signals being received, the prestorage optimum fil- 
ter for a single pulse with unshifted carrier frequency accomplishes 
essentially optimum intraperiod processing of the received signals hav- 
ing just as small a Doppler shift of the carrier frequency [15]. Linear 
phase modulation (or frequency modulation) of noise during each repeti- 
tion period, which occurs during circulation through the feedback cir- 
cuit, does not alter their random nature and accordingly the law of 
their storage. Therefore, the noise output at the output of the con- 
sidered system is the same as at the output of an optimum filter for a 
sequence of pulsed signals (see (5.3.5)). 


Consequently, the loss in the signal/noise ratio in respect to 
power, conditioned by the Doppler shift of frequently, is equal to 
the square of a lessening of signal amplitude (6.5.17) and in the 
worst case comprises 6 dB, and on the average 2.5 dB. 


The case when the arrival time of pulsed signals is known and 
coincides with the moment of passage through zero or a value that is a . 
multiple of 2Jl of phase shift (6.5.6) created in the feedback circuit i 4 
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by a phase shifter was considered above. This assumption usually coes 
not occur. In this case the amplitude of the output pulse even with 
aunshifted carrier frequency (Fig. 6.5.4, b) may vary due to 


noncoincidence of the moment of the maximum input signal with the moment 
of passage of a value that is a multiple of 27 (Fig. 6.5.4, a) through 
phase (6.5.6). 


In the case of a Doppler frequency shift of the output pulse, it 
may increase to the maximum possible value and it may also decrease 
(Fig. 6.5.4, c). In this case the maximum and mean values of losses 
have the same values as before. 


Thus, both the range to the target (with accuracy up to the in- 
terval corresponding to the pulse length t9 and its speed (by the shift 
of this maximum with respect to the moment that is a multiple of the 
indicated length)* can be determined by the position of the maximum out- 
put signal. These signal parameters can be measured on a scope with 
brightness mark, linear horizontal scanning with repetition period of 
the system and linear vertical scanning with period equal to signal 
length. One can use a two~-scale scope with circular scanning for this 
purpose. The harmonic oscillation of the shifting frequency 4w should 
be used to create rapid scanning and the harmonic oscillation found by 
dividing the frequency of the first oscillation and having a period 
equal to the repetition period of the system should be used to create 
slow scanning. The scope with fast scanning is used to measure speed 
and the one with slow scanning is used to measure range. To increase 
the accuracy of the latter, one can make the range indicator two-scale. 


We note that due to the fact that usually 4w <<wg, then it is 
practically difficult to convert the frequency in the feedback circuit 
of the recirculator by the diagram shown in Fig. 6.5.2, c. Therefore, 
double frequency conversion is employed (Fig. 6.5.5). The frequency of 
the first heterodyne f, is selected from the condition of good filtra- 





*we note that the radial velocity of the target is determined clearly 
only with clear measurement of the Doppler frequency shift, which is 
possible in the given circuit only at |F,| < F [154]. 
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tion of undesirable combination frecuencies on the intermediate frequency 

f - f1. The frequency of the second heterodyne differs from that of the 

first by the value of the required signal frequency shift. The 

aifference frequency is determined after the first conversion and the 

total frequency is determined after the second: f - f1 + f2 =f - f, + 

+ (£) + af) = £ + af. The APCh [intermediate-frequency amplitude] of 

a one of the heterodynes is used to maintain equality (6.5.11), required 
for correct operation of the circuit. 





Gy t-(N-NT=t, 


Fig. 6.5.4. Time variation of pulse amplitudes at input (a) 
and output with and without Doppler frequency shift (b—F, = 
= 0; c—Fy, = 0.25 F). Here i is an arbitrary integer (0 < 
i < T/tg — 8). 
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Fig. 6.5.5. Block diagram of frequency 
shift device by value f. 

Key: (1) Frequency mixer; (2) Filter; 
(3) High-frequency generator. 


In conclusion let us again emphasize that realization of this 
system requires considerable broadening of the bandpass of the recir- 
culator delay line, which may be difficult in some cases and may re- 
quire the use of a multichannel system. If the indicated difficulty 
can be overcome, then the considered single-channel circuit should be 
preferable to a system with large number of channels. 
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CHAPTER VII. 


A COHERENT SINGLE-STAGE STORAGE DEVICE 


7.1. CHARACTERISTICS OF STORAGE DEVICE 


It is shown in item 1, section 5.4 that the simplest practical 
approximation of an optimum filter for a sequence of video pulse sig- 


nals is the combination of a prestorage filter and recirculator. The 
advantage provided by this combination is calculated in the same sec- 
tion in the case when an optimum filter for a single pulsed signal is 
used as the prestorage filter while the feedback circuit of the recir- 
culator has broad bandpass without limit. The latter assumption is 
usually not fulfilled in practice. Moreover, the radio-frequency part 
of the coherent receiver that includes a coherent detector and that has 
good selectivity is in front of signal storage. Because of this, the 
use of an additional prestorage optimum filter for a single pulsed sig- 
nal is not feasible. 


Fig. 7.1.1. Block diagram of 
single storage device. 
Key: (1) Filter 
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In this regard let us consider a single storage device (Fig. 
7.1.1) in the form of a combination of a prestorage filter F] and a 
recirculator whose feedback circuit consists of an attenuator with 


transfer coefficient m, delay device by time t3 and filter F2 that 25° 


takes into account the nonuniform frequency characteristic of the 
feedback circuit (and mainly of the delay device). This storage device 
is an integral part of a coherent receiver (Fig. 6.2.1, d or Fig. 
6.3.1, b). 


The purpose of this consideration is to determine the gain of 
signal/noise ratio provided by this storage device compared to an opti- 
mum filter for a single signal. This permits one to calculate the 
value of the threshold signals upon storage by means of a single coher- 
ent storage device using the relations found in the previous chapter. 


Let us assume that frequency filters Fy, and F9 have bell-shaped 
frequency and linear phase characteristics, i.e., they have the trans- 
fer function 


Ria (u) = exp (gear et iets) (7.1.1) 


where 11,4 is the length of the pulsed responses of these filters, 
t1,4 is the delay time of the oscillations in them, ct > In; 

and @ is the level of reading the response time of the filter and of 
its bandpass (and signal length below). 


To simplify notation of the subsequent expressions, let us dis- 
regard the delay of oscillations during their passage through filter 
Fi, i.e., let us assume that t; = 0. The permissibility of this is ob- 
vious. With the exception of section 7.5, in which the more general 
case is considered, the delay time of oscillations in the recirculator 
feedback circuit is equal to the repetition quasi-period of pulsed sig- 
nals, i.e, t3 + t4 = T. 


Let us assume that the signal is a square-wave sequence of bell- 
shaped video pulses. 











Let us judge the validity of the assumptions made above. 


The validity of a bell approximation for the frequency character- 
istic of prestorage filter F, raises no doubts since this filter modu- 
lates the radio-frequency part of the coherent receiver preceding the 
storage device, which is usually multicircuit, due to which its fre- 
quency characteristic is very close to bell-shaped. 


Bell approximation of the frequency characteristic is less pre- 
cise, but acceptable for the filter in the feedback circuit since the 
oscillations are usually delayed by radio frequency and are accompanied 
by considerable attenuation (see item 1, section 11.1). Therefore, 
four or five selective amplifiers [141], whose resulting frequency char- 
acteristic can approximately be regarded as bell, is used in the indi- 
cated circuit. This is also indicated by experimental data. 


Bell approximation of the shape of real pulsed signals is no 
less precise than approximation by square-wave pulses, especially in 
the case of their short length. The fact that a bell pulse is theo- 
retically extended in time from -~ to ~ is not significant since it is 
assumed that the stored sequence of pulsed signals has a very high on- 
off time ratio. 


With regard to the square-wave shape of the envelope of the se- 
quence of pulsed signals, the shape of this sequence can be selected 
as simpler due to the noncritical structure of the optimum filter to 
changes in the shape of the video signal (item 2, section 2.4) and the 
congruence of the optimum filter for a video signal and pulse sequence 
with envelope of the same shape (item 3, section 5.1). Other shapes of 
the envelope of the sequence can easily be recalculated to an equiva- 
lent square-wave shape. 


The above assumptions on the form of the frequency characteris-~ 
tics of filters and the shape of the pulsed signals considerably sim- 
plify investigation of the storage of pulsed signals since in this case 
it becomes possible to make use of the fact that bell pulses, passing 
through filters with bell frequency characteristics, do not change 
their shape [142.] 
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Fig. 7.1.2. Amplitude-frequency character- 
istic of single storage device. 


The considered storage device obviously has the transfer function 258 


{143] 
1) = aR lye Tan or (7.1.2) 
and the amplitude-frequency characteristic 259 
Koso (7.1.3) 


Vig 2mK,, («@) cos wT + m*K3(w) , 


which is a comb characteristic (Fig. 7.1.2) and reaches maximum values 
at frequencies of w = 12 that are multiples of the repetition rate 2 = 
= 2n/T (Fig. 7.1.3) 


Kase (f) = K (10) = = 


e{ a(S) | (7.1.4) 


Peete ls J 


and reaches minimum values on frequencies of w = (1 + 0.5)2 


K,| (t+-4) 9] 


Kent = K-44) 


Let us determine the bandpass 62, of the l-th spike of the comb 
characteristic (7.1.3) at the level of 1/72. Assuming that the band- 260 
passes of filters F; and F2 are considerably broader than that of the 
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spike, due to which 
Ky, (10+ St) x K,,, (10), 


we determined from the condition 


K (10-4 =—. K (IQ) 


¥2 
the relative bandpass of the l-th spike (Fig. 7.1.4): 261 
"SF aa 1 [1 — mK, (/8)}* | 
FFD ot me 1 arc cos {1 — ara) (7.1.5) 


which makes sense only at 0.172 < mK2(12) < 1. Specifically, if m, = 
= mK2(12) is sufficiently close to 1, then using formulas 


cos xa 1 — and Ym, mo te, 





it is easy to find from (7.1.5) 262 
BF (I) _ 2 1—mK, (iQ) 
RS = Tp me (lay (7.1.6) 


At mK2(12) = 0.5, 0.7 and 0.8, this formula yields errors of 7.8, 3 
and 0.7 percent, respectively. 


Substituting w = 12 + v, where |v] < 42;, into (7.1.3) and using 
(7.1.4), (7.1.6) and cos T s 1 - 1/2(vT)?, we find 


i 
EGS) © eee (7.1.7) 
+ (aa) 
Accordingly, the amplitude~frequency characteristic of the stor- 
age device (Fig. 7.1.5, curve 1) coincides at small frequency differ- 


ences with respect to the nearest maximum to the amplitude-frequency : 
characteristic of a resonance circuit with the same bandpass. 


It follows from (7.1.4)-(7.1.6) that filter F) affects only the 
maximum value of the comb characteristic of the storage device, while 
filter F2 affects both the value of these maximums and the bandpass of 
its spikes. 
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Fig. 7.1.3. Upper envelopes of amplitude-frequency 
characteristic of single storage device. 


- 


It is easy to see that the components of the storage device per- 263 
form the following linear operations on the signal: 


1) the convolution operation Cyr i.e., the operation of the ef~ 
fect of a filter with response time t, on a pulse v(t, t) of length t: 


C,o(t, )=o(t, Vet), (7.1.8) 
where 
a(t, 1) =—Lexp | —2eet(L)'], (7.1.9) 


2) delay operation by time T: 


—Giewieeme.. ns cae - 


3) attenuation operation by a factor of m: 


ok 


Ao(t) =ma(t). (7.1.12) 
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Fig. 7.1.4. Dependence of relative bandpass of 

, l-th spike of amplitude-frequency characteristic 

on parameter p. 
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Fig. 7.1.5. Shape of spikes of amplitude~-re- 
quency characteristics of single (1), doubie (2) 
and two-stage storage devices at M = 5 (3). 


Because of this, the pulse characteristic of the storage device, 263 
i.e., its response to a single pulse 6(t) = /2 ev(t, 0), is 
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(7.1.12) 


Thus, the pulse characteristic of the storage device consists of 
an infinitely large number of bell~shaped pulses and the k-th pulse 
reaches a maximum at moment t = kT and has the amplitude (Fig. 7.1.6, a) 


H, (kT) = V2 cm*v (0, V tte? = 


VF cms (7.1.13) 
= ple 
and length (Fig. 7.1.6, b) 
a= V ype aa ten)”, (7.1.14) 


where n= et is the ratio of the bandpass of the prestorage filter 


and the feedback circuit of the recirculator. 


Thus, the restriction of the bandpass of the recirculator feed- 
back circuit leads to a more rapid than exponential decrease of the 
maximum pulse characteristic of the storage device and to the fact that 
the lengths of its pulse components increase with an increase of the 
ordinal number of these pulses. 


7.2. Signal Storage 


It follows from the foregoing that if a square-wave sequence of 
N bell pulsed signals of amplitude Vo and length tg act on the input of 


the system: 
av! 


0, (t)= Vs, Y o(t-+-lT, «,) 
) % Mott * 


we find at the output of the prestorage filter 


1 
05(t) = C9, (t) = Vary (tI, Vite) 


i= 


and at the output of the storage system 
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. Fig. 7.1.6. Time variation of envelope (a) and pulse 
length (b) of pulse characteristic of storage device. 
= 265 
9, (t)= yee T*o, (t) = 
(7.2.1) 


z asm Gout t—ar Vata oe). 


The peak value of the stored signal is obviously observed at 
t = 0: 


o ws! 
== 9,(0)=V,*, Yny 9 (t—Al fr, Y ° +1 kei IF 
a=Q 8x0 


Due to the high on-off time ratio of the stored pulse signals and the 
very short response times of the filters compared to the repetition 
quasi-period: 


OKT: Nur, uU<T, (7.2.2) 


the last expression is simplified considerably: 
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Accordingly, the signal transfer coefficient of the system being 26 
analyzed comprises 7 
—1 
Vv, ms 
a=W =) Ye’ (7.2.4) 
wm + bn 
where Y=ey AF,t, is a coefficient proportional to the product of the 


bandpass of the prestorage filter by the length of the input pulse (the 
prestorage filter is optimum to this pulse at y = l). 


The signal transfer coefficient can essentially be calculated 
rather accurately by formula (7.2.4) using a digital computer at large 
value of N and value of n distinct from zero. Therefore, it is of in- 
terest to find a simpler, although approximate expression for gl. To 
do this, let us use the Euler formula [144] that permits us to reduce 
calculation of the sum to calculation of the integral. In the consid- 
ered case 


N—! c ~—io = e 
2 7 J 1 an a; 1 rar, Vie + 


j 1 mS - 
+t str — 
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Using formula (3.362.2) from [92] twice, we find 267 
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(7.2.5) 














pts 


+73 H+ (N= hyn? , 
In the case when (I y) In as(1 +74) (1 —m) 29n?, there is the possibility of 
using the following asymptotic expression for the probability integral 
{25]: 
ee 7 ! 

and of simplifying the formula found above: 

io - 1— ——*—-\+05 a 

VT EYT ig 2(1-+y)in > 


ymN—! 
~ Viste wl 


1 n? ~0,5 
AT a acne | | 
la 2 +t + at (N — 1] ine 


The error of these formulas is less, the closer m is to 1, the lower 
n is and the larger N and y are. In most cases of interest, this error 
does not exceed several percent. 


(7.2.6) 


Consideration of the dependence of the signal transfer coeffi- 
cient (7.2.4), calculated on the BESM-2 computer, on the number of 
stored pulses (Fig. 7.2.1) shows that the signal transfer coefficient 
increases with an increase of the number of stored pulses. This in- 
crease is more intensive, the closer the feedback coefficient to one, 268 
the wider the band of the feedback circuit and the wider the bandpass 
of the prestorage filter. 


With unrestricted broadening of the bandpass of the feedback cir- 269 
cuit, the signal transfer coefficient approaches the function 


N 


&(n=0)= a 





war 7 (7.2.7) 
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Fig. 7.2.1. Dependence of signal transfer coefficient by 
single storage device on N at different values of n. 


which differs only by the multiplier from expression (5.4.2) found as 269 
a result of investigating the storage of pulsed signals in an ideal- 

ized recirculator (i.e., one having unlimited broad bandpass of the 
feedback circuit). 


The multiplier y(1 + y2)71/2 in (7.2.7) is obviously the trans- 
fer coefficient of the signal by the prestorage filter. Therefore, the 
storage coefficient of the signal by the recirculator comprises 


N=! 
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Analysis of the results of calculation with condition (5.4.19) 27 
shows that the bandpass of the recirculator feedback circuit, required 
to find the signal transfer coefficient differing by less than 5% of 
the value of this coefficient in an idealized system, is considerably 
less (by a factor of 5-13) than the value calculated for the case of 
uncompensated additional signal delay time in the feedback circuit 
when the stored pulse signals are added to the time shift, which re- 
duces the efficiency of storage [7, 143]. 


Thus, compensation of the additional signal delay time in the 
recirculator feedback circuit permits a sharp reduction of requirements 
on the width of the bandpass of the indicated circuit and thus simpli- 


St _ F 


fication of the storage device. 


————-, 





Fig. 7.2.2. Dependence of coefficient of signal 
storage by recirculator. 


The dependence of the coefficient of signal storage by the re~ 27 
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circulator on N at different approximations of the frequency character- 
istics of filters F, and F2 and the shape of pulsed signals is plotted 
in Fig. 7.2.2. The solid curves correspond to the case of bell ap- 
proximation of filter characteristics and the shape of pulsed signals 
considered above at N=#=1, y = 2 and d = 0.5. The dashed curves are 
4 ' related to the case when the pulsed signals are square-shaped, the 
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filters are identical low-frequency RC-filters and the effective delay 
time of pulsed signals is compensated during storage [145]. The dash- 
dot curves correspond to the hypothesis that the filters have square- 
law frequency characteristics with bandpasses of 4Fj and AF4 (where 
SF) < AF4). This case is obviously equivalent to storage in an ideal 
recirculator having broad bandpass without restriction (b = AF4t9 = @). 


Comparison of these functions shows that they are identical and 
hardly differ with different approximations of the filter characteris- 
tics and signal shape. 


7.3. Storage of Noise 


Substituting (7.1.12) into (7.1.2), we find the output of stored 
noise : 


eo ek 
3, = 2act j ls mo (t — kT, V2 +k) ] dt. 
—wo L&k&=0 
In view of (7.2.2), individual pulses of the pulse characteristic es- 
sentially do not overlap. Therefore, 


2 © 
a, = Jac? j Jpn or (1 eT a kt, ) dt = 


—~2 &=0 


x x 
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Using formula (3.321.3) from [92], we find | 272 
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(7.3.1) 
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Having assumed that m = 0, we determine the noise output at the output 


of the prestorage filter: 
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Consequently, the noise storage coefficient comprises | 


Q,= Se Ft (7.3.2) 
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We find this result by the spectral method [146-147]. If white 
noise with intensity (1.2.4) is fed to the input, the noise at the 
output has the energy spectrum 


2aK? (@) 


F,(w) = 2aK? (©) = Sake) cone? FRE em) 


and output 


@e 
t= 1 (a) de = 


ORI pe ee gigs 6 


See RO (7.3.3) 
® 5 1 — 2mK, (co) cos wT + m*K3 (w) , 


eral case. However, it can be calculated approximately by the method 
of slowly variable coefficients [146]. The bases for using this method 


are inequalities (7.2.2). 


Let us divide the integration interval in (7.3.3) into individ- 
ual sections, each of which corresponds to the period of variation of 273 


Calculation of this integral causes great difficulties in the gen- 
a rapidly oscillating multiplier cosuT: 








} —_— @ (i+1@ K2(w) de e 
3 1 — 2K, (@) cos w7 + m®K} (w) 
=O «2 
aur Ki (2+ x) dx 
= \i= QmK, (12 + x) cos x + mIK3iQ + x) 
iw Q 





On the basis of (7.2.2) at 0 < x < 2, we have 


K, (iQ+- x) as K, (:Q) a K, (iQ+- x) ~ K, (éQ), 
in view of which 


© s 
2 2a 2 dy 
be] ~ ar yh (i) § 1 — 2mK, (i8) cos y + mK? (iQ) * 


Using formula (3.613.2) from [92], we find 
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Since the value of the i-th period of the function coswT, in 
view of (7.2.2), is very small compared to the bandpass of the system 
and accordingly compared to the width of the output noise spectrum, 
then the latter sum can be approximately replaced by the integral 


eal K? (wo) da oot ta K* (w) do (7.3.4) 
% ns l—mtK3(o) * 1 — mK; (@) 

: ‘ Kj (a) 
The integral expression 7 a can be interpreted as the energy 


spectrum of stored noise averaged by the period of the oscillating 
multiplier cosuT. 


Having substituted the expressions for the amplitude-frequency 
characteristics of filters into (7.3.4) 


K,,,(o) = exp - =), 


which ensue from (7.1.1), we find 
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2, 
and after changing the variable integration by the law s= ep (ger)! 


we will have 
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Since m22n@ < 1, then 
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Changing the order of integration and summation and using formula 
(4,269.4) from (92], we again find (7.3.1). 
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To avoid the need to use a digital computer to calculate (7.3.2), 
us use the Euler formula [144] and formula (3.362.2) from [92] and 
let us find the approximate expression: 


an~tV gm" [1-0(+y/2n2)] +05, (7.3.5) 


whose accuracy is higher, the ¢loser m is to 1 and the smaller n is. 275 
It yields an error of approximately 10% at n = 1 and m = 0.9. 


let 


If n? 0,22 1n — = 0,22(1 —m), then (7.3.5) is simplified even 
¥ m 
further: 


1 nt 
Qi = saci) (i- Tatm) +95. (7.3.6) 


In this case the error is only 3.6% even in the case of m = 0.8 and 
n= 0.2. 





rite 
PPERRROL 
at ese 
TiS 
Pokal ee ees 
ay ca gece aid 


Q005 B07 GOR 605 Q1 82 G5 won 








Fig. 7.3.1. Noise storage coefficient in 
Single storage device as function of n at 
different values of m. 
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Consideration of the dependence of the noise storage coefficient 276 
on n (the solid curves in Fig. 7.3.1) shows that the noise storage co- 
efficient decreases sharply with an increase of the ratio of the pre- 
storage filter bandpass and the recirculator feedback circuit, especial- 
ly if the feedback coefficient of the recirculator is close to one. 
Therefore, if the bandpass of the prestorage filter is constant, the 
noise output at the output is less, the narrower the bandpass of the 
feedback circuit and the less this feedback coefficient. 


The dependence of the noise storage coefficient on n in a storage 
device in which filters F) and F2 are low-frequency RC-filters with 
bandpasses of AF, and AFy (at the level of 1//2) [7, 146], are shown in 
the same figure by the dashed lines. Consideration of them shows that 
the noise storage coefficient in the case of RC-filters depends more 
strongly on n. This is explained by the lesser square-wave nature of 
the amplitude-frequency characteristics of these filters. 


7.4. Gain in Signal/Noise Ratio 


Let us characterize the efficiency of the storage device quanti- 
tatively by the gain in the signal/noise ratio with respect to the 
power which it provides compared to an optimum filter for a single 
pulsed signal of the sequence being received [148-150]. 


Since the indicated ratio comprises the following at the output 
of an optimum filter for a single signal 


2 Vitu=n) 


— _ * 
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and at the output of the storage device 
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where g and Q are the signal transfer coefficient and the noise stor- 

age coefficient, respectively, by this storage device, then the given 277 
storage device provides a gain in output signal/noise ratio compared 

to an optimum filter for a single pulse signal. 
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Tux 2g? (7.4.1) 


To calculate the power losses in the signal/noise ratio provided 
by a storage device compared to an optimum filter for a sequence of 
pulsed signals, it is sufficient to separate the number of N pulsed 
signals in this (square~wave) sequence into gain (7.4.1): 


NxQ 


N 
G= “B 2g3 


Consideration of the dependence of the gain calculated by formu- 
las (7.2.4), (7.3.2) and (7.4.1) and provided by a single storage de- 
vice on N (Fig. 7.4.1) shows that the gain initially increases slowly 
as N increases at given value of n, then increases rapidly and then 
increases more and more slowly approaching some maximum value. If m 
approaches one and n decreases, the value of the gain increases and 
reaches a maximum at a large value of N. 


If n is sufficiently small, i.e., if the feedback circuit is suf- 
ficiently wideband and y= 1, formula (5.4.7), which describes the gain 
provided by an idealized storage device, follows from (7.2.4), (7.3.2) 
and (7.4.1). 


It is also obvious from comparison of the curves presented in 
Fig. 7.4.1 that a storage device with small value of m provides a 
large gain with small number of N and the gain is greater in a stor- 
age device with large value of m at large value of N. This indicates 
that an optimum value of m, whose value approaches 1 as N increases, 
corresponds to each value of N. An explanation of this is given in 
item 1, section 5.4. 


It follows from consideration of the dependence of the gain 


daly 


— of the feedback circuit 





on the dimensionless bandpass =AF n= : 


(Fig. 7.4.2) read at the d = 0.5 level that the gain is always greater 
at any values of b4 and N in the case when the prestorage filter is op- 
timum to a single pulsed signal (y = 1). 
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Fig. 7.4.1. Dependence of gain on number of pulses for 
i Single storage device. 


The gain increases monotonically at y = 0.5 and 1 with compara- 
tively large value of N with broadening of the feedback circuit band- 
pass, while it initially increases at y = 2 and then decreases slowly 
after reaching some maximum, approaching the same maximum value as at 
y = 0.5. This maximum is expressed more strongly, the closer m is to 
one and the smaller N is. 


The presence of this maximum is explained by the fact that the 
bandpass of the prestorage filter is twice as large at y = 2 than that 
which is required for optimum intraperiod filtration. This excess 27 
bandpass partially compensates for the insufficient bandpass of the 
feedback circuit, which also determines the increase of the gain. With 
further broadening of the feedback circuit bandpass due to the exces- 
sively broad bandpass of the prestorage filter, the noise storage co- 
efficient increases more rapidly than the square of the signal transfer 
coefficient, which also leads to some decrease of the gain. 
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With an increase of bg, the gain may be decreased at small value 
of N due to the more rapid increase of the noise storage coefficient 
compared to an increase of the square of the signal transfer coefficient. 


It also follows from the curves shown i: Fig. 7.4.2 that the 
feedback circuit bandpass required to provide a gain which exceeds 90% 
of the maximum possible at given value of N can be approximately calcu- 
lated by the following formula at y = 1 


6. > by 108, (7.4.2) 


in which b41 and a, are functions of m. Their values and also the min- 
imum values of the required bandpass with condition (5.4.19), i.e., at 
very large value of N, are placed in Table 7.4.1. 


Table 7.4.1. 





It follows from (7.4.2) that the requirements on the width of the 
feedback circuit bandpass increase as the number of stored pulse sig- 


nals increases and as m approaches one, quite agrees with simple physi- 
cal concepts. 


It is important to know that the required bandpass of the feed- 
back circuit is considerably less in the considered case than upon 281 
storage of square-wave video pulses by a storage device with low-fre- 
quency RC filters and in the absence of compensation for the signal 
delay in filter F2 [7]. This is explained by the fact that first, the 
product of the length by the width of the spectrum is appreciably less 
in a bell pulse than in a square-wave pulse [151] and second, which is 
the main thing, the bandpass of this filter must be broadened sharply 
to maintain high efficiency of the storage device in the absence of 


compensation for the signal delay in filter F2 in order to reduce this 
delay. 
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Fig. 7.4.2. Dependence of gain on bandpass for Single 
storage device. 


Accordingly, compensation for the additional delay time of the 28. 
signal in the recirculator feedback circuit permits considerable reduc~ 
tion of the requirement on the width of the bandpass of this circuit 
and thus considerable simplification of the design and circuitry of the 
storage device. 


It also follows from consideration of Fig. 7.4.2 that, if the 


prestorage filter is optimum to a single pulse signal (y = 1), the gain 
is 20-25% higher than in the cases of a doubly increased (y = 2) and a 282 
one-half decrease (y = 0.5) bandpass. 
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Thus, the width of the prestorage filter bandpass slightly affects 


the gain in signal/noise ratio. 


Thus, the possibility of increasing the output signal/noise ratio 
8, 17 and 35 times by a coherent single storage device with m = 0.8, 
0.9 and 0.95 and with relative bandpass of bq = 1.2, 1.8 and 2.6 is shown 
above. The possibility of realizing these storage devices raises no 


«ee. 


doubts and has been confirmed experimentally [141, 152 and so on]. 


7.5. Requirements on Accuracy of Maintaining Equality of Delay Time in 
Recirculator Feedback Circuit and of Repetition Quasi-Period of Pulsed 
Signals 


-¢ 
= yeepey ee 


j It is further noted (see item 1, section 11.1) that special mea- 
sures are usually implemented in an analog storage device aimed at the 
a | delay time T, of the oscillations in the recirculator feedback circuit 

| coinciding with the length of the repetition quasi-period of the pulsed 

signals. Despite this, due to variation of temperature and other de- 
stabilizing factors during operation of storage devices, the delay time 
may differ from the length of the repetition quasi-period by some value 
4, which we call the error time: 


6. eS 


: A= T;--T. 


In this case the storage of pulsed signals will be less efficient. 


Let us determine the degree of decrease of the signal transfer co- 
efficient of the storage device due to inequality of delay time and rep- 
etition quasi-period and let us formulate the requirements on the pos- 
sible value of the error time. 


In the considered case operation (7.1.10) has the form 


To(t) =o(t—T,) =0(t—T—A), 


due to which formula (7.2.1) will be as follows: 2 
o Noi 
v, (f) = V2, vny vit+(l—kT — 
azo [0 


— a, V+ thy). 


ee... we. 2s — 
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Specifically, at moment t = ty), where 0 < |t | < 19/2 and 





signt , = sign 4, we have 


st) = Vand me Set + [!—k] T~ 


a=0 [=0 








FA, +4 bee; ). 


The latter expression, due to (7.2.2), is simplified 

















Nm! 
Oa(fr) = Vit, J, mro(t, — kA, V 242 +e’). 


é=20 


The signal reaches a peak value of V3 = v3(t,,,) at some value of 







ty) = tyqn7- The signal transfer coefficient then comprises 
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where a= oe and i= .. Specifically, (7.5.1) changes to (7.2.4) in 
the absence of an error and at zero moment of time. 







The transfer coefficient decreases (Fig. 7.5.1) as the error time 
increases and it decreases more strongly, the smaller the value of n and 
the larger the value of y. This is very simple to explain physically. 
The larger the value of n, i.e., the narrower the bandpass of the recir-~ 
culator feedback circuit, the more strongly the pulsed signal is exten- 
ded in time during recirculation through this circuit. Its time shift 
due to error then affects the value of the stored signal less. 











The larger the value of y, the shorter the length of the pulsed 
signals at the output of the prestorage filter and the stronger the time 
error in the effect of storage of these signals is felt. 
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The values of the permissible time errors, corresponding to 
crease of the signal transfer coefficient by 5%, were calculated on the 
Minsk-1 digital computer for different parameters of the storage device 
and number of stored pulses (Fig. 7.5.2). These values decrease as n 
decreases, y and N increase and as m approaches one. The latter is 
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Fig. 7.5.1. Transfer coefficient of signal by single 
storage device as a function of relative error time. 


explained by an increase of the active number of stored pulse signals 
(see (5.4.8)). 


Thus, delay time and repetition quasi-period errors whose value has 
the order of several hundredths of a fraction of the length of the pulsed 
signal and is strongly dependent on the parameters of the storage device 
and the number N are permissible during storage of pulsed signals ina 
Single-stage storage device with m = 0.9 and 0.95. 


These requirements on the accuracy of maintaining the equality of 
the delay time and of the repetition quasi-period, although they are 
rather rigid, they are still easy to fulfill. It is sufficient to refer 28e 
to the long-known fact that the error time that comprises no more than 
5°1073 of the pulse length [153-155] is assumed permissible in coherent- 
pulsed systems for selection of moving targets. 


; 
| 
i 
? 
1 
' 


256 ; 





p Rane cate a é a eeetionwin Sr pe SN a 
. . x . 





Saon  m.0,99 


- 





Fig. 7.5.2. Dependence of permissible time errors on N at 
m= 0.9 (a) and m = 0.95 (b). 
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CHAPTER VIII 28 
A COHERENT DOUBLE STORAGE DEVICE 
8.1. CHARACTERISTICS OF STORAGE DEVICE 


Since the coherent single storage device considered in the previous 
chapter permits one to achieve a slight gain in signal/noise ratio at a 
value of m given from concepts of retaining stability (see section 11.2), 
it is of interest to analyze a coherent double storage device (Fig. 
8.1.1) in which two series-connected recirculators with delays bv the 
repetition quasi-period are used [156, 157]. 





Fig. 8.1.1. Block diagram of double 
storage device. 
Key: (1) Filter. 


It has the transfer function 


(8.1.1) 
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and the amplitude-frequency characteristic 288 
K (#) = po tr A) fe 8, es 
Vi — 2m, Kz (@) cos wT +miK3(a)} x 


(8.1.2) 


a. |! — 2aaky (@) cos @7 + mK? (w)] 


where K1 (w) and Ko (w) are described by expression (7.1.1) and K3(w) 
differs in the general case from K2(w) only by the response and delay 
times. Recirculators can usually be assumed identical, i.e., K3 (w) = 
= Ky(w), My = my =m, due to which 


R (o) = ——_Arlo) 
K (*) = Te ey PE (8.1.3) 
and 
K (o)= = K, (w) ‘ 
1 -- 2mK, (@) cos wT +4 m*K3 (w} (8.1.4) 


The amplitude-frequency characteristic (8.1.4) of the considered stor- 
age device, as in the case of a single storage device (Fig. 7.1.1), is 
a comb characteristic and reaches maximum values at frequencies that 
are a multiple of the repetition rate 


Some b y 2 


K, ((Q) 
Kane (!) = K ('0) = ak GO 7m)’ (8.1.5) 


and minimum values at frequencies =~ = (1 + 0.5)2 


cf (i4t)a] 


Kuan (t) = K (Fen (oe 


The shape of the spike of this characteristic is shown by curve 2 in 
Fig. 7.1.5. It coincides with the amplitude-frequency characteristic 
of a two-stage tuned amplifier with small frequency differences with 
respect to the nearest maximum. Therefore, the bandpass of the men- 
tioned spike at the level of 1//2 comprises [55] 


BF, (2) = (2'? ~ 1)" aF, (f) = 0,6448F, (0), 


where 6F,(1) is the bandpass (7.1.5) of the 1l-th spike of the charac~ 28¢ 
teristic of a single storage device. 
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Having narrower bandpasses of the amplitude-frequency character- 
istic, a double storage device can store a greater number of pulsed 
signals. 

In the general case its pulse characteristic is 


fa(t) = PAs Cy TA, (t) = v2cy) Ac x 
t=0 a) 


a 
XP mt o(t—ar, Wire ) 


k=0 
=V2cJ) m; ¥) mio (—pepar, Vote Te je oe 
i=0 a=0 
« k ; 
=V2c S) mt Y} (S:)' 0 (tar, V tb ie + (k—ie; ) 
a=0 i= : 


where Az is an attenuation operation by a factor of m2 


Specifically, if the recirculators are identical: m2 =m, =m 
and t§ = tq, then 


ha(th=V Te ¥ (e+ lyme (t— a7, V o+ke ). en 
k=0 ede 


Thus, the pulse characteristic of a double storage device consists 
of an infinitely large number of pulses of the same length of (7.1.14) 
following with repetition quasi-period T, which as in the case of a 
single storage device, and of amplitude (Fig. 8.1.2) 


Hun) = ee 


4, (1 + ant)? (8.1.8) 


that exceeds (k + 1)-fold the amplitude (7.1.13) of the k-th pulse in 
the case of a single storage device. Therefore, the pulse amplitude 
of the pulse characteristic of a double storage device decreases appre- 
ciably more slowly as k increases than in the case of a single storage 
device (Fig. 7.1.6, a). The latter also indicates the capability of 
storing a greater number of pulsed signals by means of this storage 
device. 
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Fig. 8.1.2. Envelopes of pulse characteristic of 
double storage device. 


8.2. Signal Storage 


The signal voltage at the input of the second recirculator is de- 
scribed by expression (7.2.1). Since the second recirculator operates 
by the same algorithm as the first, then by analogy with (7.2.1) in the 
general case when the recirculators are different, 

o, w=S MCL Q=Veny mi Sm x 
oa 
FP) id bard 


xT 0 (t+ ['—k—aT, Vite pee + iv). 
t=0 


Specifically, at moment t = xT, where x is an integer, 





2 2 NI 
0, (xT) = Voted) My Yn ¥ o ({e+i—k— 
é=0 i=0 


a=0 >= 


—iT, Vepephe + is, ). 


Because of (7.2.2), it is sufficient to consider only the terms in 291 
this expression corresponding to the equality x + 1- k - i = 0, due to 


which 
N+a—1 


t 
i ti 
0, (xT) = Vet, y ynem x 


Sf oa 
ee ee eee (8.2.1) 
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é 
(mtg/my)! 
=V m' ————_—_—_—_=_=—= 
7 y >> Vist + (l=) af +in 


tmz 


where nj =* t4/ty and n2 = t¢é/T,. 
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Vig. 8.2.1. Dependence of solutions of 
equation (8.2.3) on n. 


At m2 = 0 when there is no second recirculator, we find an ex- 
pression that coincides with (7.2.3) at x = 0 and nj =n. In the case 
of identical recirculators, m2 = mj =m and n2 = nj =n, 


(E+ 1) m! : 
0, (x7) = Voy y Victra: (8.2.2) 


which coincides at n = 0 with the expressions found for an idealized 
storage device in [{143, 158]. 


The peak value of the signal at the output of a double storage 
device can be observed somewhat later at t = yT, where y is an integer, 
rather than at moment t = 0, corresponding to the mid-point of the last 
pulse of the sequence to be stored at the input. It can be determined 
either from the condition 


Ov, (xT) 
t 


=(Q, 


ray 


which is very difficult, or by analysis of the difference 


0, (xT) — 0, ([x — 1] 7) = V.ym*-' X 


(pe ___(N+x)n% x ; 
VIi+t+(V4+x—it | 


It follows from this expression that the desired number y is the entire 








part E(z) of solution z of the equation 
NN Na 
(144) e"=1+rpaeea (8.2.3) 
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Fig. 8.2.2. Transfer coefficient of signal by double storage 
device as function of number of pulses. 
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Consideration of the solutions of this equation (Fig. 8.2.1) cal- 29 
culated on the Minsk-1l computer shows that a shift of the peak value of 


the stored signal is observed only with a comparatively small number of 
stored pulse signals. Its value is higher, the lower the value of N and 
n, the closer m is to one and the higher the value of jy. 


This conclusion becomes obvious if one takes into account that when m ap- 
proaches 1, y increases and n decreases, the considered storage device 
approaches closer and closer to an idealized device, i.e., one consist- 
ing of recirculators with feedback coefficient equal to one and with un- 
limited broad bandpass of the feedback circuit. After the end of the 
signal at the input of the storage device, the signal amplitude at the 
input of the second recirculator remains constant, due to which the 
signal is stored without limit at its output to an infinitely high 
level, which is observed with infinitely long delay of the relative mo- 
ment of the end of the signal at the input. 


Naturally, a real storage device with fixed parameters is closer to 
an idealized device, the lower the value of N. 


An increase of the shift of the peak value of the stored signal 
with an increase of y is explained by the fact that the wideband nature 
of the recirculator feedback circuit increases in the case of fixed value 
of n, which brings the considered system close to an idealized system. 


It follows from (8.3.2) that at n = 0 the shift of the peak value 
is observed (i.e., y = E(z) > 1) only provided (N + 1) m4 > 1, which co- 
incides with the value found in item 2, section 5.4. 


The peak value of the stored signal is calculated by formula (8.2.2) 

at x = y, while the signal transfer coefficient is 
= (U1) mt *16(8.2.4) 
a 3 ae Vittte wa: , 

The dependence of the signal transfer coefficient on N (Fig. 8.2.2) 
calculated on the Minsk-1 computer has the same nature as for a single 
storage device (Fig. 7.2.1). However, the values of the signal transfer 
coefficients in a double storage device are appreciably higher with the 29 
same values of parameters, which is quite natural. i= 
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Analysis of the results of calculation also shows that the band- 
pass of the feedback circuits must be broadened approximately one and 
a half times compared to the case of a single storage device to 
achieve a signal transfer coefficient distinct from a similar coeffi- 
cient by less than 5% in an idealized storage device. 


8.3. Storage of Noise 


By substituting (8.1.7) into (1.7.2), using (7.2.2), changing the 
order of integration and adding and calculating the integral, as in der- 
ivation of (7.3.1), we find 


S ; 
2 ac (& + )*m 
ee (8.3.1) 


Consequently, the coefficient of noise storage by a double storage 
device is 


@ 
= CU ieee (8.3.2) 


The dependence of the coefficient of noise storage by a double 
storage device on the bandpass ratio n (Fig. 8.3.1) has the same nature 
as in a single storage device (Fig. 7.3.1), but the value of these co- 
efficients is considerably higher. 


It follows from (8.3.2) and (7.3.2) that the coefficient of noise 
storage by a second recirculator comprises 


r__ Qs fe + 1)'m® 
sta “$25 Vit+ene [Sees ae cease) 


Comparison of the dependence of this coefficient on n (Fig. 8.3.2) 
to similar functions (Pig. 7.4.1) for a single storage device (i.e., for 
the first recirculator) shows that the second recirculator stores the 
noise a considerably greater number of times than the first. Thus, for 
example, at m = 0.9 and n = 0.1 the noise output is increased by the 296 
first recirculator 5.16-fold and by the second 48.2-fold, i.e., almost 
10 times greater. This is explained by the strong correlation of noise 
at the output of the first recirculator (see item 2, section 5.4). 
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Fig. 8.3.1. Dependence of 
coefficient of noise storage 
by double storage device on n. 
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Fig. 8.3.2. Dependence cf 
coefficient of noise storage 
by second recirculator on n. 


8.4. Gain in Signal/Noise Ratio 


The dependence of the gain calculated by formulas (7.4.1), (8.2.4) 
and (8.3.2) provided by a double storage device on N (Fig. 8.4.1) has 
the same nature as in the case of a single storage device (Fig. 7.4.1). 
The main difference of these functions is that the maximum value of the 
gain in the case of a double storage device is reached at a higher value 


of N. 
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Comparison of these functions for single and double storage de- 
vices shows that two recirculators with m = 0.8 are equivalent to a 
Single recirculator with m = 0.9, while two recirculators with m = 0.9 
are requivalent to a single recirculator with m = 0.95 (see item 2, 29° 
section 5.4). This permits one to get around the difficulties of find- 
ing the values of m close to 1 by using the second recirculator. 
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' Pig. 8.4.1. Gain of Double Storage Device as Function 


of Number of Pulses. 

Consideration of the dependence of the gain when using a double storage 
device on the dimensionless bandpass of the recirculator feedback cir- 
cuit calculated at the 0.5 level (Fig. 8.4.2) shows that the gain in- 
creases monotonically as b4 increases at y = 0.5 and 1 and at compara- 
tively large value of N. If y = 2, then the gain initially increases as 
b4 increases, and then decreases after reaching a certain maximum, ap- 
proaching the same maximum value as at y = 0.5. As in the case of a 
system with a single recirculator, this maximum is expressed more 

strongly, the less the value of N and the closer m approaches 1, while 

j its presence is explained by partial compensation of the insufficient 

i bandpass of the feedback circuits by the excess bandpass of the pre- 299 
| storage filter. In this case the gain can even somewhat exceed that at 


y #1. 
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Fig. 8.4.2. Gain of double storage device as function of feed- 
back circuit bandpass, 


At small values of N, the gain at y = 1 is Considerably less depen- 299 
dent on the feedback circuit bandpass as in the case of a Single storage 
device, 


It follows from Fig. 8.4.2 that the feedback circuit bandpass of 
the recirculators required to achieve a gain whose value is not less 
than 90% of the maximum possible at y = 1 with given value of N (i.e., 
in an idealized storage device) can be calculated by the formula 


WSC6EES__ aes ee ~~. 


by > bg 10 (8.4.1) 





which differs from formula (7.4.2) only by the values of coefficient: 
ba2 and a2 (Table 8.4.1). 


Thus, as in the case of a single storage device, the requirement 
on the bandpass of the recirculator feedback circuits of a double st 
age device increase as N increases and as m approaches 1. 


.e Table 8.4.1. 





As in a single storage device, the required bandpass in the con: 
sidered storage device is considerably lower than during storage witl 
compensation for the signal delay time in filter ®%, [7]. 


Consideration of the functions shown in Fig. 8.4.2 shows that tl 
: gain varies by no more than 25% upon variation of y from 0.5 to 1 an 
then to 2. This indicates the weak critical nature of the gain to vi 
ation of the bandpass of the prestorage filter near the optimum valu 


8.5. Additional Gain Due to Use of Second Recirculator 


The additional gain caused by using a second recirculator incre 
to values on the order of two with an increase of N (Fig. 8.5.1). I 
value is higher, the broader the bandpass of the prestorage filter. 


An additional gain is observed only if the number of stored pul 
signals comprises no less than 50-60% of the active number (5.4.8), 
.f the following condition is fulfilled 


N> (1,5—1,8)/(l—m). (8. 


- mer -! stored pulsed signals is equal to the active r 
-@ :@ - emceeds 1,4-1.6. At vy = 0.5, the addition 
*+ ar increase of bandpass bg (Fig. & 
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Fig. 8.5.1. Dependence of additional gain on number 
of pulses, 





Fig. 8.5.2. Dependence of additional gain on feedback 
circuit bandpass 


This same nature of dependence is also observed at y = 1 if the number 300 
of stored pulsed signals is greater than the active number. With an |? 
active number of stored puls?: and at , = 1 and also at any value of N 
and at , = 2, the additional gain initially increases with an increase 
of b4 and then decreases. This is also explained by partial compensa-~ 
tion of the insufficient bandpasses of the feedback circuit 

by the excess bandpass of the prestorage filter. 
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Thus, the use of a second recirculator identical to the first per- 
mits one to additionally increase the signal/noise ratio approximately 
twofold with sufficiently large number of stored pulsed signals. The 
comparatively low value of the additional gain is explained by the high 
correlation of noise at the input of the second recirculator, which was 
already noted above. Attenuation of the harmful effect of noise corre- 
lation, which leads to a sharp increase of the additional gain, is :: 
achieved in a two-stage storage device. The next chapter is also devoted 
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CHAPTER IX. 3! 
COHERENT TWO-STAGE STORAGE DEVICE 
9.1. CHARACTERISTICS OF STORAGE DEVICE 


With two-stage storage (see item 4, section 5.4), the delay time of 
oscillations in the feedback circuit of the second recirculator is in- 
teger M times greater than the repetition quasi-period of pulsed signals 
[123-124]. Because of this, a two-stage storage device (Fig. 9.1.1) 
differs from a double storage device (Fig. 8.1.1) only by the fact that 
a delay device by time t33 = MT - t6 rather than a delay device by time 
t32 = T - tg, as in a double storage device, is used in the second re- 
circulator of a two-stage storage device. 


ir 





Fig. 9.1.1. Block diagram of two-stage storage device. 
Key: (1) Filter. 


The considered storage device has the transfer function 
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and amplitude-frequency characteristic 


K, () 
V1 —2m,K, (w) cos 7 + mK? (w) 
x ! : (9.1.2) 
V1 — 2a K, (@) cos oMT + mK? (w) 


K (®)= 


Accordingly, the amplitude-frequency characteristic of a two-stage 
storage device is the product of the amplitude-frequency characteristics 
of a single storage device (7.1.3) and of a second recirculator with de- 
lay by time MT. Both these characteristics are comb type, however, in 
the case of a single storage device the spikes of this characteristic 
follow with the repetition rate of pulsed signals and have bandpass 
(7.1.5), while in the case of the second recirculator with delay by MT, 
the spikes of the characteristic follow with rate which is M times less 
than the repetition rate of pulsed signals and have a lower bandpass by 
a factor of M because of this. As a result of remultiplication of these 
two characteristics, a comb characteristic of a two-stage storage device 
whose spikes (see, for example, curve 3 in Fig. 7.1.5) are located at 
frequencies that are a multiple of the signal repetition rate and have 
considerably narrower bandpasses than in the case of a single storage 
device, is formed. | 


Using (9.1.2) at mj = m2 and K3(w) = K2(w), one can show that the 
bandpass of the spike of the amplitude-frequency characteristic of a 
two-stage storage device is less by approximately a factor of VT + M2 
at M > 3 than in the case of a..single storage device: 


8F 3F 
3 ies meen 
Fy as aa; Ps a (9.1.3) 


Having an appreciably smaller bandpass of the spikes of the ampli- 
tude-frequency characteristic, a two~stage storage device can store a 
considerably greater number of pulsed signals. 


Denoting by f the delay operation by time MT: Mu(t) =—E¥u(t) mu(t—M7), 


and using (7.1.8), (7.1.11) and (7.1.12), we find the pulse character- 
istic of a two-stage storage device 
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This expression can be represented differently as: 
: C) 
hy (th= V2 Ym, X 
E «jm) seen ee etn (9.1.4) 
XV eo, + —iM) y+ ix), 


in 


M 
where z = m2/m}l. 


It follows from (7.1.4) that the l-th pulse of the pulse character- 
l 
istic is in the general case the sum of [z (a)+!] bell pulse with 


different lengths and amplitudes. However, in the special, but very 
similar case when 


= M'"s, or n= M'"n, = M'"n, (9.1.5) 


i.e., the bandpass of the recirculator feedback circuit with M-times 
greater delay is YM times less than the bandpass of the other recircu- 
lator, expression (9.1.4) is simplified: 


hio=V% Sym — 


EWiM) +t 


o(t—IT, V1+in’). (9.1.6) 


Comparing (9.1.6) to (7.1.12) and (8.1.7), we conclude that the 
pulse characteristics of a two~stage (with condition (9.1.5)), single 
and double storage devices differ only by the law of amplitude variation 
of their individual pulses. Specifically, in a two-stage storage device 
for which condition (9.1.5) is fulfilled, this law is as follows: 


ss (9.1.7) 
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It is plotted for n = 0, mj = mg = 0.9 and % = 10 in Fig. 9.1.2, a. The 306 
dashed curve in this figure reproduces the upper envelope of the furlction 
H3maxnc(kT). The pulse characteristic of this storage device is plotted 

in Fig. 9.1.2, b. Consideration of these functions shows the intermit- 

tent amplitude variation of the pulse characteristic of a two~stage 

storage device. This is explained by the fact that the feedback in the 
second recirculator (Fig. 9.1.1) operates with a delay M times greater 

than that in the first recirculator. 
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Fig. 9.1.2. Envelope of pulse characteristic (a) and pulse 
characteristic (b) of two-stage storage device. 


The upper envelopes of the amplitudes of the pulse characteristic 
of a two-stage storage device at different values of M are plotted in 
Fig. 9.1.3. The case of M = © corresponds to a single storage device 
while M = 1 corresponds to a double storage device. It is easy to see 
that the upper envelopes of the amplitudes of the pulse characteristic 
of a two-stage storage device decrease in time considerably more slowly 
than in a double and especially in a single storage device. Using 30 
(9.1.7) for n = 0 and mg = mj =m, it is easy to show that this decrease 
occurs in a two-stage storage device at comparatively large values of t 
according to the law 
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whereas it occurs for a single storage device as 
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Fig. 9.1.3. Upper envelopes of pulse characteristic of two- 
stage storage device. 
30 


Thus, as the rate of the amplitude envelope of the pulse character- 
istic decreases, a two-stage storage device with feedback coefficient m 
is equivalent to a single storage device with feedback coefficient mi/M , 
This indicates the capability of storing a considerably greater number 
of pulsed signals with a two-stage storage device than when using a 
single and even a double storage device. 


9.2. Signal Storage 


Voltage (7.2.1) acts on the input of the second recirculator during 
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storage of a pulsed signal sequence. Therefore, by analogy with (7.2.1) 
at the output of the storage device 
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Because of (7.2.2), this expression is simplified: 
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Consequently, the coefficient of signal transfer by a two-stage 309 
storage device is 
N—! 
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Specifically, if the number of N stored pulsed signals is a multiple of 
M, i.e., N = ML, where L is also an integer, then 


L-! (Li) M1 
gs(ML)= 1) m, a. ae (9.2.2) 
ind on. +18 + kn? + in? 


At M = 1 when a two-stage storage device degenerates into a double stor- 
age device, we find an expression which differs only by the constant 
multiplier from expression (8.2.1) at z = 0, which describes the signal 
amplitude at the output of a double storage device. 


In the case of infinitely broad bandpasses of the recirculator 
feedback circuits, i.e., n1 = n2 = 0, (9.2.2) leads to the form that 
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differs only by the constant multiplier from the expression found in 
item 4, section 5.4. 


If the feedback coefficients and bandpasses of the recirculator 
feedback circuits are identical (mj, = mz = m and nj = ng = n), then 
(9.2.2) assumes the form 


L=1 (Lt) M=I 
ma+é (9.2. 3) 
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Specifically, with optimum bandpass of the prestorage filter 
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The bandpasses of the feedback circuits will also be different due 
to the difference of the delay devices in these recirculator circuits. 
Apparently, a device with long delay time will have a smaller bandpass. 310 
Specifically, with condition (9.1.5), my = mg = m and y = 1, we have 


kL (t—t) M—i 
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Consideration of the signal transfer coefficients from M (Fig. 
9.2.1) calculated by this formula on the BESM=-2 computer shows that the 
signal transfer coefficient decreases with an increas’ of the delay time 
in the second recirculator feedback circuit. The extent of this decrease 
is higher, the higher the value of n, the closer m is to 1 and the lower 
the value of N. 


This is explained in the following manner. According to (9.1.5), 
n2 also increases with an increase of M, i.e., the bandpass of the sec- 
ond recirculator feedback circuit is constricted. However, since n is 
sufficiently small, this does not lead to a significant constriction of 
the stored signal spectrum and therefore causes no strong attenuation 
of its peak value. There is sharp attenuation of the high-frequency 
components of the signal with larger value of n during circulation of 
the signal, which also determines the intensive decrease of its peak 


value. 
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The number of L subsequences stored in the second recirculator de- 
creases with an increase of M in the case of fixed value of N = ML. 
Then similar to condition (5.4.19) of the practical independence of out- 
put voltage of the number of stored pulses, the inequality 


mie! (9.2.6) 


becomes ever weaker and then ceases to be fulfilled. This also leads 
to a decrease of the coefficient of signal storage by the second recir- 
culator and consequently to a decrease of the coefficient of signal 
transfer by the storage device. This is naturally observed at lower 
value of M, the closer m is to 1 and the lower the value of N. 


The increase of losses in signal transfer caused by a decrease of 
N is especially high at small values of n and is insignificant at large 
values of n. This is explained by the fact that an increase of n is 
equivalent to a decrease of the feedback coefficient to a value at which 312 
inequality (9.2.6) remains sufficiently strong even at a lower value of 
N, due to which there is almost no increase of losses. 


9.3. Storage of Noise 


Substituting (9.1.4) into (1.7.2) and disregarding the effect of 
mutual overlap of these pulses due to the high on-off time ratio of 
pulses of the pulse characteristic, we find 
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Since according to (7.1.9), 
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the output of stored noise is 
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Fig. 9.2.1. Dependence of coefficient of signal transfer by : 

F two-stage storage device on M. | 

~% gum 

i= Sat ex | 

BUM) fae v= - (9.3.1) 3] | 

a smo VY '+|-rn Fae te ! 

| 

| | 

| | 4 

: t : 
it 





OTL 


TO PEPE epee ete 


while the coefficient of noise storage is 
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Specifically, if mp = 0, i.e., there is no second recirculator, (9.3.2) 313 
degenerates into (7.3.2). In the idealized case of infinitely broad 
bandpasses of the feedback circuits (nj = n2 = 0), we find from (9.3.2) 
after very laborious transformations the expression derived in item 4, 
section 5.4. Having selected the value of M in it as large as possible 
so that mi! <<1, we will have 
1 1 

C= (1 —m?) (1 — mm) | 
It follows from this expression that the coefficients of noise storage 
by the first and second recirculator, respectively, comprise 


1 
2: 
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i.e., noise is stored in the second recirculator by the same law as in 
the first. This is natural since the inequality presented above is the 
noncorrelation condition of the noise components stored by the second 


recirculator. 


If the feedback coefficients and bandpasses of the recirculators 


are identical, then 


2 Cee) 
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At M = 1 this formula degenerates to (8.3.2). 


It is easy to ascertain that 
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where &p is coefficients dependent only on ordinal number p. 
Therefore, (9.3.3) can also be represented in the following form: 31 
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With identical feedback coefficients and bandpasses that satisfy 


(9.3.4) 


ed 


condition (9.1.5), from expression (9.3.2) follows 


eG) eae) 


———— ee 


Vit in, a 


Ce) ee) en] 


\ 
(1 mM! dy Viti ; 


Q=— 


(1— mt!) 
(9.3.5) 


8 
=> ita 


where R(x) is the fractional part of integer x. 


The dependence of the noise storage coefficients on M, calculated 
by the last formula on the BESM-2 computer (Fig. 9.3.1), has identical 
nature: the noise storage coefficient (and accordingly its output power) 
decrease in the first approximation by exponential law as M increases. 
This decrease is especially sharp with an ‘ncrease of M from 1 to 2 and 3. 
In this case the noise storage coefficient is attenuated by a factor of 
approximately 1.5 and 2-2.5. 


The noise storage coefficient decreases even more slowly with a 
further increase M. This is explained by the fact that the decree cf 
correlation attenuation decrases more and more upon transition ‘ror 
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315 
Fig. 9.3.1. Coefficient of noise storage by two-stage storage device 
as function of M. 
M = 1 to M = 2 and 3 after sharp attenuation of the correlation coeffi- 316 
‘ cients of the noise stored in the second recirculator. 
The noise storage coefficient decreases even more strongly as M in- 


creases, the larger the value of n and the closer M is tol. 


There is a sharp constriction of the bandpass of the second recir- 
culator feedback circuit AFs= n-'M7'"4F,, with an increase of n and M, 
which causes strong attenuation of the high-frequency components of noise 
at the output. Therefore, the noise storage coefficient is attenuated 
even more strongly with an increase of M, the higher the value of n. 


The effect of the feedback coefficient on the attenuation of the 
noise storage coefficient is explained by the fact that the correlation 
coefficient of the noise stored in the second recirculator and whose 
value is attenuated more sharply with an increase of M, causing stronger 
attenuation of the stored noise output, is also higher with a larger 
value of m. 


The main conclusion is that the noise power at the output of a two- 
stage storage device can be sharply attenuated by increasing the delay 
ei time several-fold in the feedback circuit of the second recirculator. 
Attenuation of the output power of noise more than half is achieved at 
comparatively small values of M, on the order of 3, when the second re~ 
circulator is not very strongly complicated and can be realized in some 


cases. 
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9.4. Gain in Signal/Noise Ratio 


The gain provided by a two-stage storage device was calculated by 
formulas (7.4.1), (9.2.5) and (9.3.5) for the case of (9.1.5) with op- 
timum bandpass of the prestorage filter. Consideration of the dependence 
of this gain on M (Fig. 9.4.1) shows that the gain initially increases 
with an increase of M and then decreases after reaching some maximum at 
optimum value of (5.4.25). The course of these functions is explained 
in item 4, section 5.4. 


The maximum gain increases with an increase of N, upon approach of 


m to 1 and with a decrease of n. These results are obvious. 





The ratio of the maximum gain to the number of stored pulsed signals 31 
comprises 0.68-0.76, 0.66-0.86 and 0.81-0.85, respectively, at m = 0.8, 
0.9 and 0.95 with sufficiently small value of n < 0.01. This ratio 
decreases as N increases. . 


Thus, replacement of optimum filtration by sequences of a larger 
number of pulsed signals by their two-stage storage using sufficiently 
wideband recirculators leads to comparatively small losses in the thres- 
hold signal, on the order of 1 dB. 


The extent of these losses is decreased as m approaches 1. In this 
case the delay time in the feedback circuit of the second recirculator 
also decreases in view of (5.4.25), which simplifies its realization. 


Additional losses appear with an increase of n, i.e., with a de- 
crease of the bandpasses of the recirculator feedback circuits by = 


; 0, 0,441, ‘ ; 
: I = AF t= and 4 =AF.,=——M '? | However, their value is low at n = : 
if = 0.1 and comprises a fraction of a decibel. These losses increase as 


N increases. The losses increase to 1-2 dB at n = 0.3. The losses in- 
crease to values on the order of tens of decibels at n= 1, i.e., the 
efficiency of a two-stage storage device drops sharply. 


The additional gain caused by an increase of the delay time in the 
feedback circuit of the second recirculator from a value equal to the 
repetition quasi-period of the stored pulsed signals to an optimum 
value Mopj7T increases with an increase of N and with a decrease of n. 


The additional power gain comprises approximately 1.5, 2, 2.5 and 
3.5, respectively (i.e., approximately 1.8, 3, 4 and 5.5 dB) at small 
values of n (less than 0.1) and with number of stored pulsed signals 
exceeding the active number (5.4.8), 2, 3, 4 and 6 times. The addi- 
tional gain increases with a further increase of N. If n increases to 
0.3, then the additional gain decreases by a value comprising a fraction 
of a decibel with small value of N and approximately 1 d8 with large 
value of N. 





A further increase of n to 1 reduces the additional gain to 1-3 


‘+ @B. The value of this gain also increases with an increase of N. 





Thus, two-stage storage is rather effective if the number of stored 31 
pulsed signals is no less than three times their active number, while 
the bandpass of the first recirculator feedback circuit is three times 
broader than that of the optimum prestorage filter. 


However, the ratio of the indicated bandpasses should be on the 
order of 10 so that the losses are low compared to an idealized two- 
stage storage device. In this case the nature of the dependence of the 
bandpass of the second recirculator feedback circuit on M, which can 
differ from (9.1.5) in practice, will have a slight effect on the value 
of the gain obtained. 


Since the number of signal recirculations through the feedback cir- 
cuit of the second recirculator is less with two-stage storage than in 
the case of double storage, the bandpass of this circuit can be corre- 
spondingly reduced. 


Accordingly, two-stage storage requires comparatively moderate width 
of the bandpass of the second recirculator feedback circuit, the main 
component of which is the delay device. 


This recirculator should provide delay by time MpnrT, which can be 
difficult, with sufficiently broad bandpass. If this delay device can- 
not be made, it may be feasible to reduce M from the optimum value 
(5.4.24) to 3. An additional gain on the order of 2 can then be 
achieved at n < 0.1 and at large value of N compared to a double stor- { 
age device. 


Consequently, the very complicated and important problem of effi- 
cient storage of sequences of a large number of pulsed signals can be 
solved by using a two-stage storage device consisting of two recircula- | 
tors with sufficiently wideband feedback, delayed by the length of one 
and several repetition quasi-periods of pulsed signals, respectively. {i 

i 





aos Tees MOOS 


ne a ne eee —_ Es e 
et ec 7 Se ee a eee ee, Oe ee 


ee 2 rte, 
z DOSS ae SN rare 





cee 


Ea 


320 


CHAPTER X. 

NONCOHERENT EXPONENTIAL“WEIGHT STORAGE DEVICE 

10.1. PRELIMINARY REMARKS 

1. Advantages and Disadvantages of Noncoherent Storage : 
If pulsed signals are stored after a noncoherent (amplitude) detec- 

tor (Fig. 10.1.1, a), it is called noncoherent storage (see section 


6.1). It is the only one possible if the sequence of pulsed signals 


being received is not coherent. 
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Fig. 10.1.1. Block diagrams of noncoherent 


storage devices. 
Key: (1) Amplitude detector; (2) Video frequency 


storage device; (3) Square-law detector. 


However, even when receiving coherent sequences of pulsed signals, 
noncoherent storage can be feasible since first, it permits a 
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considerable increase of receiver sensitivity (compared to the case 321 
when storage is not used) and second, unlike coherent storage, it does 

not require complication of the receiver determined by the need to de- 

sign it on a circuit with very large number of channels or with very 
wideband delay line in the recirculator feedback circuit (see section 

6.5). It is further shown that the loss in receiver sensitivity is 
comparatively low when coherent storage is replaced by noncoherent 

storage. 


Yet another disadvantage is inherent to noncoherent storage. It 
includes the fact that only the information written in the amplitude 
of the signals being received is used during noncoherent storage and 
the information included in the phase (frequency) of these signals is 
completely lost. Because of this information about the speed of a 
target that caused signal reflection is lost. 


2. Characteristics of Noncoherent Storage Devices with Exponential 
Weight Function 


The significant feature of a noncoherent storage device isthe 
presence of an amplitude detector, which is a typically nonlinear 
component. 


Nonlinear components (for example, square-law generators) are also 
used during coherent storage of signals with unkonwn initial phase. 
However, the signal is fed to them only after storage, i.e., when its 
level will be higher. Nonlinear conversion of the signal-noise mixture 
occurs in noncoherent storage even before storage when the signal is 
weak compared to noise. Suppression of the signal by noise is observed 
in this case [129]. The lower sensitivity of a receiver with noncoher- 
ent storage is also explained by this. 


Due to its nonlinearity, an amplitude detector causes a change of 
the distribution laws of random voltages, which are usually Gaussian 
at its input. 


Thus, if an instantaneous voltage of a mixture of a pulsed signal 
of amplitude V and Gaussian noise of output 2 acts on the input of a 
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detector which we subsequently assume is square-law with normalized 
characteristic 

uy=U; (10.1.1) 
(here up is the instantaneous value of output voltage and U, is the 32: 
yoltage amplitude at the input) distributed according to the 
normal law, then according to [20, 129] the output voltage 
has the following probability distribution: 








W (us) aby exp( —-+™* ) 7, (LVF). (uy), (10.1.2) 


23? 3 


When using a linear detector, the instantaneous voltage of the 
signal-noise mixture is distributed by generalized Rayleigh law (6.3.2). 


Thus, random voltages which are distributed by a law differing from 
normal act on the input of a storage device following an amplitude de- 
tector of any type. The distribution law of these voltages varies 
upon their transmission through a storage device which is a linear x 
system. It is very difficult to determine it since there are presently 
no engineering methods of calculating the distribution laws of voltages 
at the output of a linear system when random voltages distributed by 
other than normal law are acting on its input. 


True, there is one special case at which the distribution function 
at the output of a linear system can be calculated comparatively simply 
and rather precisely. This is the effect of random voltage on a linear 
system whose bandpass is considerably less than the spectral width of 
the input voltage. The random voltage is normalized with this condition 
at the output of a linear system [15, 20, 159]. 


A similar tendency toward normalization is also observed in a stor-~ 
age device whose voltage output is equal to the sum of input voltage 
samples. This is explained by the fact that if the number of terms is 
sufficiently high and their distribution laws are identical, then in 
view of the central limiting theorem of probability theory, the sum of 
these terms is distributed by approximately normal law [15, 20]. 


The indicated normalization of voltage at the output of the stor- 


age device can be explained differently. The frequency characteristic 
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of the storage device is a comb type with sufficiently narrow trans- 323 
“mission bands (see item 1, section 5.4). Therefore, if random volt- 

ages having broad spectrum act on this system, the distribution of the 

output voltage becomes close to normal. 


In most papers known to us on noncoherent storage [10-13, 160-161] 
this phenomenon of normalization of random voltages at the output of 
the storage device is also used. However, it is assumed in all these 
papers (and in other papers {134, 162*]) that the storage device is 
ideal in the sense that the voltage at its output is the sum of a large 
number of input voltage samples: 


N 
wy (t) ==} u(t ~ 7), 


ial 
But most real storage devices (a recirculator, RC-commutator, comb 
filter, storage tube and so on) add the input voltages with exponential 


weight function (EVF) 


2 wo 

a, (t)= J mu, (t— eT) = >} mw. (10.1.3) 
&=0 ax=0 

Such a storage device has the pulse characteristic 


hO= z 8(t— AT) m* = y 8(t— kT) eo", (10.1.4) 
howd a= 


where tase In — is the coefficient of the exponential weight function 


3% 


and m is the weight multiplier. 


The normalized envelope of this pulse charactriistic at € > 0 is 
the exponent e"&t, Because of this, the indicated device is naturally 
called a storage device with exponential weight function. It is an 324 
approximation of a real storage device with delayed feedback. Unlike 
the previously considered block diagram (Fig. 7.1.1), an adder whose 


ee a=""_——— 
With the exception of Ye. G. Trubitsyn‘s paper [163]. 





feedback circuit contains no frequency filter (Fig. 10.1.1, b) is 
studied in the given chapter for significant simplification of analysis. 


The results obtained in this case are valid if the bandpass of the 
storage device feedback circuit is much broader than that of the pre- 


fulfilled. The method of accounting for the final bandpass of a stor- 


, 
R storage (and predetector in this case) filter since condition 7.4.2 is 
age device is outlined in item 4, section 10.6. 


Due to the exponential nature of storage law (10.1.3), the distribu- 


es 


tion laws of different terms of output voltage have different parameters. 
Therefore, the numerical characteristics of these terms (for example, 

the mean values and outputs) may differ strongly. If the received os- 
cillation is a steady random process, i.e., if its distribution laws do 
not vary in time, the mean values of the terms of output voltage vary 


k with an increase of their ordinal number k and they vary 


by the law m 
by the law m2k with an increase of output. Specifically, at m = 0.9, 
even the 10th term has a mean value less by approximately a factor of 
2.9 and output less by a factor of approximately 8.2 than the zero term. 
At m = 0.8, the indicated characteristics of the 10th term are less by 


a factor of 9.3 and 84, respectively, than that of the zero term. 


Accordingly, the conditions of the central limiting theorem of prob- 
ability theory are not fulfilled in the considered case at m = 0.8-0.95 
and normalization of the output voltage is comparatively weak. 


This also determines the difficulty of determining the distribution 
laws of random voltages at the output of noncoherent storage devices 
with exponential weight function. And the threshold signals cannot be 
calculated without a knowledge of these laws. 


The distribution laws of the voltages of a signal-noise mixture at 
the output of the considered device are further determined by the ap~ 
proximate method. 


10.2. Random Voltage Distribution at Output of Square-Law Storage 
Device With Exponential Weight Function and Frequency of False Alarms 





_ A square-law storage device is understood as a combination of a 
square-law detector and recirculator (Fig. 10.1.1, b). Selection of 
the detector as square-law is explained by the fact that the analytical 
expressions of the statistical characteristics of random voltages are 
simpler for this detector. This simplifies the analysis. The results 
found in this case are approximately valid for devices with different 
type detectors as well [160, 164, 165]. 


We note that due to the first of conditions (7.2.2), the terms of 
the sum (10.1.3) are essentially mutually indpendent. The samples of 
input voltage u2, contained in this sum are distributed by law (10.1.2). 


a“ B 
If for brevity of notation we write y™jsr *s =f and q = V/o 


and if the number of terms of sum (10.1.3) is taken as finite and equal 
to N, then instead of (10.1.2) and (10.1.3) we find 


W (x1)=exp (—n~$) 1, (q W dmx) 1 (rn) (10.2.2) 


and 


er 
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(10.2.2) 
y=) mx. - 
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The random value x, has the characteristic function [20] 


+00 
6 (0) = j W(x) dy = 
-x 
° -~- (Lm fey 
, = J e 1,19 V.2x_) dap. 


Changing the variable by law |x? = z and using formula (6.631.4) from 
{92] with regard to the fact that Io(y) = Jn(jy), we find 


0 (0) = (1 — i)-texp ($25). (10.2.3) 
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Both distribution (10.2.1) and the characteristic function (10.2.3) are 32€ 
identical for all values of x,. 
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Based on the known property of the characteristic function, the 


Re ewe reper, 


k-th term of sum (10.2.2) has the characteristic function 


| . See 
tu (0) = 0 (mo) = (1 ~ jm)" ex ($e) 


Due to the mutual independence of the terms of this sum, its char- 
acteristic function is equal to the product of the characteristic func- 
tions of the terms [20]: 


N=! Ne! 


a=] ao =f] (a —jmo)-* exp (& mr) |: 
h=wd had 


The probability distribution density of sum (10.2.2) is determined 
by using an inverse Fourier transform: 


W y)ame f 8(v) e~ /*vdo== 


+0 ¢N—! , 
1 -t 
=5 {i [(1 — jo) x (10.2.4) 
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Calculation of this integral in the general case causes difficulties 
which have not yet been overcome. Therefore, let us limit ourselves to 
the case of the absence of a signal (q = 0). The probability density 
of the output sum is then 


re 


V)=t f Boy 07d, 
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Now! 
where Be)=)5 (1—jm%) is a polynomial of N-th power with respect to v. 
hw0 


if Since its roots are prime : 
: =a — jm, (10.2.5) 


then, as is known [166], 3 
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where B'(v,) is the derivative of B(v) with respect to v at value of 


VF VRE 


Therefore, after transformations with regard to (10.2.5), we find 


Nel 
m7*exp(—ym-*) 
v=\ ee 
b=0 ny (1 —m"-*) 


a=0 


where the prime of the product denotes omission of a multiplier with 
n=k. If we return to the initial variable u3 = 202y, then 


N~1 mo® ; a 
I 5” exp ( 26°m* t for v 
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4 
f= J a —me-4y 
ax0 


Specifically, with a finite number of terms and also with condition 
(5.4.19), which is frequently fulfilled in real storage devices, we 


have [167] 


© _— 
V W=s5 x = er" 1 u,). 


ie 


o 
= fre. (1 —ms-4) (10.2.6) 
a=0 
One can show [7, 168] that this series converges uniformly. Because of 
this, let us integrate it term by term with respect to u3 to determine 
the integral distribution function of the output noise, as a result of 
which we find at U > 0 


PU)=Bep(u>U)—= | Wu) da, = 
(10.2.7) 
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where l = Ug/202 is the relative threshold level. 


oy Oe Ne ee thay re tar ne een ten cn een eee 





Fig. 10.2.1. Dependence of probability of false alarm 
on relative threshold. 


Calculations by this formula are related to the need to fulfill 
some rather cumbersome and precise calculations. The results of calcu- 
lating the dependence of the threshold level on the probability of a 
false alarm, carried out on a BESM-2 computer, are presented in Fig. 
10.2.1. 


If one proceeds from approximation of the distribution of output 
noise by normal law, then, as shown in section 10.3, 


2e* 
u,— 
fat +| +(e a4 (10.2.9) 
Vf er, 
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herea[t+V ae =m ag. o(1 —2F)|+ (10.2.10) 





hence, 


If the distribution law of output noise is approximated by "chi- 
square" equivalent distribution (see section 10.3), then 329 
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is the integral "chi-square" distribution function [169]. The roots 
a lo = Up/202 of equation (10.2.11) are determined from tables [170]. 


Consideration of Table 10.2.1 with the results of calculating the 
relative threshold by strict formula (10.2.8) and by approximate formu~ 
las (10.2.10) and (10.2.11) shows that approximation of the output 
noise distribution by both normal law and by "chi~square" law lead to 


ee eee 


impermissibly large errors in determination of the response threshold. 
The value of these errors decreases as m approaches 1, which is ex- 
plained by the increased normalization of output noise. 


Table 10.2.1. 
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15,0 | 22,1 
23,7 | 30,4 
39.2. | 45.5 
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with normal approximation. Therefore, when making rough, approximate 
calculations one can approximate the output noise distribution by "chi- 
square" law. Unfortunately, the calculating errors increase with re- 
spect to the threshold as the probability level of a false alarm 
decreases. 


The frequency of false alarms rather than the probability of a false 330 
alarm is frequently used when designing parameter detection and measure- 
ment systems. In this regard let us calculate the indicated frequency 
at the output of the considered storage device (Fig. 10.1.1, b). 


The frequency of false alarms obviously coincides with the mean 
number of noise blips at the output level per unit time, which is writ- 
ft ten in the given case by the formula 


E The errors are somewhat less with "chi-square" approximation than 
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ce 


v(U,) = nsW (U,, n;) dns, 
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where W(n3, n3) is the joint probability density of noise voltage n3 at 
the output of the storage device and its rate of variation n3. 
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Determination of this density is. very complicated. Therefore, let 
us calculate the frequency of false alarms as the quotient from divi- 
sion of the probability of a false alarm by the average length of the 
noise blip: 


; 
v= my (10.2.13) 


1 mete * 


Let us use the fact that the probability of a false alarm for the given 
case is precisely calculated while the average length of the noise blip 
is slightly dependent on the nature of noise distribution and therefore 
this noise can be calculated approximately by a normal process whose 
blips at a sufficiently high level (compared to the noise level) Ug 
have the mean length 


i Ino, (10.2.14) 
i m,() =F 0,— mn) 
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where 9, and mj3 are the effective and mean values of noise, 


respectively, 


x 
{ a*F, (w) de (10.2.15) 
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iy F, (@) de 

0 

is the mean square of noise frequency and F3(w) is its energy spectrum. 


Formula (10.2.14) is a generalization of the well-known formula 331 
(see, for example, (10.78) in (20]) for the case of a normal process 


with zero mean value. 
Accordingly, in the considered case 


wettest. (10.2.16) 
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Specifically, if the linear part of the receiver is equivalent to 
a filter with bell-shaped amplitude-frequency characteristic 


K (w) = K (@,) exp [— 2 (# — @,)"}, (10.2.17) 


where a = 0.0351/aF2, AF is the bandpass at level 1/v2, then the noise 
at the input of a square-law detector when white noise with energy spec- 
trum (1.2.4) is acting on the input has the energy spectrum 


F, (@) = 2aK* (@,) exp [—2a (o —«,)'}, 


at the output of this detector [213] 


F, (@) = F, (0) exp [—20'], 
and at the output of an analog storage device it is 


F, ("exp [—aw*] 
1 ~— 2m cos @7 +m? * 


F,(o)= 
The last energy spectrum is a comb type with repetition quasi-period 
2nF = 2n/T and width 2n4F at level 1/72. Since usually sFT >> 1, then as 
shown in section 7.3, this spectrum can be averaged by the period of the 
oscillating multiplier ©oSsw7 when calculating the integrals in (10.2.15). 
Then 
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Consequently, the mean square values of the noise frequencies at 332 | 
the output and input of an analog storage device essentially coincide. 


Specifically, for the case of (10.2.17), 83 = 82 = 3.79A4F. Sub- 
stituting this expression into (10.2.16) and also the relations 


and fr, 


2e* 
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which followfrom formula (10.3.9) derived below, we find 


val 514F (/Tomti —V {22 F), (10.2.18) 


































where 1 is selected by the given probability of a false alarm by means 
of graphs (Pig. 10.2.1). For example, if F = 1076, m = 0.9 and 4F = 1 
MHz, then v = 11.1 Hz. 


The frequency of false alarms were calculated for the case of quad- 
ratic storage of noise at N = 20 and m = 1 by this formula and by the ex- 
plicit formula presented in [15] to estimate the accuracy of the approx- 
imate formula (10.2.16). The results of these calculations for F = 1076 
and 1079 differed by 5.3 and 18%, respectively. One can show that this 
error in the value of the frequency of false alarms can cause an error 
in determination of threshold level whose value is less than 18%. 


Thus, the outlined method* of calculating the frequency of false 
alarms with noncoherent storage provides accuracy quite acceptable for 
practice. 


10.3. Storage of Sequences of Nonfluctuating Pulsed Signals 


1. Distribution Cumulants of Nonfluctuating Signal-Noise Mixture at 
Output of Storage Device 


Since integral (10.2.4) that describes the probability density of 
the voltage of a nonfluctuating signal-noise mixture at the output of a 
noncoherent storage device with exponential weight function has not yet 
been calculated, an attempt is made below to calculate approximately the 333 
indicated probability distribution. To do this, the numerical character- 
istics of the output voltage are first determined. 


The numerical characteriStics of the random values which are more 
frequently used are the moments of distribution of different orders 
{15, 20]—mean value, standard deviation and so on. However, other nu- 
merical characteristics—cumulants—or distribution semi-invariants, or 
more convenient when making the calculations [20, 132]. 


By definition, the derivative of the same order of logarithm of a 
characteristic function at point v = 0 divided by 3* is called a k-th 
order cumulant: 
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This method was proposed by M. M. Leshchinskiy. 





a 


2 Se an aN 


einer alae ela ins gts Saige aan ee ad ak te ee ee Cees aera ee eg aot ee a 
an tae ee oars eee ale on ee me ee et nae eee 


dk 


ae a Fes 


In (2) | = 


t=o 


fe 2 (10.3.1) 
=i {S| jw ipemas 


Hence follows two important properties of a cumulant [132]: 

1) A cumulant of any k-order of the product of random value x by 
consta*t a is equal to the product of the k-th power of a constant by 
the cumulant of a random value, i.e., 


Xn (ax) =a*x, (x). (10.3.2) 
2) A cumulant of any order of the sum of independent random values 
is equal to the sum of cumulants of the same order of these values, i.e., 


N N 
a(¥ j= Xr (Xn). (10.3.3) 


ast n=l 


The latter property, called a composition rule [132], is valid for 
moments only for the first three orders. The advantage of cumulants is 
included in this. 


Let us determine the distribution cumulants of voltage at the input 
of a recirculator, i.e., at the output of a square-law detector (Fig. 
10.1.1, b). To do this, let us first calculate the characteristic func- 334 
tion of this voltage. Using (10.2.3) that describes the characteristic 
function of the value x = u2/202, we find 


0(0) = (1 — /2e%0)"* exp (F Ehgeae)-” 


Its natural logarithm or the cumulant function 


t = : z ; 
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has an n-th order derivative: 


ng" 
$'") (0) = (2ja*)* (n — I)! (1 — Qjata)-* (, 4 2) 
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Dividing this expression by j" and assuming that v = 0, we determine 
the n-th order cumulant of voltage at the input of a storage device: 


na (n— I) Qot"(1-+aF), (10.3.4) 


Let us then determine the cumulants of voltage distribution at the 
output %n3. Since the terms of the sum (10.1.3) are mutually indepen- 
dent, then because of the composition rule (10.3.3) 


be ze 
Xns = y “, 
k=l 
where x (™) is an n-th order cumulant of the k-th term. 


According to (10.3.2), the latter is related to a cumulant of the 
same order of input voltage at moment t - kT of the following function: 


{&) 


na’ 


x = mite 


Because of this, the n-th order cumulant of output voltage is 


Seng = gt (10.3.5) 
k= = 
Accordingly, the cumulant of any order of voltage at the output of 335 
a storage device with exponential weight function is related by a simple 
function to cumulants of the same order of voltage at the input of this 
device. 


The derived expression is very general and valid in any case. It 
is easy to generalize for storage devices with other weight functions. 


In the special case of receiving a square-wave sequence of N non- 
fluctuating pulsed signals on a continuous noise background, the first 
N discrete values of input voltage will be a signal-noise mixture while 





the remaining ones will be noise. 


Let us denote by X12 and xn2 the n-th order cumulants of input volt- 
age during the action of a signal-noise mixture and noise alone, respec~ 
tively. Then 
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If the number of pulses is high or the value of the weight mul ti- 
plier is small, so that 


m™ gland xan <€x'n, then xn, Sear(1— a) 
When receiving a continuous noise oscillation 


Xn3 =x" nol (1L—wn"). (10.3.7) 


In the case of quadratic storage with exponential weight function 
and Gaussian noise at the input, according to (10.3.4), formulas (10.3.6) 
and (10.3.7) assume the form 


na = (n— 1) GCE tam [Pref | (10.3.8) 


and 

: (10.3.9) 
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Xns = (na — 1)! 





It follows from (10.3.8) that the output voltage has the asymmetry 
coefficient 


3 
bm Kglemisme  etll a) (10.3.10) 
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and the excess coefficient 33 
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These formulas are valid both in the presence of a signal and in 
its absence (q = 0). 


Consideration of the dependence of the asymmetry and excess coeffi- 
cients on signal/noise ratio (see Fig. 10.3.1) shows that the noise dis- 
tribution has such large asymmetry and excess that it cannot even be 
approximately considered normal. This coincides with the conclusion made 
previously (see section 10.2). 
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Fig. 10.3.1. Asymmetry and excess coefficients \ 
as functions of signal/noise ratio. 
i 


If che signal/noise ratio increases, both asymmetry and the excess 
decrease (asymmetry somewhat more slowly than excess). A decrease of 
these coefficients indicates the approach of the distribution of signal- 
noise mixture to normal law with an increase of the weight multiplier 
and with an increase of the signal/noise ratio. The latter is explained 337 
by the fact that the distribution (10.1.2) of the signal-noise mixture 
at the input of the recirculator varies significantly from exponential 
law at q = 0 to a law close to normal at large value of q as the signal/ 
noise ratio increases. However, even at m = 0.95 and q = 2 the output 
voltage distribution can only be assumed approximately normal. 


The question arises of how to use the voltage cumulants determined 
above at the outputof a noncoherent storage device with exponential 
weight function for approximate, but rather precise calculation of the 
distribution law of this voltage. This problem is also considered below. 


2. Expansion of Probability Distribution Function of Output Voltage to 
Edgeworth and Laguerre Series : 


Asymptotic expansion of the distribution function of a random value, 
based on normal distribution, is accomplished by an Edgeworth series 
[132]. 
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For the probability density of voltage u it has the form 
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and %, is the n-order cumulant of voltage u. 


This series converges more rapidly, the closer the investigated 
process is to normal, i.e., the less the asymmetry and excess coeffi- 
cients and so on. At k = y = 0 and #5 =... = 0, the probability dis- 
tribution is normal 


ee: (u — x,)? 
W (u) = = exp ee 7, |. (10.3.13) 
Relation (10.2.9) also follows from (10.3.9) and (10.3.13). 
By integrating (10.3.12) with respect to u from U to ~, we find an 33: 
Edgeworth series for the integral distribution function: 
PU)=[! —0(Fe)| +z" (wy) — 
" (10.3.14) 
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The remainder term of the Edgeworth series is on the order of the 
first discarded term. The tables of [126, 171, 172] should be used when 
calculating the distribution functions using an Edgeworth series. 


Edgeworth series can be used to calculate the distribution functions 
only if the distribution is close to normal. The criterion of this 
proximity is the smallness of the asymmetry and excess coefficients and 
also the coefficients xm” and so on. These coefficients can obviously 
be regarded as small if their absolute value is less than 0.1. In this 
case it is usually sufficient to take into account no more than four 
terms of this series. 
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If there is no proximity of the considered and normal distribu- 
tions, the Edgeworth series converges so slowly that calculations are 
possible only by using a digital computer. 


If the probability distribution differs strongly from normal and 
has great asymmetry, for example, due to the probability density of neg- 
ative values of random voltage being equal to zero, which is specifically 
observed after a square-law detector and an insufficiently efficient re- 
circulator or a different filter, then expansion of the distribution 
- functions into a series by functions of the Laguerre orthogonal system 
may yield better results [173-175]. 


J 


W (uy = 2 xt0-* \ gals (2), (10. 3.15) 
axd 
where 
Li (x)= ay 8 Ee (x8 e~7) (10.3.16) 






is a generalized k-th order Laguerre polynomial [25]: 33: 
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and f(x) is a gamma-function. 





Consequently, the coefficients of this expansion, like those of 
the Edgeworth series, are expressed by distribution cumulants of random 
voltage u. 


Integrating (10.3.15) with respect to wu within the limits from U 
to », we find a Laguerre expansion for the integral distribution 
function 


P(U) =P p(2s s es 
- a (10.3.17) 
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where the "chi-square" integral distribution function P(x2, n) is char- 
acterized by (10.2.12). 


The Laguerre series (10.3.15) and (10.3.17) can be used to calculate 
the probability densities and distribution functions in the case when 346 
the distribution of the considered random value is close to "chi-square" 
distribution. The criterion of this proximity is the smallness of the 
expansion coefficients 93, 94, 95 and so on. In this case calculation 
carried out by using only the zero term of these series alone yields 
satisfactory accuracy in most cases. 


If the storage device were ideal, i.e., if it added N blips of the 
received oscillation with weight equal to one and if it were preceded by 
a square-law detector, the voltage of the stored noise would be precise- 
ly distributed by "chi-square with 2N degrees of freedom" law [11, 13, 
133]. Actually, in this case, according to (10.3.4) and (10.3.5): 


Xing = Nang = N (n — 1)! (20%); 
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If the samples (storage) are added by law (10.1.3), where m = 0.8- 
0.95 and if the number of samples is infinitely large, one can assume 
that the output noise is also distributed by approximately "chi-square" 
law. Then from (10.3.9) and (10.3.17) follows 
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which coincides with (10.2.11) at U = Ug and P(Up) = F. 
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It is shown in section 10.2 that the assumption made above about 
the nature of output noise distribution is rather cumbersome, although 
acceptable for approximate calculations. 


, 3. Threshold Signals in Absence of Fluctuations 


The probability of detection with exponential weight storage of 
nonfluctuating signals can be calculated by using the first four terms 


{ of an Edgeworth series: 34 
D=P(U,) = + [1—o(—%)]4 4 9m (ny — 
| (72)] (10.3.18) 
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where r= “tai, and %,3, k3 and y3 are calculated by formulas (10.3.8), 
2 


(10.3.10) and (10.3.11). 


Being given Ug, based on the level of the probability of a false 
alarm and the value of the weight multiplier of the recirculator, the 
signal/noise ratio and the number of pulses in the sequence, one can cal- 
culate the cumulants of the first four orders, the asymmetry and excess 
coefficients and then the probability of detection. 





Fig. 10.3.2. Characteristics of detecting nonfluctuating 
signals. 











The detection characteristic with noncoherent storage of nonfluc- 
tuating signals, calculated by formula (10.3.18), is shown by curve 3 

as an example in Fig. 10.3.2. The detection characteristics with coher- 
ent exponential weight storage of a completely known (curve 1) and known 





with the exception of the initial phase (curve 2) sequence of nonfluc- 
tuating signals are plotted in the same figure for comparison. All 
these characteristics have the same form. 


Curve 4 in the same figure reproduces the detection characteristic 342 

with noncoherent exponential weight storage of nonfluctuating signals 

plotted with approximation of the instantaneous voltages of noise and 
signal/noise mixture by normal distribution law at the output of a non- 
coherent exponential weight storage device. Comparison of curves 3 and 4 
shows the unsatisfactory nature of normal approximation of the distribu- 
tion laws of random voltages at the output of a noncoherent exponential 
weight storage device. 


The threshold signals can be calculated by the following method. 
Let us ascertain the level of detection probability and let us determine 
the first approximation of the signal/noise ratio corresponding to it qo 
from the relation 


D=+[1—0(%=2)), 

2 [ = ) 
which, using (10.3.8), is transformed to the form 
g.(1—m")—2[1(1—m)—1]= 


=) 38s tit a(i—m™y”, 


where z = arg#(2D - 1). Specifically, z = 0 at D = 0.5 and z = 0.9062 at 
D= 0.9. 





The derived equation is biquadratic in the general case (z # 0) with 
respect to qy. Its solution at D = 0.9 is as follows: 
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At D = 0.5, due to the fact that z = 0, the first approximation is con+ 
Siderably simpler: 


— J 2 (—m)—1) 2 (10.3.20) 
% { 1— mV \ ‘ 


To refine the result obtained, let us assume that correction 4q is 343 
small compared to the first approximation. Representing (10.3.18) by 
the function D(q) = D(qg + Aq) and expanding the latter into a Taylor 
series, we find 


D=D(qa,+ 49) ~D(q)+G| _ - Ag =D (qe) + D(a) 84. 


Since D (qq) is the result of substituting Go into (10.3.18), in 
which the first term of this expression approaches D and the sum of the 
next three terms assumes some value AD, then D . D + AD + D‘'(qg)4q, hence, 
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By differentiating the last integral with respect to the parameter, we 
find 
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Specifically, U,=x,, and Di, = (Qa) x',,, at D = 0.5 and 


at D= 0.9. 








Because of (10.3.8) and the previous formulas, we have at D = 0.5 
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The greater simplicity of the expression for correction at D = 0.5 is 
explained by the fact that x = 0 and 6) = 0 in this case. There- 
fore, it is sufficient to take into account only the first two terms of 
the Edgeworth series when calculating the detection probability since its 

; remainder term is on the order of the third term, which is equal to zero 

. in the given case. Expression (10.3.21) is also more precise since the f 
segment of function D(q) corresponding to it can be assumed linear with 
greater accuracy than the segment adjacent to D = 0.9. 

| 


Calculations show that the relative value of the correction at m > 
> 0.8 and N > 4 does not exceed 1.35%. The value of this correction 


decreases as m approaches 1 and as N increases. 


Consideration Of the dependence of threshold signal/noise ratios on 
N (Fig. 10.3.3)* shows that the threshold ratio decreases as the number 


The following notations were used in this figure and also in the 
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of pulses increases until m” becomes negligible. The threshold ratios 
are lower with sufficiently large number of pulses, the greater the 
probability of a false alarm and the closer mis to l. The level of 
detection probability is hardly dependent on the threshold ratio: the 
latter are only 10-20% higher at D = 0.9 than at D = 0.5. 
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Fig. 10.3.3. Dependence of threshold ratios 
on number of stored nonfluctuating signals. 





subsequent figures (Figs. 10.3.4, 10.3.5, 10.4.2-10.4.4, 10.5.1 and 344 
10.5.2): curves corresponding to m = 0.8 are denoted by dashed curves, 
those for m = 0.9 are denoted by solid curves and those for m = 0.95 

are denoted by dash-dot curves. 
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Fig. 10.3.4. Effect of storing nonfluctuating signals 
as function of their number. 


shown in Fig. 10.3.4.* The storage effect is understood as the power 

gain of threshold signals due to the use of only the square-law detec~ 
tor of the storage device with exponential weight function. The stor-~ 
age effect is higher, the greater the number of pulses in the sequence 
to be stored and the closer m is to 1. The storage effect is hardly 
dependent on the probabity levels of a false alarm on correct 


: 1 
| The dependence of the storage effect on the number of pulses are 

f 

f 


ween. 


detection. 





If the number of pulses is sufficiently high, the value of the 
storage effect is approximately 4.5-5 at m = 0.8, 8-9 and m = 0.9 and 
13-15 at m = 0.95. 


function after a noncoherent detector permits one to achieve a greater 
power gain of threshold signals, which indicates the feasibility of 
this use. 


The dependence of the power loss of threshold signals upon replace- 


ment of coherent exponential weight storage of signals with unknown 


| 

Accordingly, the use of a storage device with exponential weight 
| 347 
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*See note on p. 310. 
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initial phase by noncoherent storage is shown in Fig. 10.3.5.* This 
loss increases as the number of pulses, the weight multiplier and the 
probability level of a false alarm increase and as the probability 
level of detection decreases. The latter is explained by the fact that 
in this case the threshold signal/noise ratio decreases and because of 


this signal suppression by noise in the amplitude detector increases 
{129]. 





Fig. 10.3.5. Loss during noncoherent storage of non- 
fluctuating signals as function of their number. 


10.4. Storage of Sequences of Pulse Signals Fluctuating in Unison 


1. Distribution Cumulants of Stored Mixture of Signals and Noise 
Fluctuating in Unison 


The detection characteristics of signals fluctuating in unison are 
usually calculated in the following manner [12, 13, 133]. The expres- 
sion for the detection probability of a nonfluctuating signal of specif- 
ic amplitude V is taken. It is also assumed valid with a fluctuating 
signal, having used the given value of amplitude, but characterizes 348 
the conditional probability of detection. Having averaged it statis~ 
tically for all possible values of amplitude, we find the desired detec- 
tion probability. 


This procedure can also be used essentially in the given case by 
averaging (10.3.18) for all possible signal/noise ratios with regard to 
(6.4.1): 


Se 
See note on p. 310. 
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However, it is very difficult to calculate this integral since the con- 
ditional probability D(q?) is a very complex function. Moreover, since 
expression (10.3.18) is approximate, it is difficult to provide an es- 

timate of the error of this calculation beforehand. 


Determination of the numerical characteristics of distribution of 
a mixture of a fluctuating signal and noise at the output of a storage 
device and using them to calculate the distribution functions and then 
the detection characteristics are simpler. 


Expression (10.3.8) is also valid with harmonious fluctuations of 
a signal. It characterizes the conditional distribution cumulant of 
output voltage 96,3 (42)- To determine the unconditional cumulant X,3, 
statistical averaging must be carried out with regard to (6.4.1). How- 
ever, direct averaging of an n-th order conditional cumulant leads to 
the correct result only at n= 1, i.e., one can average directly only 
a first-order cumulant coinciding with the mean value m3. 


Direct statistical averaging is possible only for the initial mo- 
ments of any order. Actually, by definition [20], the n-th order ini- 
tial moment of voltage u, provided that the square of the signal/noise 
ratio q?2 is observed, is 

+o 
+2 Sun, (a, gt) de 
mn (9?) = funw (u/q*) du ===. 
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hence, it follows that: 


nt, (q") V,(¢*) = f u®W, (u, 9°) du. 


Therefore, the total (unconditional) moment of any order n 
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is the result of direct statistical averaging of the conditional ini- 


tial moment of the same crder. 


In similar fashion, the n-th order conditional central moment (at 
n> 2) is, .by definition 


Ma(q") = i) [e—m, (G0 (u/q") du = 


+0 - 
j [4 — mm, (¢*)|" W, (u, 9) du 
—_~® 
= a reeencne 
W, (q*) . 


hence, 
+e +00 +00 
i M, (9?) v, (q*) dq = faq fu —m, (g*))*V, (u, g*) du. 
—2 cee =o 


The last expression differs from that for the complete (uncondi- 
tional) central moment 


+o +00 
Ma= dq? fue —m)",(u, 9) du, 
~—o 


—oO 
where mj is the first-order total moment. 


This also proves the statement made above on the possibility of 
direct statistical averaging of only the initial moments of any order. 


By directly averaging the first-order conditional cumulant (moment) 
(10.3.8), we will have 


Mas = ee Et — (10.4.2) 
Changing from conditional cumulants (10.3.8) to conditional initial 

moments by means of known relations (20, 132], averaging them with 

regard to (6.4.1) and again changing from the total initial moments 

to total cumulants, we find 
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These formulas are valid at any values of m and N. In the considered 
case of 0.8 < m < 1 they assume the following approximate form: 





xm (n—1)!(29@ =)" at n= 2, 3 and 4 (10.44) 


2. Distribution of Stored Mixture of Signals and Noise Fluctuating in 
Unison 


It follows from (10.4.4) that the distribution of a mixture of 
signals and noise fluctuating in unison at the output of a noncodherent 
storage device has asymmetry k = 2 and excess y = 6 (calculation by 
explicit formulas (10.4.3) for the most unfavorable case of m = 9.8, 35 
N = 4 and p2 = 7.21 yields k = 1.9877 and y = 5.943. The latter differ 
from approximate values by -0.615 and -0.95%, respectively). 


Since the asymmetry and excess coefficients are so high, the use 
of an Edgeworth series to calculate the detection characteristics and 
threshold signals is essentially impossible due to its slow convergence. 


It follows from (10.1.2) and (10.3.4) that the noise at the output 
of a square-law detector has exponential distribution with cumulants 
of any order n 
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un2= (n—1)1(207)” (10.4.5) 


and the asymmetry and excess coefficients are equal to 2 and 6, respec- 
tively. This leads to the idea that the distribution of a stored mix- 
ture of signals and noise fluctuating in unison and unstored noise are 
similar. This is explained in the following manner. Because of the 
total correlation of signals fluctuating in unison, they are stored by 
the same laws as are regularo signals. However, the result of their 
storage remains random and the nature of its distribution is the same 
as that of unstored noise. 


Comparing (10.4.2) and (10.4.4) to (10.4.5), we conclude that the 
second-, third- and fourth-order cumulants both of the stored mixture 
and of unstored noise are expressed by similar formulas, while the 
formulas for first-order cumulants differ somewhat. Therefore, unlike 
unstored noise, distribution of which is exponential (see (10.1.2) at 
V = 0), the stored mixture of signals and noise fluctuating in unison 
should have exponential distribution shifted along the voltage axis 


uy —vV, 


Vise (— ) ie Vo 


where of and Vy are constants which are subject to determination. One 


can show that this distribution has the cumulants 
Yr = Vi 20% and Hea =(n—1)1(207)" at a>. 


It follows from the expressions for the first- and second-order cumu- 35 
lants that 20) = x! and V,=*,—x). 


Thus, a stored mixture of signals and noise fluctuating in unison 
is distributed with probability density 


Ved? ae U (tly —= yy x!) 


and at U>%,—x!? has integral distribution function 
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To ascertain the validity of the assumptions made above, let us 
calculate by two different methods the probability of excess stored 
mixture of a level equal to a first-order cumulant. It follows from 
(10.4.6) that P(x13) =e-'=0.36788 and calculating (10.3.14) using an Edge- 
worth series, we find 


P (4s [1 ~ (0) +L bp (0) = 
= 0,5;— 4-.2-0,39894 = 0,36702, 


Therefore, distribution (10.4.6), although it is approximate, it is 
quite suitable for calculations of threshold signals. In this case 
their accuracy at D = 0.5 is apparently higher than at D = 0.9. 


3. Threshold Signals During Harmonious Fluctuations 
According to (10.4.6), the detection probability during noncoherent 


exponential weight storage of signals fluctuating in unison comprises 
(see curve 2 in Fig. 10.4.1) 


Daan “eg 1). (10.4.7) 
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Fig. 10.4.1. Detection characteristics of fluctuating 
signals (1 and 2—coherent and noncoherent storage of 
signals fluctuating in unison, respectively; 3—-nonco~ 
herent storage of independently fluctuating signals). 
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It follows from (10.4.2), (10.4.4) and (10.4.7) that 
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or for rough calculations 
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The dependence of the threshold ratios on N, calculated by formula 
(10.4.8) (Fig. 10.4.2*) have essentially the same character as during 
storage of nonfluctuating signals. The main difference is included in 
the fact that the threshold ratios at D = 0.9 are 2.6-2.7-fold greater 
than at D = 0.5. As in the case of coherent storage (see section 6.4), 
this is the result of signal fluctuations. 


The dependence of the storage effect of signals fluctuating in 
unison (Fig. 10.4.3*) on the number of stored pulsed signals hardly 
differs from similar functions in the absence of fluctuations (Fig. 355 
10.3.4). True, the storage effect is somewhat less in the case of 
harmonious fluctuations. 


The dependence of the power loss upon replacement of coherent stor- 
age by noncoherent on the number of pulses (Fig. 10.4.4*) has the same 356 
nature as during storage of nonfluctuating signals. With harmonious 
fluctuations, although the loss is somewhat greater, it is still com- 
paratively small and does not exceed 3 at m < 0.95. 


10.5. Storage of Sequences of Indpenedently Fluctuating Pulsed Signals 


1. Distribution Cumulants of Stored Mixture of Independently Fluctu- 
ating Signals and Noise 


Independently fluctuating (from pulse to pulse) pulsed signals are 
similar in their properties to noise (see section 6.4). Because of 
this, a mixture of a fluctuating signal and noise at the output of a 


——— 
See note on p. 310. 2 
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Fig. 10.4.2. Dependence of threshold ratios on number of 
stored signals fluctuating in unison 
square-law detector is distributed, like noise alone, by exponential 356 


law: 
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2 at the input of 


The only difference is that the role of output a 
the detector is played by the sum of signal n2 and noise outputs. 
Therefore, according to (10.4.5), the voltage of a mixture of indepen- 
dently fluctuating signal and noise at the output of a detector has an 


n-order cumulant 





Xn2= (n—1) {2 (o% +n?) ]*. (10.5.1) 








16 32 6% 128 NW 
b) 





Fig. 10.4.3. Storage effect of signals fluctuating in unison 
as function of their number. 
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Fig. 10.4.4. Loss during noncoherent storage of signals fluc- 
tuating in unison as function of their number. 


This expression can be found more strictly by statistical averaging 35: 
of the conditional initial moments of distribution with regard to 
(6.4.1) calculated by means of (10.4.5) and subsequent conversion from 
the derived total initial moments to cumulants. 


Because of (10.3.9) and (10.5.1), the stored mixture has the cumu- 
lants 


Heng = (2 — 1)! CI 14 4 991 — me") 4m. (10.5.2) 


2. Threshold Signals With Independent Fluctuations 


The asymmetry and excess coefficients of a stored mixture of inde- 
pendently fluctuating signals and noise, calculated by using (10.5.2), 357 
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hardly differ from similar coefficients for stored noise (Fig. 10.3.1) 
and have comparatively large value. However, expansion of the integral 
distribution function into Edgeworth series (10.3.14) in the middle 
part of this function (at P(U) > 0.3) converges so rapidly that the 
calculations of both the detection characteristics and of the threshold 
7 signals are possible (although very laborious) even without using a 
digital computer. 


Thus, the detection probability is calculated by formulas (10.3.18) 
and (10.5.2). An example of the detection characteristic calculated in 





a this manner is curve 3 in Fig. 10.4.1. 


| The threshold ratios with independent fluctuations can be calculated 
j by the same method as in the absence of fluctuations. In this case the 
threshold ratio » is calculated as the sum of the first approximation 
and the correction: 
=p+Ap, 
Pavia; (10.5.3) 
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The dependence of threshold ratios on N (Fig. 10.5.1*) calculated 
by these formulas has the same nature as in the absence of fluctua- 
tions (Fig. 10.3.3) and with harmonious fluctuations (Fig. 10.4.2). 
True, unlike the case of harmonious fluctuations, threshold ratios dif- 
fer by only 20-30% at D = 0.5 and D = 0.9. This is the result of great- 
er normalization of the distribution of the stored mixture. 


The dependence of the storage effect of noise-like signals on the 
number of pulses (Fig. 10.5.2*) have approximately the same nature as 
in other, previously considered cases (Figs. 10.3.4 and 10.4.3). 


However, there is yet another significant difference included in 
the higher value of the storage effect in the considered case both at 
D = 0.5 and especially at D = 0.9. This is explained by the fact that 
the distribution of a mixture of independently fluctuating signals and 
noise varies very strongly from asymmetrical exponential distribution 
to distribution close to normal as a result of storage. Because of 361 
this, the storage effect at D = 0.5 as the square of the ratio of the 
median**distribution is greater than in the absence of fluctuations 


——_ 
See note on p. 310. 


** one value corresponding to probability 0.5 is called the median dis- { 
tribution of a random value [176]. ; 





and during harmonious fluctuations when the nature of the distribution 
does not vary as a result of storage. 
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Fig. 10.5.1. Dependence of threshold ratios on number of 
independently fluctuating signals. 


The very great effect of storage at D = 0.9 and of independent 

fluctuations is also explained by significant variation in the nature 

of distribution of the signal-noise mixture as a result of storage. At 
D = 0.9 the storage effect is equal to the square of the ratio of 90% 
voltage distribution quantiles of a stored and unstored mixture (90% 
quantile is a random value which corresponds to 90% probability [176]). 
Prior to storage, the signal-noise mixture is distributed by exponential 
law, the square of the 90% quantile of which is greater than the square 


= 








signals as function of their number. 


of the median by a factor of 6.6. After storage, the indicated mixture 361 
is distributed by approximately normal law in which the squares of the 

90% quantile and median differ by a factor of 1.5. Therefore, the ef- 

fect of storage at D = 0.9 is approximately (6.6/1.5) = 4.4 times greater 
than at D = 0.5. 


The latter is in good agreement with the calculated values of the 
storage effect (see Fig. 10.5.2). 


a 

Fig. 10.5.2. Effect of storage of independently fluctuating 

| Thus, noncoherent storage is especially effective during detection 
I of independently fluctuating pulsed signals with high degree of proba- 
bility. It permits one to achieve a 25-90-fold gain in receiver sensi- 
| tivity at m = 0,8-0.95. 


" This is not surprising since the considered system is essentially 
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an approximation of an optimum detector of independently fluctuating 
pulsed signals [10-13, 177]. 


It is also essential to note that the storage effect of independent- 
ly fluctuating signals with weight multiplier 0.8 < m < 1 may exceed 
i i the number of stored pulses by a factor of 1.5-2 (Fig. 10.5.2, b) at 
D = 0.9 (and generally upon detection with high probability). Con- 


es 





sequently, a sequence of several pulses separated in time and frequency 
by those values so that their fluctuations are mutually independent 36: 
upon reception can be transmitted instead of studying a single pulse 


of greater energy in the case of its fluctuation during reception. 
The energy of this sequence can be less by a factor of 1.5-2 than that 
of a single pulse, while receiver sensitivity will be the same. 


wl eee em: 


age of independently fluctuating signals [12, 13]. 


; | A similar situation is also observed with ideal (unweighted) stor- 
10.6. Some Generalizations 
> 


1. Storage of Nonsquare-Law Sequences of Pulsed Signals 


; Noncoherent exponential weight storage of square-wave sequences of ‘ 
! pulsed signals, i.e., those having identical amplitudes, was considered 
above. However, in some cases (for example, during reception of radar 
signals in the circular scanning more), the sequence of pulsed signals 
has a nonsquare-wave enveloped. The method outlined above for calcu- 
lating the threshold signals may also be applied to this case. The ; 
probability of a false alarm does not depend in this case on the shape 
of the envelope of the sequence and is calculated by formula (10.2.8). . 
The cumulants of the output voltage of the signal-noise mixture in the 


absence of fluctuations are calculated by the more general formula 
(10.3.5) rather than by formula (10.3.6), which.permits one to take in- 
to account the nonsquare-law nature of the envelope of the sequence. 
The expressions found in this manner for these cumulants are substi- 
tuted into formula (10.3.18), which permits one to calculate both the 
detection characteristics and the threshold signals. If the minimum 
threshold signal in the case of a square-wave sequence always corre=- 
sponds to the last pulsed signal of the sequence, then the minimum 
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threshold signal with nonsquare-wave envelope is observed at a differ- 
ent moment of time [121]. The latter can be determined by investigat- 


ing (10.3.18) for the extreme value. 


The threshold signal/noise ratios with quadratic exponential weight 363 
storage of sequences of pulsed signals whose envelope has triangular, 
cosine and square-wave shape (curves 1, 2 and 3, respectively) with 
identical maximum amplitude are shown as an example [178] in Fig. 10.6. 
1. Consideration of them shows that variation of the shape of the 
envelope of the sequence from triangular to cosine and then to square~ 
wave with the same number of pulses leads to a decrease of the thres- 
hold ratios. This is explained by an increase of the energy of the 


pulsed signal sequence. 


eee Fe 18 


— Feig79 













Fig. 10.6.1. Dependence of threshold ratios on N for different 
sequences. 


A real sequence of pulsed signals can be replaced by an equivalent 
square-wave sequence with amplitude equal to the maximum amplitude of 
a real sequence when calculating threshold signals. The number of 
pulses of this equivalent sequence can be calculated by the formulas 


presented in [178]. 


2. Noncoherent Double Storage Device 364 


To further reduce the threshold signals after a noncoherent single 
storage device (Fig. 10.1.1, b), one can connect an additional 
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recirculator. In this case a noncoherent double storage device will 
be formed (Fig.°19.6.2, a). 


(1) (3) 





Fig. 10.6.2. Noncoherent double (a) and two-stage (b) storage 
devices. 

Key: (1) Square-law detector; (2) Flip~-flop; (3) Threshold 
device. 


Unlike equation (10.1.3), which establishes the relationship between 
the voltages at the input and output of the first recirculator, the vol- a 
tage at the output of the second recirculator is 


u(t) = J (b+ 1) mbt — £7). (10.6.1) 
&=0 


The last expression is easily found by convoluting the ap ut voltage 
ug(t) with pulse characteristic of two recirculators 

«© 

A, Q=VJ, (k+l) mab (t—e7). 
a&=0 
Equations (10.1.3) and (10.6.1) shows that the law of double stor- 

age differs from the law of single storage by the presence of an addi- 
tional multiplier k + 1 with weight multiplier mk. Therefore, the ex- 
pression for the probability of a false alarm with quadratic double 365. 
storage can be found directly from formula (10.2.8), having replaced 4 
mk in it by (k + 1)m*, as a result of which 


r=Jeo(- eehal /1(: ~ “ie |: (10.6.2) 


This formula, like the results outlined below, was found by M. M. 
Leshchinskiy (179, 180]. 
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The dependence of the probability of a false alarm on the relative 
threshold is plotted in Fig. 10.6.3. 





Fig. 10.6.3. Probability of false alarm as function of relative 
threshold with double storage. 


Since the n-order cumulant of output voltage by analogy with 
(10.3.5) is in the given case 
= (ky 
Hong = Ya Nm (10.6.3) 
=0 
then according to (10.3.4), with double storage of a square-wave se- 
quence of N pulsed signals, unlike (10.3.8) 


oe v—! 
rua = (20h (n— INL HE e+ 1yrmen + FM ce Lyre. (10.6.4) 
k=0 k= 
The threshold signal/noise ratios (Fig. 10.6.4, a and b) and the 36 
storage effect (Fig. 10.6.5, a and b) were calculated by formulas 
(10.3.18) and (10.6.4). Comparison of the curves plotted on these 
figures and in Figs. 10.3.3 and 10.3.4 indicates that a double storage 
device with m = 0.8 permits one to achieve the same storage effect 
(gain) both in the noncoherent and coherent case (see section 8.4) as 36 
a single storage device with m = 0.9, while a double storage device 
with m = 0.9 is equivalent in this sense to a single storage device 
with m = 0.95. The use of a second recirculator in a noncoherent stor~ 
age device permits one to achieve an additional power gain from 1.4 to 
| 1.8. The value of this gain is somewhat less than with coherent stor- 
a age. This is explained by the nonlinear nature of the amplitude 
- (square~law) detector. i 
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Fig. 10.6.5. Storage effect as function of N with double storage. 






3. Noncoherent Two-Stage Storage Device 3: 






The considered storage device (Fig. 10.6.2, b) differs from a non- 
coherent double storage device (Pig. 10.6.2, a) only by the fact that 
the delay time in the feedback circuit of its second recirculator is 

M times greater than the repetition quasi-period of the pulsed signals. 








Since according to (9.1.6) the pulse characteristic of series con- 
nection of two idealized recirculators (i.e., with unlimited bandpass 
of the feedback circuit) with delays by T and MT 









2E (a/M) +1 
z—1 


ho=J 





8(¢—&7), 


where z = mi-M, due to which the voltage at the output is 


Ela Met —1 


u() =) m* ST a (t — 7), 
= |! 





then by analogy with noncoherent single and double storage devices 
{see (10.2.8), (10.6.2), (10.3.8) and (10.6.4)] the probability of a 
false alarm in the considered storage device is 


@ 
eet f(z — 1) 
P me (2© (AIM) + | ty 





F= k=0 
I (: ma {zE (uM) +1 _ yy . (10.6.5) 
{'-Siam-=1} 


and the n-order cumulant of output voltage of a mixture of nonfluctuat- 36 
ing signal and noise is 


2 


Xng = (20") (n — 1)! ») oe 





elU (10.6.6) 
ng* 22 (kiM) +1 y® 
HEY [mE TY 


Using these expressions and formula (10.3.8) by the method outlined 
above, one can calculate the threshold signals and the storage effect 
with noncoherent two-stage storage. In this case the results are ex- 
pected that indicate the possibility of using a noncoherent two-stage 
storage device to store a rather large number of pulsed signals (on the 
order of hundreds) with losses slightly exceeding those with ideal 
(i.e., unweighted) noncoherent storage. 


4. Method of Accounting for Final Bandpass of Recirculator With 
Noncoherent Storage 


The different noncoherent storage devices were considered above on 
the assumption that the feedback circuit of the recirculator has un- 
restricted wide bandpass. This assumption is valid if this bandpass 
is much wider than the spectrum of the pulsed signals being stored and 
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accordingly is wider than the bandpass of the prestorage and predec- 
tor filter F, that simulates the linear part of the receiver. 


The assumption indicated above was made only to simplify the cal- 
culations. The problem of threshold signals when using different non- 
coherent storage devices can also be solved with a final bandpass of 
the feedback circuit of the recirculators used in them. The method of 
calculating the threshold signals for the case of noncoherent single 
storage device is outlined below (Fig. 10.6.6, a). 


o 1), (2) 2, (4D. 369 
we PD, meaK Be LY mee 
Cd = hee acs 
= ou mj 
2 (3 a) 2 





Fig. 10.6.6. Equivalent block-diagrams of noncoherent single 
storage device. 

Key: (1) Radio-frequency filter; (2) Square-law detector; (3) 
Filter; (4) Threshold device; (5) To attenuators, delay lines 
and filters F2; (6) Flip-flop 


It is easy to ascertain that the block diagram of this storage de- 368 
vice can be represented in the form of an equivalent block diagram 369 
(Fig. 10.6.6, b) with addition of the output voltages of an infinitely 
large number of parallel channels. In this case the k-th channel 
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(where k = 0-~) consists of series-connection of k attenuators, filters 

F2 and delay devices by time T. Obviously the k attenuators with 

transfer coefficient m are equivalent to a single attenuator with 

transfer coefficient mk, the k delay devices by T are equivalent to a 

single delay device by time kT and the k filters F2 are equivalent to 

some filter F2,. Specifically, if filter F2 has a bell frequency 37 
characteristic 


K, (0) =exp [ —In J (o/2naF 4, 


where AF is its bandpass at level d, then filter F2_, will also have 
bell frequency characteristic with bandpass AFo, = k71/2.AP5, 


Because of this, the equivalent circuit (Fig. 10.6.6, b) can be 
represented in the form shown in Fig. 10.6.€,c. In this case the out- 
put voltage of the storage device is 


u, (t) =u, (t) + ¥ Usa (t) = y TNs (n41) (t — RT). 
a=! a=0 


Since these terms are mutually independent due to (7.2.2), the n-order 
cumulant of output voltage is 


@ 
ra, = ¥ m*y,, (aR+a)s 
a=0 


where %aa+n is the n-order cumulant of voltage at point (2k + 2) of the 
equivalent circuit at moment t - kT. This voltage is the output voltage 
for a typical radio engineering link consisting of a filter Fl, square~ 
law detector and filter F2,. Any order cumulants of this voltage can 

be calculated by the method developed by Emerson [181]. The values of 
these cumulants for the special case, but one important for practice, 
when filters F , and F2 have bell characteristics, are presented in [20]. 


The probability of a false alarm, the relative threshold level, 
detection characteristics and threshold signals can be calculated by 
the known cumulants of output voltage according to the method outlined 
in sections 10.2 and 10.3. Unfortunately, these calculations are re- 
lated to very cumbersome calculations. 
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CHAPTER XI 

PROBLEMS OF PRACTICAL REALIZATION OF ANALOG PULSED SIGNAL STORAGE DEVICES 
11.1. CHARACTERISTICS OF DELAY DEVICES USED IN ANALOG STORAGE DEVICES 

1. Types of Delay Devices Used 


The main component of any analog storage device is the delay device 
by time on the order of several milliseconds, equal to or a multiple 
of the repetition period of the pulsed signals of the radio engineering 
system. For effective storage of these signals, the bandpass of this 
device, as shown in section 7.4., should be at least double the value 
inverse to their length. Accordingly, the delay device of a microsec- 
ond pulsed signal storage device should have a bandpass on the order 
of 2 MHz. 


Ultrasonic delay lines (UZLZ) are usually employed as delay devices 
with delay time on the order of several milliseconds and with bandpass 
on the order of several megahertz. The main advantage ‘is in the long 
delay time per unit length, which is explained by the conparatively 
low propagation velocity of ultrasound in the conducting medium (on the 
order of 1.5-6 m/ms). Both liquid and solid materials are used as the 
conducting medium. The parameters that characterize the main physical 
properties of the materials most frequently used as the acoustic line 
are presented in Table 11.1.1 [154]. 
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A liquid acoustic line usually fills a steel pipe on the ends of 
which are mounted in a special armature piezoquartz converters of elec~ 
tric to ultrasonic oscillations and ultrasonic to electric oscillations 372 
al (Fig. 11.1.1, a). The quartz comes into contact with the liquid on 
EB. both sides. To eliminate multiple reflections from the ends of the 
i tube, the walls are tapered at an angle of 45°. : 


P Table 11.1.1 


: Acoustic Line Velocity, Attenuation, Temperature Velocity 
a Material m/ms aB/m Coefficient at 20°C 
i Mercury 1,43-1.5 8.3 - =2-1074 
= Fused Quartz 3.76 0.68 5°1076-2,3°1072 
A Glass 4,5-5.6 22.8 -5.8+1075 
| Magnesium Alloys 5.6-5.8 10-20 — 

Steel 4,7-6.1 9-44 4*1074 

Aluminum 5.1-6.4 11.8 ~2+10-4 


To reduce overall dimensions, solid delay lines (LZ) are made in 
the form of notched rods (Fig. 11.1.1, b) or multisided plates (Fig. 
11.1.1, cc), in which the delayed signals undergo multiple reflections. 
Quartz transducers are glued to the surface of the rod. 


The frequency characteristics of the delay line are determined 
Mainly by the characteristics of the quartz transducers. The latter 
have sharply marked resonance properties at frequencies determined by 
the thickness of the quartz plate and having the order of tens of mega- 
hertz. Therefore, ultrasonic delay lines usually delay radio pulses 
whose resonance frequency coincides with that of the quartz transducers. 
If the video pulses must be delayed by using ultrasonic delay lines, 
then these pulses are fed to a balanced modulator BM for modulation of 
the oscillation being fed from the carrier frequency generator G (on 
| the order of 15-20 MHz) and the radio pulses formed in this manner are 
fed to the ultrasonic delay line, where they are delayed by the neces- 
| sary time and are then amplified (to compensate for attenuation during 
passage through the ultrasonic delay line) and are detected by a syn- 
chronous detector SD (Pig. 11.1.2). 
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Fig.11.1.1. Ultrasonic delay lines. 
Key: (1) Input transducer; (2) Absorbing material; 
(3) Output transducer. 


Signal attenuation in the ultrasonic delay line comprises a value 372 
on the order of 50-70 dB, of which approximately 35-40 dB are losses 
in the transducers. If barium titanate ceramics are used instead of a 373 
crystalline piezoquartz plate as the transducers, these losses are re- 
duced to 10 dB. However, the bandpass is reduced somewhat in this 
case [154]. 


To eliminate the dependence of the delay time on the ambient tem- 
perature, the delay line is placed in a thermostat, usually a multi- 
layered one, which permits the temperature to be held in the range of 
+ 0.01°C with variation of ambient temperature by + 50°C [68]. In or- 374 
aer that the delay of the pulsed signal in the line be sufficiently 
accurately equal to the repetition period of the pulsed system T, this 
system is started from a synchronizer with the same delay line [154-155]. 
Both delay lines are placed alongside each other in the same thermostat. 
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In this case equality of the delay line and repetition period can be 
achieved with accuracy on the order of a thousandth of a percent. 





Fig. 11.1.2. Block diagram of delay device. 
Key:(/) Balanced modulator; (2) Ultrasonic delay 
line; (3) Synchronous detector; (4) High-frequency 
generator. 


Despite a number of advantages of mercury ultrasonic delay lines 
(low level of various reflections, low attenuation and so on), they 
have not been used recently due to the inconvenience of operating them 
(mercury is toxic, requires periodic purification, is sensitive to 
vibrations and so on). Therefore, magnesium and quartz ultrasonic de- 
lay lines are most frequently employed. They are comparatively inex- 
pensive, simple to manufacture, small in dimensions, tolerate strong 
vibrates and impacts well and do not require serious maintenance. 


As an example, let us present the parameters of a fused quartz 
ultrasonic delay line: delay time is 1 ms, resonance frequency is 
15 MHz, bandpass (at level 1//2) is 6 MHz, attenuation is 45 dB, dynam- 
ic range (signal level with respect to level of all spurious reflec- 
tions) is 40 dB, the "three-cycle echo" level is 50 dB, weight is 500 
grams, volume is 410 am3, operating temperature is -55 to +100°C and 
the temperature velocity coefficient is 1074. It has the shape of a 
pentadecahedron (Fig. 11.1.1, c) and the signals in it are reflected 
30 times from different edges of the plate. 


A magnesium ultrasonic delay line, the technique of manufacture of 
which is simpler, has somewhat worse parameters (attenuation up to 
50-70 dB and so on) and therefore the cost is lower. 


Pulses can also be delayed by magnetic recording of them and sub- 375 
sequent reading at the necessary moment of time (117, 182] and also by 
recording on cathode-ray tubes with charge storage (storage tubes) and 
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reading the recorded charge pattern. These problems are outlined in 
detail in [182-185] and others. 


The signal delay (storage) time in these devices in equal to the 
time interval between the moments of writing and reading and can be 
made as long as desired. This also includes the main advantage of these 
delay devices. 


However, magnetic recording on tape, drum or disk is integrated 
with mechanical movement of the magnetic carrier with respect to the 
recording and reading heads. The speed of this movement should be main-~ 
tained with very high accuracy, which is difficult in practice. Crea- 
tion of electron beam scanning voltages that provide rather precise 
recording of signals to the corresonding spot of the cathode-ray tube 
screen and subsequent reading of the "tracks" of these signals also 
causes great difficulties. 


Moreover, specific distortions occur when recording to magnetic 
material and to the screen of a cathode-ray tube with charge storage— 
extension of the recorded pulse in length [186], clogging (seeding) ad- 
jacent sections of the screen by secondary electrons [182, 186, 187] 
and so on. In this case the resolution of the pulse systems deterior- 
ates and the noise level increases. | 


These features should also be taken into account when solving the 
problem of the feasibility of using magnetic and cathode-ray delay 
devices in optimum filters and pulse signal storage devices. 


Despite the noted disadvantages, cathode-ray tubes with charge 
storage (storage tubes) are used both in pulsed signal storage devices 


and especially in moving target selection systems. 


Nevertheless, the best qualitative indicators of these systems 
provide delay devices in the form of ultrasonic delay lines. 


2. Spurious Reflections in Ultrasonic Delay Lines 376 
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The greatest difficulties in realization of analog storage devices 
are caused bv the presence of spurious reflections or false signals, 


which are caused by passage of the signal being delayed over paths 
aifferent from the main (calculated) path. Therefore, when feeding a 
rather short pulse to the input of a real ultrasonic delay line, sev- 
eral tens of false pulses with different amplitudes and delays appear 
at its output in addition to the pulse delayed by the required time T. 
As an example, the results of measurements for one of the real ultra- 
sonic quartz delay lines are shown in Table 11.1.2 [152]. The pulse 
delayed by 669 us is the useful signal, while the remaining pulses are 
spurious reflections. The strongest of them is the so-called "tricir- 
cular echo," having a delay three times greater than that of the main 
signal and attenuation of 55 dB. It is caused by double reflection 
from the output and input transducers of the delay line. All the other 
spurious reflections have greater attenuation—from 66 to 80 dB— 

and lower delay, beginning at 48 us. The sum of all the spurious sig- 
nals is 45 dB less than the signal. The parameters of these spurious 
reflections usually have an irregular nature (152, 188]. Therefore, 
it is feasible to estimate these parameters statistically. The mean- 
square value of the amplitude of spurious reflections of this ultra- 
sonic delay line comprises -53 dB compared to the main signal. 


Table 11.1.2 








us 
Attermmm [0 | 71] 74| 74] 77] 741 711 69] 68| 72} 77| 73| 55 
ation, | 
Due to their random nature, spurious reflections, being added to 37 


internal and external noise, make it difficult to separate the signal. 

However, their harmful effect is not limited to this, It is shown be- \ 
low how spurious reflections limit the upper bound of the stable feed- 

back coefficient of a storage device (recirculator), thus reducing its 
efficiency, and sharply reducing its dynamic range. 
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Therefore, a reduction of the level and number of spurious reflec- 
tions is one of the main problems solved in design of ultrasonic delay 
lines. 


-To reduce the amplitude of spurious reflections, corrugation of 

* the side walls of the acoustic line and painting of the walls are em- 

ployed to create an absorbing layer. To eliminate spurious reflections 

by eliminating the corresponding side paths of ultrasonic wave propa- 

gation, special notches or kerfs are made in the acoustic line (Fig. 

11.1.1, b). The spurious signals, which are the sum of several signals 

reflected twice from different pairs of opposite surfaces, can be at- 
tenuated by partial compensation of their components, achieved by al- 

| ternate shifting of the reflecting surfaces by a value equal to one- 

| fourth the wavelength. Spurious reflections with multiple delays are 

I 
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attenuated by special cylindrical holes drilled in the acoustic line 
perpendicular to the direction of wave propagation and having a diameter 
on the crder of several wavelengths. These methods are outlined in 
detail in [188]. Other useful recommendations to reduce spurious re- 
flections are presented in survey [68]. 


11.2. Elimination of Self-Excitation of Analog Storage Device 


1. Stability of Storage Device With Regard to Spurious Reflections 


The spurious reflections in the ultrasonic delay line of a storage 

device can cause self-excitation of it. Therefore, let us consider 
the condition of stability of a storage device with the presence of aux- 
iliary chamels that cause spurious reflections in the ultrasonic delay 378 
line. This storage device (Fig. 11.2.1) is essentially a feedback 
amplifier and its stability can be judged by using the Niquist criter- 
ion [28]: if the end of the vector of the complex feedback coefficient 
K(w) of the amplifier (storage device), describing a closed curve on a 
complex plane, does not encompass the point (+1, 0) upon variation of 

' frequency w from 0 to ~, then this device is stable. 


| Let us first consider the case of multiple spurious reflections in 
which Ty = kT, where k is an integer. The complex feedback coefficient t 
is then j 


ma—=0.4 
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Fig. 11.2.1. Block diagram of integrating 
device with regard to auxiliary delay channels. 


K(e)=m(e"" +9 aye/*T), (11.2.1) 
oe, 


where a, is the additional attenuation coefficient of the k-th spurious 


reflection. Since usually ¥a<t, the first vector that describes the 
k=! 


feedback coefficient of the main channel plays the main role in (11.2.1). 
It describes a circle of radius m upon variation of frequency. This 
vector is directed horizontally toward point (1, 0) at frequencies 


Qn 
w=(Q=1 + that are a multiple of repetition rate. All the vectors that 


characterize the feedback coefficients of the auxiliary channels on these 37 
frequencies will have the same direction (Fig. 11.2.2, a). Therefore, 
the total feedback coefficient is equal to the arithmetic sum of the 
feedback coefficients of individual channels: 

! n 

Ki(/Q) =m ( +V¥ «) 

\ om 
while the end of the total vector will lie to the left of point (1, 0) 
only provided that 


m(t+ $a) <t. (11.2.2) 


This is a necessary and sufficient condition of storage device stability 
in the case of multiple spurious reflections. 


Let us show that this condition is also valid in the case of non- 
multiple spurious reflections, when 





™ K ame +¥ ne) (11.2.3) 
&a=i 4 


where Ty, is a nonmultiple of T and usually 0 < T < 3T. 
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Fig. 11.2.2. Vector diagrams for feedback coefficients 
of storage devices. 


Andthe first vect r plays the main role in this vector sum in the 3€ 
given case. It is directed horizontally at frequencies 12 that are a 
multiple of the repetition rate. In this case the vector of the feed- 
back coefficient of the k-th auxiliary channel will be directed at an 
angle 12T,.. Since the bandpass of the storage device is approximately ; 
1,000 times greater than the repetition rate, then 1 can assume any | 
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whole value up to 1,000. Since Tk essentially lies in the range 0.3T, 
then the angle of rotation of the k-th vector can assume any value in 
practice in the range (0.27). 


Obviously, the end of the sum of two vectors having length m and 
maj and arbitrary phases always lies within a circle with radius m(1l + 
+ aj); the end of the sum of three vectors m, ma) and ma2 long and with 
arbitrary phases lies within a circle of radius m(l + aj + a2) and so 
on (Fig. 11.2.2, b). Therefore, the end of the total vector (11.2.3) 
always lies within a circle of radius m(1+¥a). | 
k=o 
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This circle will not encompass the point (1, 0) only if its radius 
is less than 1, i.e., if condition (11.2.2) is fulfilled. 


mee. 
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Accordingly, it is necessary and sufficient that the feedback 
circuit of the main channel satisfy the following condition for stability 


m<i/(it+ De): (11.2.4) 


were 


Thus, the presence of spurious reflections limits the upper value 
of the feedback coefficient of the storage device and thus the gain pro- | 
vided by the storage device during storage of a sufficiently large num- | 
ber of pulsed signals. Actually, it follows from (11.2.4) that the max- 
imum stable feedback coefficient (through the main channel) is 


a 


Ly MNyare = 7 
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t ' a=! 

B and at 3£ 
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where « is a sufficiently small positive value selected from the condi- 


~~, 


tion of maintaining stability with instability of the storage device 
parameters (for example, « = 0.01). 


Then according to (5.4.7) with sufficiently large number of stored 
pulses when mre. SI, the maximum possible gain of a coherent storage 


device is 
Byane 4 ptt SU (11.2.5) 
ate 


Specifically, if the levels of all spurious reflections are identical, 
i.e., a4 = @ for k = O-n, then 


Bue = LS 2-+1. 


Having assumed, for example, that « = 0.01, we find Bus,, equal to 8.93, 
20.8 and 100, respectively, at ao = 0.01 and n = 24, a = 0.01 and n = 9 
| and o = 0.001 and n = 10. 








Thus, spurious reflections sharply reduce the efficiency (gain) of 
the storage device. This reduction is greater, the greater the number 
and the higher the relative level. 


Therefore, to ensure high efficiency of an analog storage device, 
it can be made on the basis of an ultrasonic delay line in which the 


minimum values are the number and especially the level of spurious re- 
flections. Unfortunately, the ultrasonic delay lines manufactured at 
present have comparatively high level of spurious reflections that reach 
values on the order of 0.03-0.1 in some cases. In this regard the prob- 
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lem of designing efficient analog storage devices based on ultrasonic 


portant. This problem is similar to a known degree to that of designing 
a highly reliable system of insufficiently reliable components. Some 
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methods of solving the indicated problem are considered below in section 
11. 5S. 


2. Eliminating Self-Excitation of Storage Device Due to Instability of 


delay lines with comparatively large spurious reflections is very im- 38: 
f Its Components 


~~ - 4 


The instability of the transfer coefficients of the storage device 
components can disrupt its normal operation and lead to self-excitation. 


Even a slight increase of the amplification factor of one of the ampli- 
fiers that compensate for signal attenuation in an ultrasonic delay 

line can disrupt the condition of stability {11.2.4) and cause self- 
excitation. A decrease of the transfer coefficient of one of the com- 
ponents of the storage device may lead to a sharp decrease of gain, i.e., 
to a reduction of its efficiency. Thus, for example, if this decreases 
causes variation of m from 0.95 to 0.9, i.e., by only 5.8 percent, the 
maximum gain decreases from 39 to 19, i.e., more than one-half. 
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To eliminate the possibility of both self-excitation and a decrease 
of the efficiency of the storage device, automatic regulation of its 
feedback coefficient is employed. One of the possible block diagrams 
of a storage device with this regulation is shown in Fig. 11.2.3 [139, 
189]. Its operation is based on comparison of amplitude V, of the un- 
stored auxiliary video pulse to the amplitude of the stored pulse V2 
attenuated (1 - mo) times, where mp is the calculated value of the 


344 





em ARR tn erent name = ten 


feedback coefficient of the storage device. These amplitudes are iden- 
tical during normal operation. Deviation of m from the calculated value 
changes the value of the stored signal, due to which the equality of 
amplitudes is disrupted. In this case a voltage which is integrated and 
used to control the value of the coefficient of the intermediate-frequency 
amplifier is generated at the output of the subtraction device. The time 
constant of this regulation is on the order of 10T. 


38. 





Fig. 11.2.3. Block diagram of storage device with auto- 
matic regulation of feedback coefficient. 

Key: (1) Auxiliary video pulse generator; (2) Time se- 
‘lector; (3) Input; (4) Balanced modulator; (5) Delay 
line; (6) Intermediate-frequency amplifier; (7) Detector; 
(8) Output; (9) High-frequency generator. 


The control circuit operates in a specially allocated time channel 382 
frequency of the effect of useful signals and is connected to the main 
circuit by two time selectors (VS) which are controlled by the auxiliary 383 
video pulse generator (GVI) started from the synchronizer. If a special 
time channel cannot be allocated to regulate the feedback coefficient of 
the storage device, then a special frequency channel is allocated for 
this purpose. 


11.3. Effect of Multiple Spurious Reflections on Efficiency of Storage 
Device 


Let us ascertain that multiple spurious reflections (i.e., those 
with delays T, = kT, where k is an integer) contribute to signal storage 
through the main channel by increasing the equivalent feedback coeffi- 
cient, the value of the stored signal and thus the gain provided by the 
storage device. 


i 








This is obvious for synchronous spurious reflection, which has de- 
lay T. In this case the combination of the main and auxiliary channels 
with identical delays and feedback coefficients and m and mo (Fig. 
11.2.1) is equivalent to a single channel with the same delay and coeffi- 
cient M3 =m (1 +a). The gain in the signal/noise ratio provided by the 
storage device increases if a sufficiently large number of pulsed signals 
is stored due to an increase of the equivalent feedback coefficient (if 
of course its value is less than 1 and there is no self-excitation). 38¢ 


Since the strongest spurious reflection is a tricircular echo, let 
us consider storage of the signal in a storage device containing one 
auxiliary channel with delay Ty = 3T and attenuation a in addition to 
the main channel (Fig. 11.2.1). Let a sequence of N pulsed signals act 
on the input of the storage device, beginning at moment t = 0, and hav- 
ing repetition quasi-period T and pulse amplitude Vj, (Fig. 5.3.1; a). 
Let us assume that the useful signals are added to the multiple spurious 
reflections in phase, i.e., the useful signals and spurious reflections 
are coherent. It is easy to show by the induction method that the volt- 
age at the output at moment t = nT, where n < N - 1, comprises 

wy (AT)= V, (may F Cine 
Fo am 
where cf is the number of combinations of k components with respect to l. 


This expression can be converted to the following form: 
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If n is sufficiently large, the first term is considerably greater than 
the sum of the remaining terms and 


uy (AT) = V, SY bm (1 tay}. 


bal 


Accordingly, the signal is stored in the considered storage device 
by approximately the same law as in a storage device in which there is 
only one main channel with feedback coefficient mz =m (1 + a). 








Thus, multiple spurious reflections do not create false signals 385 

and contribute to storage of the useful Signal. Therefore, their level 

can be permitted considerably higher than that of nonmultiple spurious 
reflections, which worsen the operation of the storage device by reduc- 

in- its dynamic range (see section 11.4 below). However, the level of 
multiple spurious reflections should be taken into account when solving 

the problem of the value of the stable feedback coefficient through the 

main channel. 


Due to the fact that auxiliary channels usually have irregular 
nature, due to which the coherence of useful signals and spurious reflec- 
tions may be disrupted, a small total ‘evel of multiple spurious reflec- 
tions is also desirable. 


11.4. Effect of Nonmultiple Spurious Reflections on Dynamic Range of 
Storage Device 


The dynamic range of a storage device is characterized by the ratio 
of the useful signal amplitude at its output to the amplitude of the 
greatest spurious reflection (expressed in decibels) (or to the total 
amplitude of all spurious reflections or to the mean square value cf 
the amplitude of spurious reflections). 


The dynamic range of the storage device is considerably below that 
of the ultrasonic delay line used in it. This is explained by the fact 
that the useful signals are stored in the storage device a considerably 
lesser number of times than the spurious reflections [152, 190]. 


To ascertain the validity of this conclusion, strange at first 
glance, let us consider a simplified circuit of a real storage device 
with main and one auxiliary channel with delays by T and Tx (where T, is 
not a multiple of T) and with attenuation m and ma (Fig. 11.2.1). As 
usual, a <<l. 


Let a sequence of N pulsed signals with amplitude V, and repetition 


quasi-period T be stored (Fig. 5.3.1, a). Then according to (5.4.1), 
the signal output voltage is 
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V, (er) =Vi at O<k<N—I. (11.4.1) 


The spurious reflections are stored by a mors complicated law. Let 38 
us take into account only those spurious reflections which were formed as 
a result of single passage through the auxiliary channel. The spurious 
reflections that passed two or more times through the auxiliary channel 
have considerably lower amplitude and they can be disregarded in the 
first approximation. 
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Fig. 11.4.1. Time diagrams of voltages in storage device. 


The first impulse of the input channel (Fig. 11.4.1), passing 
through the adder, auxiliary channel and again through the adder, causes 
a spurious reflection V4(Tk) = maVl1 at the output. A signal Vq(T) = 
= V1(1 +m), which causes a spurious reflection V3(T + Tk) = maV1(1 + m) 
at the output of the auxiliary channel and which is stored through the 
main channel, is fed to the auxiliary channel during the second repeti- 
tion period. The spurious reflection coincides in time with the pulse 
at the output of the main channel caused by spurious reflection Vq(T,) = 
= maVj being fed to its input and having amplitude y,(7,+7) =mV,(Tr) mal). 
Obviously: Vs(T+7 4) =Vs(T+Ta) +V2(Te+T) eemaV,(1+2m). In like fashion, 

V,(2T+Ts) =maV,(142m+3m?), and generally 











Vi(aT Ty) = maV, [1 +2 +... (ntl) m= 
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The peak value of the stored spurious reflections comprises 
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Voo=V,[N—1) TT] = mav, | p= Nal) (11.4.2) 
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Accordingly, the ratio of the peak values of the useful signal and 
spurious reflections at the output of the storage device comprises 







==" [—~m* ; (11.4.3) 
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Specifically, with a sufficiently large number of pulses when condition 
(5.4.19) is fulfilled, 
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Thus, the dynamic range of the storage device in decibels is 


(11.4.5) 






D,=Migp =D, — Wig, 





where D, = 20 1g is the dynamic range of the ultrasonic delay line, 
while a decrease of the dynamic range due to storage of spurious reflec~ 






tions is 
. =D,—D,= Hig =. 
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(11.4.6) 






This value comprises 12, 15, 19.1 and 25.6 dB, respectively, at m = 0.8, 
0.85, 0.9 and 0.95. 







Accordingly, the dynamic range of the storage device deteriorates 
More strongly, the greater its feedback coefficient, i.e., the higher 






its efficiency. 





Thus, for example, if the dynamic range of the ultrasonic delay 388 
line is 55 dB, then the dynamic range of a storage device with m = 0.9 
and 0.95 comprises 35.9 and 29.4 dB, respectively. 
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Some methods of recucing the harmful effect of spurious reflections 
are considered below. 


11.5. Methods of Reducing Effect of Spurious Reflections 


1. Periodic Variation of Signal Polarity During Different Repetition 
Periods 


To reduce the effect of spurious reflections on the operation of a 
storage device, one can use periodic variation of signal polarity at the 
input and in the feedback circuit by means of balanced amplifiers BU 
(Fig. 11.5.1, a). Signal polarity at different repetition periods can 
be varied by different laws. 


Specifically, double variation of polarity during three repetition 
periods yields good results (Fig. 11.5.1, b). In this case there is 
partial compensation for spurious reflections whose delay time differs 
considerably from that of the useful signal. Thus, when pulsed signals 
that delay the repetition period by time t, with respect to the begin- 
ning are stored, all spurious reflections whose delay time is not with- 
in the range (T - tj, 2T - t1) are partially compensated. 


As an example, let us take t, = 0.5T and the delay time of the 
spurious reflection as Ty = 1.75 T. Two spurious reflections then coin- 
cide in time during the fourth repetition period at moment t = 3.25T. 
One of them is caused by the useful signal that has arrived during the 
first period and that has initially passed through the auxiliary channel 
and then the main channel of the delay line, while the second is deter- 
mined by passage of the useful signal through the auxiliary channel dur- 
ing the first two periods. The amplitudes of these reflections are 
equal to Vymom and V1,(1 + m)ma, respectively, while the polarities are 
opposite, due to which their sum has amplitude Vyjma. If there is varia- 
tion of polarity, the spurious reflections have identical polarity and 
are added arithmetically, due to which the amplitude of their sum is 
Vym a(l + 2m), i.e., (1 + 2m) times greater. 


It is recommended in [189] that variation of polarity (phase manip=- 389 
ulation) be used by the law shown in Fig. 11.5.1, c to attenuate the 
tricircular echo. 
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Fig. 11.5.1. Block diagram of storage device with variation of 
signal polarity and time diagrams of voltages in it. 


Let us note that the methods described above for suppression and 
attenuation of part of the spurious reflections are based on time selec- 
tion and therefore are effective only if the delay time of the spurious 
reflections differs considerably (by an average of the repetition half- 
period) from the delay time of the useful signal. 


2. Use of Frequency-Modulated Storage Device 


Spurious reflections in a storage device with amplitude modulation, 
which worsens the dynamic range of the storage device, are stored to a 
considerably less degree if amplitude modulation is replaced by fre- 390 
quency modulation. The blocks diagrams of two frequency-modulated stor- 
age devices are shown in Fig. 11.5.2, a and b. 


The feedback circuit in the first storage device consists of a 
reactance tube, FM generator (ChMG), limiting amplifier (UO), delay 
line and FM discriminator (ChD). The advantages of this storage device 
are the capability of achieving feedback coefficients as close to one as 
desired and considerably lower instability of the amplification factors : 
of the intermediate~-frequency amplifier and other amplitude par ?.eters 
and also instability of the feed voltages. 
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Fig. 11.5.2. Block diagram of frequency-modulated storage 
device. 

Key: (1) Reactance tube; (2) FM generator; (3) Delay line; 
(4) FM discriminator; (5) Limiting amplifier; (6) Mixer; 

(7) Intermediate-frequency analyzer; (8) Frequency generator. 


The pulses stored in this storage device are added on the video 
frequency. Therefore, its operation essentially does not differ from 
that of an AM storage device. The only difference is that the informa- 
tion on the arrival of a pulse to the input of the storage device and 
on its value is recorded in its frequency rather than in the amplitude 
of the oscillation delayed by the line. 


There is direct addition of the frequency deviations caused by the 
pulsed signals to be stored in the second storage device (Fig. 11.5.2, 
b). Actually, if the first pulse is fed to the input of the storage 
device, the frequency of the FM generator varies from f, to f1 + AF, 391 
immediately changing the frequency of the output oscillation of the 
mixer Sm] from fo = f3 - £1 to £2 - AF and after delay by T in the delay 
line, it changes the frequency of the output oscillation of mixer Sm2 
from f3 = f1 + f2 to £3 - AF. After the pulse at the input ends, the 
frequency of the FM heterodyne returns to a value of fy. During the 
second period the pulsed signal, which delays with respect to the first 
by T, again changes the frequency of the FM generator by ff} + A4F. In 
time it coincides with the frequency pulse f3 - AF being fed to the 
second input of the first mixer. As a result a frequency pulse f3 - 24F 
and so on is formed at its output. Accordingly, the frequency deviations 
caused by the pulsed signals with weight equal to 1 are stored, i.e., 


352 


Sheep Sa Re i EE 


3 ie ay reir ear emer 








the feedback coefficient of this (internal) storage device is equal to 
1. Negative feedback with low coefficient 8 = 1 ~- mg is introduced be- 
tween the output and input of the storage device to reduce the weight 
coefficient of storage to the desired value mo. 


Thus, the considered FM storage device stores pulsed signals with 
optimum weight coefficient mg. 


An important advantage of this layout of the storage device is the 
capability of reducing the effect of spurious reflections to the dynamic 
band of the storage device. This is explained in the following manner. 


When the carrier frequency of the oscillations delayed in the delay 
line is constant, the spurious reflections that have passed through the 
main channel of the delay line will be in phase with the useful signals 
that have passed through the auxiliary channel and that have achieved 
the nature of spurious reflections due to this. Being in phase, they 
are added arithmetically as in an AM storage device, considerably reduc- 
ing the dynamic range of the storage device. 


However, the carrier frequency fluctuates due to natural fluctua- 
tions (for example, caused by hum in the reactance tube). This leads to 
addition of the spurious reflections in random phases, i.e., by power 
rather than by amplitude. Therefore, unlike an AM storage device and 
unlike the case when cophasal (coherent) addition of spurious reflections 
occurs in an FM storage device with noncoherent addition of them in an 
FM storage device, as Urkowitz pointed out [152], the dynamic range of 


the storage device is 39 


D,=D,— 101g >= —2. (11.5.1) 


It follows from (11.4.5) and (11.5.1) that the dynamic range is 
deteriorated less by the following value in an FM storage device due to 
noncoherent addition of spurious reflections than in an AM storage device 


"1 
1D, = 101g 5 — : (11.5.2) 


This value comprises 7.5, 9, 10.8, 13.9 and 18 dB, respectively, 
at m = 0.8, 0.85, 0.9, 0.95 and 0.98. : 


A specially run experiment showed [152] that the dynamic range of 
an FM storage device based on a delay line with dynamic range D, = 54 GB 
and having m = 0.98, is equal to 21.5 GB with cophasal addition of spur- 
ious reflections and 38 dB with noncoherent addition of them, caused by 
the hum of the reactance tube. Thus, both the capability of a signif- 
icant reduction of the effect of spurious reflections on deterioration 
of the dynamic range of an FM storage device and relations (11.4.5) and 





(11.5.1) that characterize this effect were confirmed experimentally. 
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Increased attention is now being devoted to development of this FM 
storage device due to its advantages. 


Information on pulsed signals and the accompanying noise being fed 
to the input of a storage device can be written not only in the form of 
the amplitude of radio pulses delayed in the delay lines or the frequency 
of the oscillation circulating through the feedback loop of the storage 
device, but in its phase as well. A phase-modulated generator (FMG), 

: which changes the phase of the output oscillation by a value propor- 


, | 3. Use of Phase-Modulated Storage Device 
f 
t 


a 


tional to the instantaneous value of the input pulse voltage, is used 

for this purpose in the storage device (Fig. 11.5.3). Since the oscil- 
lation amplitude carries no information whatever about the input voltage, 

the oscillation can be subjected to amplitude restriction that eliminates 39 


| 


the effect of instability of amplitude characteristics. Therefore, very 







low requirements are placed on the stability of these characteristics. 
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Key: (1) Input; (2) Phase-modulated generator; (3) Delay line; 
(4) Phase detector; (5) Limiting amplifier; (6) Output. 





| Pig. 11.5.3. Block diagram of phase-modulated storage device. 
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Phase shifts of the circulating oscillation caused by pulses lo- 
cated at different repetition periods with time shift by a value that 
is a multiple of T are added in a phase modulator. The latter is a 
phase-shift adder because of this. 


Output voltage is taken from the load of the phase detector (FD) 
controlled by a special reference generator. As in the case of a fre- 
quency modulated storage device, negative feedback with coefficient 
1 - mg is introduced between the output and input of the storage device 
so that signals are stored with the desired weight coefficient mo. 


A superregenerator can be used as the amplifier. Very simple in 
circuitry and having only one stage, it permits total compensation of 
signal attenuation in the delay line and automatic limitation of oscil- 
lation amplitude. In the storage device described in [192], delay lines 
by time 100 us and a superregenerator are used that operate at a fre- 
quency of 40 MHz and have amplification of 60 dB. The stored pulses 
have length of 0.67 us. It is stated that the storage device permits 
storage of up to 2,000 pulses. This value was calculated as the product 
of the storage time (integration) by the repetition rate. The storage 
time was determined by the width of the bandpass of the spike of the 
frequency characteristic of the storage device rather than directly. 

We feel that the number of stored puises indicated above is very exag- 
gerated. Nevertheless, a phase-modulated storage device apparently per- 
mits one to store a considerably greater number of pulses than an AM 
storage device. 


Urkowitz's investigations [193] showed that spurious reflections in 394 
a phase-modulated storage device can be stored both coherently (cophasal- 
ly) and noncoherently (due to irregular variations of the carrier fre- 
quency). As in the case of a frequency-modulated storage cevice, the 
dynamic range of a phase-modulated storage device will be appreciably 
higher with noncoherent addition of spurious reflections than with coher~ 


ent addition of them. 


Since realization of analog storage devices is related to many tech- 
nical difficulties, digital storage devices of pulsed signals, which have 
a number of advantages, are of great practical interest. They are also 
considered briefly in the next chapter. 
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CHAPTER XII 
DIGITAL STORAGE DEVICES 
12.1. CHARACTERISTIC FEATURES OF DIGITAL STORAGE DEVICES 


Digital storage devices of pulsed signals are devices based on dig- 
ital computer equipment components and designed to separate repeated 
pulsed signals from the mixture with noise and other interference. 


Since the digital equipment components operate with digital numbers, 
the received oscillations, which are analog, are converted to digital 
form prior to digital storage by means of special analog-digital conver- 
ters (quantifiers). This quantification of the received oscillations is 
carried out both by level (amplitude) and in time. 


In the simplest case of binary amplitude quantification,* one can 
use a threshold device as the converter (Fig. 1.2.2.). A voltage of some 
constant value, to which the value "1" is assigned, is generated at the 
output of this device when the received oscillation exceeds the threshold 
voltage. Otherwise, the output voltage is zero and the value "0" is 
assigned to it. 


—_ 
Quantification of received oscillations for a large number of levels 

is not feasible since it permits one to reduce the threshold signal by 
only 1-2 aB and requires considerable complication of the storage device 


{202}. 








Since the received oscillation varies in time, it must also be 
auantified in time with a peried selected from the condition of maintain- 
ing the basic information in the received oscillation to convert it to a 
number sequence. This converter can be a time selector (coincident cir- 
cuit), to one input of which the received oscillation quantified in the 
threshold device is fed and to the other input of which control pulses 
with quantification period are fed. 


Each of these pulses delays the system with respect to the begin- 
ning of the repetition period for a quite specific time. Therefore, the 
number generated by it corresponds to the previously known segment of 
range. Each repetition period of the system corresponds to some azimuth 
("azimuth position”), in the direction of which the sounding pulses are 
emitted and from which the reflected signals come, with circular or sec- 
tor scanning of space. The combination of segments of the same range at 
different azimuth positions comprises the so-called range circle in which 
digital storage of pulsed signals also occurs. 


Unlike analog components, digital components are not invariant with 
respect to the delay time (see section 1.6) and therefore they do not 
have the natural multichannel nature in range. Because of this, digital 
storage devices that process signals coming from different distances 
must be made multichannel in range, which causes a sharp increase of 
their equipment. A large number of comparatively simple standard compon- 
ents of digital technology in circuitry and design, usually produced 
serially and therefore having low cost and high reliability, is used in 
digital storage devices. 


Being more complex, digital storage devices require higher organiza- 
tion of their operation and accordingly of the entire information proces- 
sing system. Having higher and more complex organization, digital stor- 
age devices are characterized by greater flexibility, which permits 
different operating complications of the radar system to be used--pro~ 
grammed scanning, sequential methods of analysis, pseudo-random modula- 
tion of the repetition period and so on—and also permit one to make it 
adaptive (self-tuned), which can permit a considerable increase of its 


capability with comparatively low complication of this system and improve- 3¢ 


ment of its characteristics when operating in a complex and variable 


situation. 
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Digital storage devices are easily integrated with an automated 
information processing system. Their main advantage is that, working 


with numbers rather than physical values, *hey permit one to store an 


infinitely large number of pulsed signals and thus to separate very weak 
signals from their mixture with powerful noise and interference. A 
convincing example of the high efficiency of these storage devices is 
their use in planetary radar systems in the solar system, which made it 
possible to detect random signals on a noisy background with ratio of 
signal-noise output on the order of 100 [201]. However, digital storage 
devices can also be used successfully in ordinary target radar systems— 
aircraft, missiles, ships and so on. 


12.2. Principle of Digital Storage 


If a noise oscillation is being received, then a random flow of ones 
and zeros is formed as a result of its amplitude-time quantification. If 
a mixture of repeating pulsed signals and noise is being received, then 
the flow of quantified pulses becomes ever more random with an increase 
of the signal/noise ratio due to its greater regularity, which increases 
as the signal/noise ratio increases. Digital storage devices also deter- 
mine by digital equipment methods the regularity (periodicity) of a 
pulsed flow formed as a result of quantification of a mixture of repeat- 
ing pulsed signals and noise. 


Let us consider the operation of a digital storage device in more 
detail. Let there be formed a sample uj, u2, u3, ---, Un as a result of 
quantification of the received oscillation in a fixed range circle during 
n adjacent repetition periods (i.e., at n adjacent azimuth positions). 
To solve the signal detection problem, it is required that the question 
of whether this sample was generated only by noise or a signal-noise 
mixture must be answered. Let us denote by py the probability of the 
event uj = 1, observed when noise exceeds the quantification threshold 
in the i-th position in the range circle and let us denote by g,, the 
probability of an opposite event uj = 0 (i.e., g, = 1- py). Let us de- 
note similar probabilities by pe and g, when receiving a signal-noise 
mixture. Let us note that when storage occurs after a linear amplitude 
detector, then p, and pe are calculated by formulas (6.3.3) and (6.3.4) 
if F and D in them is replaced by p, and p,, respectively, and Ug is 
assumed to be the quantification threshold. 
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Two hypotheses can he advanced with respect to the nature of the 


Sample ul, Ug, «++, Un? Hg is a sample generated by noise and H) is a 


sample generated by a signal=-noise mixture. The optimum procedure for 
making the decision (see section 1.2) is calculation of the similarity 
ratio A(uz, u2, -.-, U,) and comparison of it to threshold Ag, whose 
value is determined by the given probability of a false alarm when us- 
ing the Neymann-Pearson criterion. 


In the considered case 


Pe 
A (Ua, Uy...) Un) = Ze, ss (12.2.1) 


where P, and P,, are the probabilities that the sample is generated by a 
signal-noise mixture or by noise alone, respectively. 


Because of the independence of events u;(i = l-n), the probability 
that a given noise sample contains k ones, which occupy quite specific 


positions, comprises Pa=pig™™. 


In similar fashion, when receiving a mixture of a square-wave se-~ 
quence of pulsed signals and noise, P, = pqa-k, since the probability 


of Pe is identical for all azimuth positions. Therefore, the similarity 


ratio is 


a (Pe) (1 — peya-® ee 
A (uy, us, ..., u_) = Wu)* (1 =o ° 


Hypothesis Hj is used if 


Wl tans t= (B)(LEE) Oa, 


1 Pu 
By taking the logarithm of this expression and solving it with re- 39: 
spect to k, we find 
t— a 
[a (EY) : (12.2.3) 
k> = = Ry. 
: in 


Pa (! — Pe 


Accordingly, the optimum rule of signal detection by the sample of 
its n discrete values includes comparison of the number of ones in this 
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sample to the threshold number kp: If k > ko, then the decision is 
made to receive the signal, otherwise it is absence. 


As in the analog case, errors—false alarm and signal omission—are 
possible in this case. The probability of a false alarm and correct de- 
tection comprise, respectively 


F=f ctpt—pay->, | 
tak, 


D= > Chp*(1—'p.)e-*. 
mh J 


Analysis of the more complex case of receiving a sequence of pulsed 
signals with nonsquare-wave envelope leads to a similar result. In this 


a 
case the weight sum of of sampled digital values V. tas, in which the 
weight coefficients y; are determined by the envelope of the sequence of 
pulsed signals at the input of the threshold device, is compared to the 
threshold [202, 203]. The use of optimum weight summation instead of 
weightless summation (yj = 1) permits one to reduce the threshold signal/ 
noise ratios by only a value on the order of a decibel [202] and there- 
fore it is usually unfeasible since it is related to complication of the 
digital storage device. 


The detection algorithm considered above also remains valid in the 
case when the azimuth position of a sequence of pulsed signals is pre- 
viously unknown. Similar to detection of a signal with unknown arrival 
time, the similarity ratio is calculated in this case for each azimuth 
position by n current sample values, which is equivalent to calculating 
the number of ones, which is compared to k0. This procedure is called 
the "sliding window" or “sliding cursor" algorithm (Fig. 12.2.1) [204]. 


This algorithm can be realized in a single range circle by using an 
amplitude quantifier and reversible counter. The indication of the lat- 
ter upon conversion to the next azimuth position is increased by the 
number standing at this position and is decreased by the number which 
goes beyond the range of the "sliding window." Because of this, the 
counter indicates the number of ones in the range of the "sliding window." 
If this number exceeds the threshold value kg, then the decision is made 
about detection of the signal. 
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Fig. 12.2.1. Process of analyzing quantified voltage of received 
oscillation by “sliding window" algorithm at n = 5 and kg = 3: 
a--variation of quantified signals with number of azimuth position; 
b—variation of quantified signals for signal-noise mixture; c— 
dependence of number of ones in "window" on number of azimuth 
position. 

Key: (1) Beginning of detection. 


To receive minimum threshold signals, the threshold value kg should 
be selected as optimum [202, 205]: 


Room = 1,5Vn. (12.2.5) 


The existence of an optimum value kg can be explained in the follow- 
ing manner. It is obvious from (12.2.4) that both the probability of a 
false alarm and the probability of correct detection decreases with an 
increase of kg with fixed values of probabilities p, and pe. To keep 401 
the probability of correct detection fixed, one must increase the proba- 
bility p, by increasing the threshold signal/noise ratio. On the other 
hand, to maintain the former value of the probability of a false alarm 
with an increase of kg, one should increase the probability py, by reduc- 
ing the level of the quantification threshold. In order that the latter 
not lead to an increase of probability p, but accordingly lead to the 
probability of correct detection, one can reduce the threshold signal/ 
noise ratio. 


Thus, in the case of fixed probabilities of a false alarm and cor- 
rect detection, an increase of kg leads on the one hand to a decrease of 
the threshold signal/noise ratio and on the other hand to an increase of 
this ratio. The first tendency predominates at the beginning of an in- 
crease of kg, due to which the threshold signal/noise ratio decreases, 
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while the second tendency that causes an increase of this ratio then 
begins to predominate. 
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Fig. 12.2.2. Dependence of threshold signal/noise ratios on 
number of stored pulses with optimum noncoherent digital (a) 
and analog (b) storage. 


This also explains the presence of an optimum value of kg and also 40 
the weak effect of slight deviations of kg from the optimum value by the 
threshold signal [205]. 


The optimum value of the threshold voltage of an amplitude quanti- 
fier during reception of weak signals is selected so that p, = 0.2 [205]. 
However, the threshold signal/noise ratio is weakly critical to the value 
of py. Therefore, py < 0.1 is frequently selected in practice. This 
permits a sharp reduction of the number of noise blips and thus a de- 
crease of the storage capacity of the storage device (see section 12.5). 


If the parameters of a digital storage device are selected as opti- 
mum, the gain in the threshold signal compared to an ideal noncoherent 
storage device is approximately 2 dB (Fig. 12.2.2) (202, 205]. 


12.3. Realization of Digital Storage Device 
Let us consider one of the possible versions of realizing a digital 


storage device using shift registers (Fig. 12.3.1). The number of cells 
of each register is selected equal to the number of range circles, for 





which the repetition period of the system T is quantified. The number of 
registers n - 1 is determined by the width of the sliding window. The ' 
width of the range circle is usually selected the same as the resolution 
of the range system. In the case of using optimum filtration and a 403 
noncoherent detector, the range system is determined by the autocorrela- 
‘i tion function of the signal envelope, which coincides with that of the 
noise at the detector output. Because of the foregoing, the length 4 of 
the time segment corresponding to the range circle is usually selected 
7 as equal to the correlation time tz of the noise voltage at the detector 
output. 
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Fig. 12.3.1. Block diagram of digital storage device using shift 
registers. 
Key: (1) Amplitude detector; (2) Threshold device; (3) Time se- 
lector; (4) Timing pulse generator; (5) Logic circuit; (6) To 
coordinate tap. 








The register contents are shifted by timing pulses that follow the 
repetition period 4. If the voltage at the input of the amplitude quan- 
tifier exceeds the threshold voltage in the i-th range segment, a one is 
written in the first cell of the upper shift register, which is then 
pushed to the right by timing pulses through the flip-flops of the shift 
register and is in the (M - i + 1)-th cell of this register by the be- 
ginning of the next repetition period. This unit is fed through the 
repetition period after being fed to the input of the indicated register 
from the last flip-flop of the register to the inputs of the second req- 
ister and the logic circuit and is fed through two repetition periods to 
the inputs of the third register and logic circuit and so on. 


we 


When receiving a sequence of signals following the repetition period 
T of the system, ones will be fed simultaneously to the inputs of the 
logic circuit with time selector vs and from the outputs of different ; 


2 -- See... - 
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registers, which may cause this circuit to be triggered, indicating a 
decision being made about detection of a signal. 


It is easy to see that the considered system is a digital version of 
a delay line by time (n - 1)T with (n - 2) uniformly arranged leads in an 
optimum filter for the envelope of a sequence of n pulsed signals (Fig. 
5.1.1, b) which is an ideal analog storage device. 


A logic circuit that realizes a detection algorithm counts the 
number of ones in n range circles to be analyzed and makes a decision on 
detection of a signal when this number is greater than the established 
threshold kg. The range coordinate can be counted in this case from the 
range counter, while the azimuth coordinate can be counted from the 


azimuth counter. 


In practice it is very difficult to make these digital delay lines 404 
in the form of shift registers with a large number of cells (on the or- 
der of 1,000). Therefore, instead of these registers, a matrix storage 
device with number of cells M = T/A and number of digits n is used, 
which is usually employed in digital computers and which is made on fer- 


rite cores. 


For precise realization of algorithm (12.2.3) for optimum detection 
of a sequence of pulsed signals, it is necessary that the width of the 
"window" be equal to the number of pulses in the sequence: n=N. In 
this case (N - 1)M = (N - 1)(T/4) flip-flops or some other storage cells 
should be used in the storage device (Fig. 12.3.1). Since M = T/A is on 
the order of 1,000 and since the number of N pulsed signals in the se- 
quence may be sufficiently large, practical realization of this storage 
device is difficult. To simplify its realization, additional versions 
of realizing the detection algorithm are employed. The so-called "k/n - 
- 1" criterion is most frequently used as this algorithm [203, 206], with 
use of which no more than n adjacent azimuth positions are analyzed 


simultaneously, where n < N. 


The rule for making a decision on this criterion includes fulfill- 
ment of two special criteria: 
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a) the criterion of the beginning of detection e,, which is as- 
sumed to be fulfilled in the i-th position if k ones in n adjacent 
positions with numbers from i, - n + 1 to iy are first recorded; 


b) the criterion of the end of detection «1, which is assumed fu 
filled in position ix if a series of 1 zeros following one after the 
other is first formed on 1 adjacent positions with numbers from i, - 1 
+ 1 to i, after fulfillment of criterion ce, (Fig. 12.3.2). 


The values of target azimuth a, and a, are determined by the azi- 
muth positions i, and i, at the moment of the beginning and end of det 
tion, which permits one to calculate the target azimuth: 


a= [ay +a, —(k—141) Aa], (12.3. 


where Aa is the angle between adjacent azimuth positions. 


The presence of a subtrahend in formula (12.3.1) is explained by 
the fact that the decision on the beginning and end of detection of a 
strong signal is made with an error equal to (k - 1)Aa and laa, 
respectively. 


To simplify the circuitry realization, only logic criteria of tyr 
"k/n - 1" at k <n < 5 are used in practice. The criterion of the end 
of detection is usually selected from the condition 1 >n- k +1 [206 
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Fig. 12.3.2. Processing quantified noise voltage by "3/4 - 2" 
criterion in single range circle. 


The "*k/n - 1" criterion is called a whole criterion at n = k and 
‘ractional criterion at n < k. A whole criterion is most simply reali 


e coincidence circuit at k inputs. 


ew ‘cher suboptimum processing algorithms are described in [20: 
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12.4. Frequency of False Alarms and Detection Characteristics ‘When 
Using "k/n - 1" Criterion 


Let us first determine the mean frequency of false alarms for a 
single range circle. The sequence of ones and zeros formed in the circle 
as a result of amplitude quantification of noise oscillation can be re- 
garded as a sequence of independent tests with probabilities of success 
(with fallout of a one) equal to py and failure (fallout of zero) equal 
D to gy = 1- py. These tests are independent due to the independence of 
ty the values of noise separated by the repetition period of the system 
whose value is always much greater than the noise correlation time. 


m wrt 


Yo ame 


Let us use the results of recurrent event theory to determine the 
a mean frequency of false alarms v' in the range circle [137, 208}. The 
; | time interval between two sequential false alarms Ths is added from the 40t 
delay Tl of event ¢«), and the delay Ty of event ce, (Fig. 12.3.2). 
t 
f 


Te determine the mean numbers of tests 9) = mj, (T ,)/T and 6, = 
= m,(Tx)/T prior to the first realization of events ce, and e,, respec- 
tive.y, in a sequence of independent tests. let us consider the combin- 
ation of probabilities £3(0 < i< ©) of the onset of event « first on 


I-48 


the i-th test and function Ay= fle that describes the probability of 


~ 
a 


wen +1 


recurrent event e« in the first n tests. 


The main number of tests before the first appearance of event ¢« is 


t=) ik =¥, Mn. (12.4.1) 
im ax0 


«a 

rf Q(s)= }! ms‘ is a generating function for probabilities hy [208], then 
wd 

@ = Q(1). 


To compare the equation that permits one to determine Q(s), let us 
use the method described in [137]. It follows from determination of 


values hy and f, that: 


Stee. ee eee 


fawmhna—te.. (12.4.2) 
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And the probability f, of the first realization of event « for the first 
time on the n-th test can be expressed by probability hp, where p < n, 
in the following manner. 


For whole "k/k - 1" criteria, event ex, which is a series of k ones 
one after the other, first begins on the n-th test with simultaneous 
fulfillment of the following conditions: 


a) ones fell out in k tests with numbers from n - k + 1 to n; 
b) a zero fell out in a test with n - k; 
c) event ex did not begin once prior to the (n - k - 1)-th test. 


The probabilities of these events comprise pk, gy and hp-pe1, 
respectively. Therefore, the probability of a complex event is 


n= Degiahnro1- (12.4.3) 


By substituting (12.4.3) into (12.4.2) and replacing n by n+k+1, 40 
we find the recursion equation 


fing n41 ~ Anat Pe gulin = 0 (12.4.4) 


with initial conditions 
hy=h=-- hm, =1; =! — pt. 


Multiplying (12.4.4) by ghtk+l | adding from zero to infinity with respect 
to n and using the determination of the generating function, we will have 


a a—l { 
Q(s)— y hys'—s [e (s) — ¥ rus’ | + pe guQ (s) sk*! = 0, 
im ) 


Substituting the initial conditions into this equation and assuming that 
s = 1, we determine 


Q(1)=th=(1 — pt)/(gmp?). (12.4.5) 


The expression for 6) has a similar form and can be found from 
(12.4.5), replacing p,, in it by g, and k by 1: 





6= (1 — g!)/(pmg!,). (12.4.6) 


Using these expressions, let us determine the average length of 
the period of false alarms in the range circle: 


yi m, (Tn =Thty= (Se $4 )r 24-7) 


Since usually lp, << 1, expressions (12.4.6) and (12.4.7) are simplified: 
O'=5'T (1 +-l pis) 2 | 


2 pear 


and 
\— Tad 1) iT 
m, (T's -(=F +i)r% ae - 
It follows from the last expression that the end criterion slightly af- 
, fects the average length of the period of false alarms. 
f 


For fractional "k/n" criteria, 9, is calculated in a similar man- 40 
ner, but the expression for fn is complicated. 


1 Possible situations that lead to the appearance of an event for the 
first time in the n-th test are shown for the "2/3" criterion in Table 
12.4.1. The combination of ones and zeros in which event € did not oc- 
cur once during all i tests is denoted in it by Cy (i.e., in the consid- 
ered case there were never two ones in three adjacent positions). Since 
the combination C; appears with probability hj, then 


fn = Pa Guhinag + Pidaln--: 
Substituting this expression into (12.4.2), we find 


, 12.4.8 
fing, — hinge + PB has +28 ha = 0. ( ) 
The initial conditions for this equation are as follows: 

hh, = 1; h,=1 — pi; h,=1 — pi —2pr ge: 
h, = 1 — pL — 2p em — 297 8,. 


i 
i 








Solving (12.4.8), we determine 


Q (1) = Oy = Poll + ew)? 
PB (1 + gm) 


bi This expression is simplified at sufficiently small value of py: 


1 
LS =s-s. 
2 Pub 


Table 12.4.1 


Version of Number of Position 


Situation awd | a4 | -3 | n—2 a-! | a 
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| 
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F i First Caz 0 0 i I 

Second | Ca-s 0 0 1 0 1 

ee Oe ete ee ie 

-f Similar expressions for 6, are presented in Table 12.4.2 in the 40¢ 
' case of more complex criteria. It is easy to show that for the con- 
t sidered criteria at sufficiently small value of p,, 
! a Se, 
| Chat Pgs! (12.4.9) 


The expressions found above permit one to calculate the average 
frequency of false alarms by all M range circles: 


M M (12.4.10) 


Y= a(r'm) (ut oT, 


The outlined method of calculation cannot unfortunately be used in 
those cases when a somewhat different method of processing is used in 
which range scanning is no longer divided into fixed range circles. In 
this case the frequency of false alarms can be calculated on the basis 
of the coincidence theory of pulses of independent flows (204, 206]. 


Systems with low probability level of false alarms in which the 
amplitude quantification threshold Up > 1.50, where o is the effective 410 
voltage of noise, according to (6.3.3), are usually employed. And with 
this condition the noise blips form a Poisson flow [209], i.e., k flow 
pulses—noise blip with the following probability—are observed during 


time t 


=a 
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Several different algorithms that realize the "k/n - 1" criterion 
can be suggested to process this flow. One of them includes the fact 
that a decision is made about detection of a signal at range rg if the 
following conditions are fulfilled simultaneously: 


a) a normalized pulse in the i-th azimuth position corresponds to 
range Loi 


b) there are no pulses in the 1 previous positions which at least 
partially coincide ("or linked") with it; 


c) the (k - 1)-th pulse is "linked" to the pulse in the i-th posi- 41: 


tion earlier in (n - 1)-th subsequent azimuth positions than 1 “non- 
linking" is realized (Fig. 12.4.1). 
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Pig. 12.4.1. Analysis of received pulse flows for coincidence 
by "3/4-2" criterion. 

Key: (1) Extreme position of linked pulses to interval of 
analysis. 


In this case the probability of "nonlinking" of g,, is determined as 
the probability of the absence of a pulse front in an interval of length 
to = 2t, (Fig. 12.4.1) and according to (12.4.13) comprises 
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&m=|1—Pm=exp(—2Arg). (12.4.15) 


If overlapping of the pulses by a value not less thant3is required for 
linking, then 


; } Gm ™exp(—2A(ta—ta)]. 


Let us determine the frequency of false alarms in the considered 
case [210]. 


If any pulse which is not linked to any of the pulses in the 1 pre- 41 
vious scanning periods is fed to the input, analysis of this segment 
for fulfillment of the detection criterion begins. Therefore, the 
probability that the incoming pulse begins analysis is equal to the 
probability gi, of the absence of noise pulses during the 1 previous 
periods. Because of this, if the average frequency of the pulse flow 
being fed to the input comprises \’, the flow of pulses that begin the 
analysis has mean frequency \g = Agi This flow, as the initial flow 
of noise blips, is Poisson. Each of the pulses that begin analysis can 
cause a false alarm with probability F, due to which the mean frequency 
of false alamrs comprises 


ni ati ini - es ; 
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| V=oAF =ig'F. (12.4.16) 


The probability of a false alarm F is obviously identical both in 
the considered case and for a single range circle. And in the latter 
case it is difficult to determine by using the results found previous- 


ly. Actually, for a single range circle, we have a relation similar to 
the preceding 


V =a Fag 'p, 


from which it follows that: 


— 


= Vel a 


On the other hand, the mean frequency of a flow of noise blips for a 
single range circle is A‘ = Bu, while the mean frequency of false 
alarms is inverse to the mean period of false alarms (12.4.7): 
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in view of which 
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Substituting this expression into (12.4.16), we find 413 | 
ees d (12.4.17) 
~~ Dm (6: + 8) : 


where 6, and 6, are determined the same as above, while p,, and g,, are 
determined by formula (12.4.15). 
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Fig. 12.4.2. Dependence of attenuation factor of frequency of 
false blips on probability of false blip for different detection 


criteria (o—experimental points found by the statistical model- 
ling method on the Minsk-1 computer). 


The effectiveness of this processing of noise pulses is character- 
ized by attenuation factor of the frequency of false blips x = 4, 
whose value is higher, the less the value of p, and the more rigid the 
detection criterion (Fig. 12.4.2). 


The probability of correct detection D is determined by the prob- 415 
ability of the first fulfillment of criterion "k/n" at azimuth 
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positions corresponding to the presence of a sequence of pulsed signals. 


The probability of correct detection for a square-wave envelope of 
a sequence of N pulsed signals is calculated by the recursion equations 
described at the beginning of the given section and in which pw is re- 
placed by pe, and 


This permits one to calculate the detection characteristics (Fig. 
12.4.3). 





Pig. 12.4.3. Detection characteristics with digital storage for dif- 
ferent criteria. 


The recursion equation with a nonsquare-wave envelope of the se- 
quence has variable coefficients which depend on the probability po; 
that the threshold level on the i-th azimuth position determined by 
the shape of the envelope will be exceeded by the mixture [206]. As 
in analog storage (see item 1, section 10.6), the nonsquare-wave enve- 
lope of the sequence can be replaced by an equivalent square-wave 
envelope when calculating the detection characteristics and threshold 
signals, which simplifies this calculation. 
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VPs Storage Capacity of Digital Storage Device 

To realize the "k/n-1" criterion on a digital computer, one must 
have a storage device (ZU) in which information is stored during n 
repetition periods of the system. As already indicated in section 12.3, 
this storage device can essentially be based on shift registers with 
number of cells M = T/A(Fig. 12.3.1). However, since M is on the order 
of 1,000 in practice, it is very difficult to make these registers. 


Therefore, it is simpler to use a matrix storage device consisting 
of M cells, each of which has n binary digits, which is attached to a 
specific range circle and which realizes the sliding window in it, in 
digital storage devices. This type of storage device in which a single 
cell is allocated to each range circle, is called a storage device of 416 
first type (ZU-1). The characteristic feature of this storage device 


with low probabilities p, consists in the fact that each cell of it 


will not contain useful information (ones) the majority of the time on 
the order of 1 - npy. Thus, for example, at py = 0.01 and n = 3 the 
cell will be filled with useful information during an average of 3% of 
operating time. 


Rejecting the principle of attaching the cell of the storage de- 
vice to a specific range circle permits one to reduce the total number 
of these cells by increasing their operating intensity. This principle 
of organizing the memory leads to the second type of stoz je device 
(20-2). Analysis of ZU-2 operation [137] shows that its functioning 
is described by queueing theory, which permits one to determine its 
capacity and other characteristics. 


The operation of a digital storage device proceeds in this case in 
the following manner. If a pulse appears on some range circle, this 
circle becomes “suspicious” and its coordinate is stored in one of the 
free cells of the storage device. Analysis of the suspicious circle 
begins from this moment by the "k/n-1" criterion, which is completed 
upon the appearance of 1 zeros one after the other, after which the 
cell is erased and can be engaged for analysis of pulsed flows in other 
circles. If the pulse arrives from a range circle that is already un- 
der analysis, the new cell is not occupied and a one is written in the 





corresponding digit of the previously occupied cell. As a result the 


range code of the range circle being analyzed for the detection cri- 
terion is stored in this cell and the structural characteristic of the 
received sequence of pulsed signals is formed. 


Thus, in order that analysis begin with the arrival of a pulse, it 
should be preceded by 1 zeros, the probability of which is gi. Contin- 
uation of the analysis, i.e., the delay of zeros, is a random value. 
The probability hp that the analysis will continue for more than n 
periods is determined by formula (12.4.6), while the average time of 
analysis comprises 


| Kh 
mM, (T)) = T. 
Pug, 


If py << 1, function hy, is close to zero at n> 1. This means 
that 1 zero follows immediately behind the pulse of the beginning of 
analysis with high probability and analysis is completed within 1 
periods. 


As previously, we assume that the pulse flow being fed to the stor- 
age device is Poisson and has intensity (mean repetition rate) 4, which 
is easily determined from the expression for the average number of 
noise pulses during the repetition period of the system at M range 
circles 


Mpa=at. (12.5.1) 


The flow of pulses which begins the analysis is formed by thinning 
("scattering") of the pulses of the input flow. As shown in the pre- 
vious section, the flow intensity of the pulses that begin analysis 
comprises 


a= ag! (12.5.2) 

The probability distribution of the number of ZU-2 cells occupied 
for analysis with total number L in the steady mode is Erlang distri- 
bution [137]: 





Pim = [ at jemen| 
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(12.5.3) 
P(m)=0 at m>L, | 
where according to (12.4.6), (12.5.1) and (12.5.2) with sufficiently 


small value of p,, the distribution parameter is 


= dm Ti) = Tag, Hw a7 (1 — 45" pa) = a7. (12.5.4) 


It follows from (12.5.3) that overflow of the storage device (i.e., 
the event when all the cells of the storage device are occupied upon 
arrival of a pulse from a "new" range circle, occurs with probability 


$ 


P= Pe, (12.5.5) 
1=0 


Normal operation of a digital storage device is possible only with 
low probability of overflow, for which in the case of large values of 
® one must select the number of cells of the storage device from the 
condition 


“La$+(2—3) Vd. (12.5.6) 


In this case the finite sum in (12.5.5) can be replaced by an in- 
finite series, Erlang distribution (12.5.4) changes to Poisson distri- 
bution, the probability of overflow is 


L 
P(ly=ae™. (12.5.7) 


and# has the meaning of the average number of occupied cells. 


Having calculated the average number of occupied cells by formula 
(12.5.4) and having been given the probability of overflow, one can 
determine by means of the curves (Fig. 12.5.1) the required number of 
ZU-2 cells. This number is considerably less than the number of 2U-1 
cells, which is equal to the number of range circles M. 


However, not only the structural characteristic of the received os- 419 
cillations during n repetition periods of the system, but also the 
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Fig. 12.5.1. Probability of overflow of ZU-2 as function of 
the number of its cells. 















coordinate of the "suspicious" range circle are stored in each 2U-2 
cell. Therefore, if the 2U-1 cell has n binary digits, the number of 
binary digits of each ZU-2 cell is equal to n + E(log2M) + 1:n + 
+ log2M. Accordingly, total number of binary digits of the 2U-i and 
ZU-2 comprises Mn and L(n + logoM). Their ratio 
Mn n 

= Leet ae Wy BE toes MY Fpl OE Toes arene? 
is inversely proportional to the probability of a noise blip. The ra- 
tio of the number of ZU-2 cells to the average number of occupied cells 
was denoted above by .7=L/# . Its value is easily determined by the 
curves (Fig. 12.5.1). This ratio lies in the range from 1.15 to 2.6 at 
#= 10-100 and P(L) = 107° to 107%. 


It follows from (12.5.8) that ZU-2 has fewer binary digits than 
ZU-1 only with low probabilities of a noise blip. For example, the 
capacity of 2U-2 is less than that of 2U-1 only at py < 0.06-0.29 in 
the case of whole detection criteria and at py < 0.034-0.136 in the 
case of fractional criteria (1 = 2 or 3) at M = 1,024+2,048 and 


ns 5. 





We note that only the noise blips were taken into account above 
when calculating the capacity of ZU-2 and the signal blips were not 
taken into account. This led to some underestimation of capacity. 
However, the number of expected targets on adjacent 1 azimuth positions 

F : is usually much less than the number of noise blips during time IT, 
: : corresponding to these positions. Therefore, the signal blips can be 


disregarded in the first approximation when calculating the capacity 
of the 2U<2. 
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A list of the notations together with their designations used in 


the preceding text is presented below. The chapter, paragraph and item 


in which these notations are introduced are indicated in the parenthe- 


ses and a brief explanation of them is given. In some cases the nota- 


tions have 
text where 
throughout 
are either 
use within 
A(t) 
a 
B 


Se (gw) 


several 


interpretations and ambiguity is eliminated in the 


these notations are used. Many of the notations are found 


the book, whereas others (mainly not presented in this list) 


generally accepted and therefore obvious or have limited 


one section. 





transfer function (2.3.1). 

half of spectral white noise intensity (1.2). 

power gain in signal/noise ratio compared to optimum 
filter for single signal (5.4.1); storage effect 
(10.3.3). 

product of bandpass by pulse length (2.5) and (7.4). 
constant multiplier (1.3). 

probability of correct detection (1.2); compression 
coefficient of linear frequency-modulated pulse (3.2). 
dynamic range of storage device (11.4). 

read level of pulse response of filter and of its 
bandpass (7.1). 

elements of Barker's code (4.1.1) and binary pseudo- 
random sequence (4.2.1). 

signal energy (1.2). 

whole part of number x (2.2.2). ‘ 
probability of false alarm (1.2) and Doppler fre- 
quency (3.8) and (6.5.1). 

energy spectrum or spectral intensity of noise (1.2). 
loss in signal/noise ratio (2.4.2). 

transfer coefficient of peak value of signal (3.3.2) 
and (7.2); signal storage coefficient (5.4.2). 
probability that signal-noise mixture (or noise) will 
not exceed quantification threshold (12.2). 
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complex amplitude of pulse characteristic (1.3). 
probability of absence of recursion event in first 

n tests (12.4). 

pulse characteristic (1.3). 

transfer function of filter (1.5). 
amplitude-frequency characteristic of filter (1.5). 
asymmetry coefficient (10.3.1); number of ones inn 
samples of random quantified voltage (12.2). 

logic detection criterion (12.3). 432 
total number of memory cells (12.5). 

generalized k-order Laguerre polynomial (10.3.2). 
relative response threshold of threshold device (1.3) 
and (10.2); number of zeros with digital detection 
required to make decision on end of signal detection 
(10.3). 

ratio of length of delay in second and first recir- 
culators of two-stage storage device (5.4.4) and 
(9.1); number of range circles with digital detec- 
tion (12.2); number of ZU-1 cells (12.5). 
recirculator feedback coefficient (5.4.1). 

initial n-order moment of voltage distribution u, 
(1.2) and (10.4.1). 

mean value of random value x (1.2). 

number of pulsed signals in sequence (5.1.2); number 
of elements of Barker code (4.1.1), number of period 
of binary pseudorandom sequence (4.2.1) and number of 
multiphase code (4.3). 

active number of stored pulses (5.4.1). 

ratio of bandpasses of prestorage filter and recir- 
culator feedback circuit (7.1). 

instantaneous value of noise voltage at point k of 
block diagram (1.2). 

integral probability distribution function (10.3.2). 
probability of signal-noise mixture (or noise) ex- 
ceeding quantification threshold (12.2). 

noise output transfer coefficient (2.3.4) and (5.4.1), 
noise output storage coefficient (7.3). 

ratio of peak value of signal to effective value of 
noise (1.2) and (7.2). 
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additional gain in signal/noise ratio (5.4.4). 
fractional part of number x (2.2.2). 
auto- and cross-correlation functions of noise (1.2). 


normalized correlation function of noise (2.3.3). 
spectral density of signal (1.5). 

amplitude spectrum of signal (1.5). 

repetition quasi-period of pulsed signals (5.1.2). 
response threshold voltage of threshold device (1.2). 
instantaneous value of voltage at point k of block 
diagram (1.2). 

signal amplitude at point k of block diagram (1.3). 
instantaneous value of signal voltage at point k of 
block diagram (1.2). 

bell pulse (7.1). 

probability distribution density of voltage u (1.2) 
and (10.2). 

parameter of bell filter (3.6) and (10.2). 

time constant of integrating device (2.3.1) or of 
amplifier (2.5). 

mean square value of noise frequency nx (10.2). 
y-function (10.3.2). 

relative value of side blip of signal (3.6); excess 
coefficient (10.3.1). 

time corresponding to width of range circle during 





digital processing (12.3). 

amplifier (2.5) or filter (3.6) and (7.1) bandpass; 
frequency resolution of system (3.9). 

frequency deviation (3.2); frequency shift in re- 
circulator circuit (6.5.2). toi. 
single pulse (1.3) and (7.1). i: 
criteria of beginning and end of signal detection 
(12.3). i 
mean output of fluctuating signal (6.4.1). 4 
average number of tests until appearance of event 
(12.4). 

average number of occupied 2U-2 cells (12.5). 
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n-order voltage distribution cumulant ux, (10.3.1). 
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similarity ratio (152). 
mean pulse recurrence frequency of flow (12.4). 

mean wavelength (3.8). 

weight multipliers for processing frequency-modulated 
signal (3.6). 

frequency of false alarms (10.2) and (12.4). 
coefficient of exponential weight function of storage 
device (10.1.2). 

ratio of mean outputs of fluctuating signal and 

noise (6.4.1). 

frequency difference (output) of noise (1.2). 
length of pulsed signal (1.4) and (2.1.2). 

length of elementary pulse of complex signal (4.1.1) 
and (4.2.1). 

probability integral (1.2). 

Euler function in number theory (4.2.1); Gauss func- 
tion (10.3.2). 

phase spectrum of signal (1.5). 

angle of phase rotation of by phase-shifting device 
(2.2.2) and (6.5.2). 

joint correlation function of signal modulation (3.9). 
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normalized autocorrelation function of complex en-~ 
velope of signal (4.1.1). 

phase characteristic of filter (1.5). 

angular Doppler frequency (6.5.1). 


Abbreviations Used in Text and on Block Diagrams 


amplitude detector. 
balanced modulator. 
highly selective tuned amplifier. 

cross-correlation device. 43 
time selector. 

high-frequency generator. 

single video pulse generator. 

timing pulse generator. 

dispersion ultrasonic delay line. 

square-law generator. 

square-law detector. 
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KSD — coherent detector. 
LZ — delay line. 
NIS — pulsed signal storage device. 
NU — video frequency storage device. | 
OF — optimum filter. 
OFOP — video frequency optimum filter for envelope of ! 
, pulsed signal sequence. i 
PU — threshold device. 
RNU — radio-frequency storage device. | 
ROFOP ~~ radio-frequency optimum filter for envelope of 
pulsed signal sequence. 
ROFOS — radio-frequency optimum filter for single pulsed i 
signal. 
RF — radio-frequency filter. 
Sm ~~ frequency mixer. : 
T — flip-flop. i 
uo — limiting amplifier. . | 
F — filter. 
D — differentiating device. 
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rt Notations of Block-Diagram Components Used in Figures 


Integrating device. 


Adder of voltages taken with indicated signs (ug = ‘ 
= ul + (-ug) + ug = uy - ug + U3). i 





| 

ea 

={-}- Subtraction device. | 
Q- Nonequivalence circuit (adder modulo 2). 43 
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Selay device by time t, 
Erequency generator f,. 
Filter Fy with length of pulse reaction tr. 

Attenuator with transfer coefficient m(m < 1). 


Amplifier with amplification factor A. 


Phase rotation device by angle x(t). 





